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I Letter to Learner ij

Dear Learner;

1 welcome all of you to the Senior Secondary course in Mathematics. It gives me a great
pleasure that you have opted for Mathematics as one of your subjects of study. Study of
Mathematics contributes to the development of precision, rational and analytical thinking,
reasoning and scientific temper. These qualities, no doubt, are essential for success in life,
whatever career you choose. Mathematics is important fields in many professions like-
Engineering, Architecture, Statisticians, Commerce and Accountancy related profession,
Econometrics etc.

The present curriculum in Mathematics has been divided into two Parts.

Part-1 contains 19 Lessons under five modules. These modules are Sets, Relations and
Functions, Sequences and Series; Algebra-1; Co-ordinate Geometry; and Statistics &
Probability. Similarly Part-2 contains 19 Lessons from five modules. These modules are
Algebra-11; Relations and Functions, Calculus; Vectors and Three Dimensional Geometry,
and Linear Programming & Mathematical Reasoning.

All efforts have been made to give related illustrations and examples for your better
understanding. You should go through all solved examples and try to solve all problems
under “Check Your Progress” and “Terminal Exercise” independently given at the end
of each lesson.

If you face any difficulty, please do not hesitate to write to me. Your suggestions and
doubts are most welcome.

Wish you a bright future.

Yours,

NIOS Course Team




MATHEMATICS IN INDIA

Mathematics is considered to be a system of logic. Itis the subject of systematic study of quantitative
phenomena around us. It is based on certain logical connotation of numbers and integral part of
human civilisation. Mathematics is a creative activity and is one of the most useful, fascinating
and stimulating divisions of human knowledge. It is a process of managing and communicating
information and has the power to predict and provide solutions to practical problems as well as
enabling the individual to create new imaginative worlds to explore. We use Mathematics in
everyday life, in science, in industry, in business and in our free time. Mathematics education is
concerned with the acquisition, understanding and application of skills. Mathematical literacy is
of central importance in providing the learner with the necessary skills to live a full life as a child
and later as an adult. Society needs people who can think and communicate quantitatively and
who can recognize situations where Mathematics can be applied to solve problems. It is necessary
to make sense of data encountered in the media, to be competent in terms of vocational
mathematical literacy and to use appropriate technology to support such applications.

The earliest traces of Mathematical knowledge in the Indian subcontinent appear right from the
ancient period. The three main contributions in the field of Mathematics were the notation system,
the decimal system and the use of zero. Aryabhata worked on the place value system using
letters to signify numbers. The most significant contribution of Indian Mathematicians were the
introduction of zero (0) to the Mathematics, which is understood as “nothing”. The concept itself
was one of the most significant inventions in the ascent of humans for the growth of culture and
civilization. Brahmagupta introduced negative numbers and operations on zero into Mathematics.
He wrote Brahm, Sputa Siddantika through which Arabs came to know them the Mathematical
system. Bhaskaracharya otherwise known as Bhaskara-II was one of the most powerful and
creative mathematicians of ancient India. He contributed the idea of infinity, negative numbers
and Zero rules in the field of Mathematics.

Baudhayan was the first one ever to arrive at several concepts in Mathematics, which were
later rediscovered by the western world. The value of Pi (n’ ) was first calculated by him. Pythagoras

theorem is already found in Baudhayan’s Sulvasutra, which was written several years before the
age of Pythagoras. Mahaviraacharya another prominent Mathematician in India contributed
on trigonometric functions and cubic equations. He described Fraction, algebraic equations,
logarithms and exponents in a very interesting manner. Sridhar another highly esteemed Indian
Mathematician who has contributed to the solution quadratic equation.

Astronomy is the applied Mathematics that used Mathematical equations to describe the universe
or to predict various aspects of the universe. Mathematics is and always has been of central
importance to astronomy. In ancient India, Nagarjuna a famous astronomer as well as
mathematician used different equations of Mathematics to describe motion of stars and planets.
Varahamihira was an Indian astrologer whose main work was on mathematical astronomy. He
discovered a version of Pascal’s triangle and worked on magic square much before Pascal’s
period. He was also aware of gravity over a millennium before Newton.




During modern period, Srinivasa Ramanujan was one of India’s greatest Mathematical geniuses.
Ramanujan’s contribution was mostly on Number theory and he had obtained over mastery the
number 1729. Ramanujan discovered that 1729 is the smallest number which could be represented
in two different ways as a sum of two cubes. After that,1729 has been called ‘“‘Ramanujan-Hardy
number”. Shakuntala Devi is a world renowned Indian Mathematician. She has been nicknamed
‘Human Computer” because of her innate ability to solve complex mathematical problems without
using any kind of aid.

The main goal of Mathematics education in schools is the Mathematisation of the child’s thinking.
Clarity of thought and pursuing assumptions to logical conclusions is central to the Mathematical
enterprise. There are many ways of thinking, and the kind of thinking one learns in Mathematics
is an ability to handle abstractions, and an approach to problem solving. The procedural knowledge
i.e. to solve problems for getting answers only is not enough. At the Senior Secondary stage one
needs to develop both procedural as well as conceptual knowledge for better understanding of
Mathematics. Success in Mathematics requires more than just computational skills. It also requires
the ability to apply Mathematics in solving problems, to more information from a variety of
sources. Senior Secondary stage is the launching pad from which the learner is guided towards
career choices, whether learners aspire in university education or otherwise. By this time, the
learners’ interests and aptitude have been largely determined, and Mathematics education in
these two years can help in sharpening their abilities.

Many university degrees require Mathematics as a pre requirement. Learners who choose not to
take Mathematics seriously or to ignore it in secondary and senior secondary level forfeit many
future career opportunities that they could have. They essentially turn their backs on more than
half the job market. The importance of mathematics for potential careers cannot be over
emphasized. To get degrees in the following areas i.e. the Physical Sciences (Chemistry, Physics,
Engineering), the life and health sciences (Biology, Psychology, Pharmacy, Nursing, Optometry),
Social Sciences, including Anthropology, Communications, Economics, Linguists, Education,
Geography the Tech Sciences, like Computer Science, Networking, Software development,
Business and Commerce Medicine, Actuarial science, used by insurance companies, one need
to have good knowledge of Mathematics and Statistics. Learning Mathematics at Senior
Secondary stage helps to choose a career in several areas. The diagram below depicts some of
these fields.

Maths
Accountancy Teacher/
Lecturer

Statistician

Actuary /

Banking
=) Insurance

Mathematics

Careers

Operational

ing
Computing Researcher

Other Careers
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How to Use the Study Materials

You should note that taking admission in the National Institute of Open Schooling (NIOS), you
have entered in a system where studying is different than in a formal school.

You Are a Self Learner Now

In a school, a teacher is always available to take classes, clarify doubts, guide and encourage.
There you also must be discussing with your peer-group, going to the library, doing practicals,
participate in co-curricular activities, watching educational TV, Radio programmes etc. All this
was also contributing to your learning.

However, in the NIOS, there is no teacher available and you have to learn on your own, It means
that you have become a self-learner. Responsibilities of a self-learner are much more than a
normal learner who is dependent on a teacher; but at the same time it is also challenging. Here it
is solely you, who is responsible for your learning. It means that you have to organize your study,
learn regularly, keep up your motivation and achieve your goal.

Understanding Your Learning Material

The NIOS will help you by providing learning material, part of which is in your hands at this
moment. We call them learning materials because these are different from the textbooks you
have read in your schools. Here the textbooks and the teachers have been put together. You will
find that the contents, concepts and topics have been explained here in a way the teacher does in
a classroom. You will also find examples and illustrations to help you understand the things

properly.
This is the reason you will find them bulky, but let this shall not frighten you. You will find a few
sections in your lessons. Let us know the purpose of these:

Introduction: It introduces the topic to you.

Objectives: Here you will find the list of objectives, which you shall achieve after
learning the lesson. You can actually check whether or not you have achieved these
because these are presented in measurable terms.

V@W

Check Your Progress: These will appear after every section of the lesson. They will
contain objective, very short answer, short answer and long answer type questions
based on each lesson. This will help you to find whether you have learnt the section or
not. Your will find the key to these questions at the end of the lesson. If you are able
to answer the questions, then you can proceed further otherwise you should learn the

N
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section again.
Let us Sum up: Here you will find the summary of the main concepts of the lesson
% for recapitulation and revision.

Terminal Exercise: Here short answer and long answer type questions are given to
help you enhance your learning and give you an opportunity to practice for examination.

>>:|Q0z°

Answers: Answers of all “Check Your Progress” and “Terminal Exercise’ are given
b at the end of each lesson. Some hints are also given in case of difficult questions.

Apart from the learning material, you will also get, sample papers, previous year
question papers, etc., for help in your studies and for practice for examination.




Personal Contact Programmes

A few sessions/ classes would be provided to you at the center. You should, however, note that
those are not meant for teaching you as it happens in a normal school. Here you will have an
opportunity to clarify your doubts, solve your problems and get guidance and advice on your
study. So go to the classes well prepared to get maximum benefit.

Use of Audio and Video Programmes

NIOS has also developed a few audio and video programmes, which will be very interesting for
you and will help you in your studies. You can take copies of this from your Center.

Planning and Organizing Your Study
Let me also give you some tips for planning and organizing your study.

First of all, you need to understand that there is no substitute for hard work. Harder you work
better you achieve. Also, there are no short cuts to success. If someone has given you assurance
of helping you in passing, then that will not work as there will be strict checking and vigilance in
the exam. Even if you are able to get through somehow, you will not gain any learning. So in order
to succeed in an honest way and get benefit of your learning in your life, you need to learn.

As you must have understood by now, the NIOS provides a lot of freedom and flexibilities in
your study. For example, there is no need to take examination in all the subjects simultaneously.
So, first of all, think about the time available with you and decide whether you wish to study all
the subjects together or you wish to learn them one after the other. Just gambling in all the
subjects will bring you to a situation where you will not be able concentrate on any subject.

Now fix up a time for study, evening, morning or daytime whichever is convenient Draw a
timetable giving justified time to the subjects you have taken up for study and follow this as far as
possible. While you study, underline the concepts you feel are important. You should study from
NIOS learning material. In addition you may read other-books, if you have time. However, for
your purpose, this material will be sufficient. Keep a copy each for the subjects you are preparing.
Note down the points you did not understand. Discuss these with your parents, friends or teachers
at the centres.

Solve all the exercises, and practice exercises of each module appearing in the material. This
will not only help you in learning, but also provide practice for your examination. You may also
like to solve sample papers and previous years’ question papers. Show your answers to your
parents and friends and discuss with them.

These were a few hints to help you. You may find some other techniques which may work
better with you. Follow those, if you like. I am sure you will be successful in your endeavor.




Course Overview

Part-1

Module-1I: Sets, Relations and Functions

1. Sets

2. Relations and Functions-1

3. Trigonometric Functions-I

4. Trigonometric Functions-I1

5. Relation between Sides and Angles of A triangle
Module- II: Sequences and Series

6. Sequences and Series

7. Some Special Sequences

Module -1I1: Algebra-I

8. Complex Numbers

9. Quadratic Equations and Linear inequalities
10. Principle of Mathematical Induction

11. Permutations and Combinations

12. Binomial Theorem

Module-IV: Co-ordinate Geometry

13. Cartesian System of Rectangular Co-ordinates
14. Straight Lines

15. Circles

16. Conic Sections

Module-V: Statistics and Probability

17. Measures of Dispersion

18. Random Experiments and Events

19. Probability




Part-2
Module-VI: Algebra-I1

20. Matrices

21. Determinants

22. Inverse of a Matrix and its Applications
Module-VII: Relations and Functions

23. Relations and Functions-I1

24. Inverse Trigonometric Functions

Module-VIII: Calculus

25. Limits and Continuity

26. Differentiation

27. Differentiation of Trigonometric functions

28. Differentiation of Exponential and Logarithmic functions
29. Application of Derivatives

30. Integration

31. Definite Integrals

32. Differential Equations

Module-IX: Vectors and Three Dimensional Geometry
33. Introduction to Three Dimentional Geometry

34. Vectors

35. Plane

36. Straight Line

Module-X: Linear Programming and Mathematical Reasoning
37. Linear Programming

38. Mathematical Reasoning




MODULE-I:

Sets, Relations and Functions

Lesson-1: Sets

Lesson-2: Relations and Functions-I
Lesson-3: Trigonometric Functions-I
Lesson-4: Trigonometric Functions-1I

Lesson-5: Relations between Sides and Angles of A triangle

Scope and Approach:

Sets and functions are the most fundamental concepts which together constitute the foundation
of Mathematics. These two fundamental concepts are used in different branches of
Mathematics. This module will motivate you to understand different concepts and definitions
of sets, relations and functions defined on sets of real numbers. It is of great importance for
learners to be able to relate the functions to trigonometric ratios. This module will help to
learner in grasping many properties about relations and functions. Further this knowledge will
help to understand trigonometric functions, trigonometric identities and values of trigonometric
functions for different angles to solve trigonometric equations, use of Sine and Cosine rules to
find the angles and sides of a triangle and to understand the graph of trigonometric functions.
Conceptual understanding of sets, relations and functions will further help you to understand
the concepts of Relations, Functions and Inverse Trigonometric Functions in Module VIII of
Book-2.







SETS

Let us consider the following situation : One day Mrs. and Mr. Mehta went to the market. Mr.
Mehta purchased the following objects/items. "a toy, one kg sweets and a magazine". Where as

Mrs. Mehta purchased the following objects/items. "Lady fingers, Potatoes and Tomatoes".

In both the examples, objects in each collection are well defined. What can you say about the
collection of students who speak the truth ? Is it well defined? Perhaps not. A set is a collection

of well defined objects. For a collection to be a set it is necessary that it should be well defined.

The word well defined was used by the German Mathematician George Cantor (1845- 1918
A.D) to define a set. He is known as father of set theory. Now-a-days set theory has become
basic to most of the concepts in Mathematics. In this lesson we shall discuss some basic definitions

and operations involving sets.

"3
\Z| OBJECTIVES

After studying this lesson, you will be able to :

define a set and represent the same in different forms;

define different types of sets such as, finite and infinite sets, empty set, singleton set,
equivalent sets, equal sets, sub sets and cite examples thereof;

define and cite examples of universal set, complement of a set and difference between
two sets;

define union and intersection of two sets;

represent union and intersection of two sets, universal set, complement of a set, difference
between two sets by Venn Diagram;

EXPECTED BACKGROUND KNOWLEDGE

° Number systems,

1.1 SOME STANDARD NOTATIONS

Before defining different terms of this lesson let us consider the following examples:

MODULE - |
Sets, Relations
and Functions

Notes

MATHEMATICS



MODULE - |
Sets, Relations
and Functions

Notes

H

(1) collection of tall students in your school. | (i) collection of those students of your school

(i) collection of honest persons in your

colony.

(ii)) collection of interesting books in your

school library.

(iv) collection of intelligent students in your

school.

whose height is more than 180 cm.

(i) collection of those people in your colony
who have never been found involved in any
theft case.

(i) collection of Mathematics books in your
school library.

(iv) collection of those students in your school
who have secured more than 80% marks in
annual examination.

In all collections written on left hand side of the vertical line the term tallness, interesting, honesty,
intelligence are not well defined. In fact these notions vary from individual to individual. Hence
these collections can not be considered as sets.

While in all collections written on right hand side of the vertical line, 'height' 'more than 180 cm.’
'mathematics books' never been found involved in theft case,' ' marks more than 80%' are
well defined properties. Therefore, these collections can be considered as sets.

Ifa collection is a set then each object of this collection is said to be an element of this set. A
set is usually denoted by capital letters of English alphabet and its elements are denoted by

small letters.

For example, A= {toy elephant, packet of sweets, magazines. }

Some standard notations to represent sets :

N:
W:

Z:

7
7
Q:

I:

R:
C:

the set of natural numbers
the set of whole numbers
the set of integers

the set of positve integers
the set of negative integers
the set of rational numbers
the set of irrational numbers
the set of real numbers

the set of complex numbers

Other frequently used symbols are :

e .

& -

'belongs to'

'does not belong to'

3 : There exists, A : There does not exist.

MATHEMATICS



For example N is the set of natural numbers and we know that 2 is a natural number but -2 is
not a natural number. It can be written in the symbolic formas 2 N and —2¢ N.

1. 2 REPRESENTATION OF A SET

There are two methods to represent a set.
1.2.1 (i) Roster Method (Tabular Form)

In this method a set is represented by listing all its elements, separating them by commas and
enclosing them in curly bracket.

If V be the set of vowels of English alphabet, it can be written in Roster formas :
V={a,e i,0,u}

(i) If A be the set of natural numbers less than 7. then
A={1,2,3,4,5,6},is in the Roster form.

Note : To write a set in Roster form elements are not to be repeated i.e. all elements are taken
as distinct. For example if Abe the set of letters used in the word mathematics, then

A={m,a,t h,e,ic,s}

1.2.2 Set-builder Form

In this form elements of the set are not listed but these are represented by some common property.

Let V be the set of vowels of English alphabet then V can be written in the set builder form as:
V = {x:xis a vowel of English alphabet }

(i) Let A be the set of natural numbers less than 7. then A= {x:x e Nand x <7}

Note : Symbol :' read as 'such that'

I D111 G W Write the following in set -builder form :

(a) A={ _3’_27_190517273} (b)B= {3’6’9’12}
Solution: (a) A={x:xeZand —3<x<3}

(b) B={x:x=3nand ne N,n<4}

| e1111 ) CHE A Write the following in Roster form.
(A)C={x:xeNand 50<x <60}
(b)D= {X :xeR and x> —5x+6=0}
Solution : (a) C={50, 51, 52,53,54,55,56,57,58,59,60}

1) x%2 -5x+6=0

MODULE - |
Sets, Relations
and Functions

Notes

MATHEMATICS



MODULE - |
Sets, Relations
and Functions

Notes

— (x=3)(x-2)=0 = x=3,2.

D ={2,3}

1.3 CLASSIFICATION OF SETS

1.3.1 Finite and Infinite Sets
Let Aand B be two sets where
A = {x:xis anatural number}
B = {x:xis astudent of your school}

As it is clear that the number of elements in set A is not finite while number of elements in set B is
finite. A is said to be an infinite set and B is said to be a finite set.

A set is said to be finite if its elements can be counted and it is said to be infinite if it is not
possible to count upto its last element.

1.3.2 Empty (Null) Set: Consider the following sets.
A= {X:XE R and x° +1:0}

B = {x : x is number which is greater than 7 and less than 5}

Set A consists of real numbers but there is no real number whose square is —1. Therefore this
set consists of no element. Similiarly there is no such number which is less than 5 and greater

than 7. Such a set is said to be a null (empty) set. It is denoted by the symbol ¢ or { }
A set which has no element is said to be a null/empty/void set, and is denoted by ¢ . or {}

1.3.3 Singleton Set: Consider the following set :
A = {x:x1is aneven prime number }

As there is only one even prime number namely 2, so set A will have only one element. Such a

set is said to be singleton. Here A= {2}.

A set which has only one element is known as singleton.

1.3.4 Equal and Equivalent Sets: Consider the following examples.
@) A=1{1,2,3}, B={2,13} (i) D={1,2,3}, E={a,b,c}.

In example (i) Sets A and B have the same elements. Such sets are said to be equal sets and
it is written as A = B. In example (ii) sets D and E have the same number of elements but
elements are different. Such sets are said to be equivalent sets and are writtenas A = B.

Two sets A and B are said to be equivalent sets if they have same number of elements but they
are said to be equal if they have not only the same number of elements but elements are also the
same.

1.3.5 Disjoint Sets: Two sets are said to be disjoint if they do not have any common element.
For example,sets A={ 1,3,5} and B ={ 2,4,6 } are disjoint sets.

[ 4 | MATHEMATICS



ID el Giventhat A={ 2,4} and B = { x: xis a solution of x> +6x+8=0 }

Are A and B disjoint sets ?
Solution : If we solve x? +6x + 8 = (), we get
X =-4,-2. . B={-4,-2}and A={2,4}
Clearly ,A and B are disjoint sets as they do not have any common element.
If A= {x: x is a vowel of English alphabet }
and B={y:yeNand y<5} Is (i)A=B (i) A=B ?

Solution : A= {a,e,i,0,u}, b=/{1,2,3,4,5}.
Each set is having five elements but elements are different

A - B but A=B.

I De1111 CH S Which of the following sets

A={x:xisapointonaline}, B={y:y e Nandy < 50} are finite or infinite ?

Solution : As the number of points on a line is uncountable (cannot be counted) so A is an
infinite set while the number of natural numbers upto fifty can be counted so B is a finite set.

I el IR Which of the following sets

A= {x:xis irrational and x2 —1=0}-
B={x:xe z and —2 < x <2} are empty?

Solution : Set A consists of those irrational numbers which satisfy x2 — 1= 0. If we solve

x2_-1=0 we get x = 1. Clearly +1 are not irrational numbers. Therefore A is an empty set.
But B={-2,-1, 0, 1, 2}. B is not an empty set as it has five elements.
IBeln ) N Which of the following sets are singleton ?
A={x:x€Z and x—-2=0} B={y:yeR and y2-2=0}.

Solution : Set A contains those integers which are the solutionof x —2=0 orx=2. .. A={2}.

= A is a singleton set.

B is a set of those real numbers which are solutions of y2 —2=00ry= i\/a

B = { _\/E , \/5 } Thus, B is not a singleton set.

MODULE - |
Sets, Relations
and Functions

Notes

MATHEMATICS



MODULE - |
Sets, Relations
and Functions

Notes

71
WX CHECK YOUR PROGRESS 1.1

1. Which of the following collections are sets ?
(1 The collection of days in a week starting with S.
(i) The collection of natural numbers upto fifty.
@ii)) The collection of poems written by Tulsidas.
(iv) The collection of fat students of your school.
2. Insert the appropriate symbol in blank spaces. If A= {1,2, 3}.
)] ) IS A (i) 4........ A.
3. Write each of the following sets in the Roster form :
@) A= {x:xez and -5 < x £0}.
(ii) B= {x:xeR and x2 -1=0}.
(iii) C = {x:xisaletter of the word banana}.
(iv) D = {x: x is a prime number and exact divisor of 60}.
4. Write each of the following sets in the set builder form ?
)] A={2,4,6,8,10} (i) B={3,6,9,...... oo }

i) C={2,3,57} (iv) D={-/2,42}
Are A and B disjoints sets ?
5. Which of the following sets are finite and which are infinite ?
(1  Setoflines which are parallel to a given line.
(i) Set of animals on the earth.
@) Setof Natural numbers less than or equal to fifty.
(iv) Setof points on a circle.

6. Which of the following are null set or singleton ?

i) A={x:xe R and x is asolution of x2+2=0}.
(@ B={x:xe Z and x is asolution of x —3=0}.

(i) C={x:xe Z and x is asolution of x2-2=0}.
(iv) D= {x:xisa student of your school studying in both the classes XI and XII }
7. In the following check whether A=Bor A =B .
() A ={a}, B={x:xisaneven prime number}.

(i) A=1{1,2,3,4}, B={x:xisaletter of the word guava}.

(i) A={x:xisasolutionof x2-5x+6=0},B={2,3}.

MATHEMATICS



Sets

1.4 SUB- SET

Let set A be a set containing all students of your school and B be a set containing all students of
class XII of the school. In this example each element of set B is also an element of set A. Such a set

B is said to be subset of the set A. It is writtenas B < A
Consider D={1,2,3,4,........ },E={.....—3-2,-1,0,1,2, 3, ....... }
Clearly each element of set D is an element of set Ealso . D — E

If Aand B are any two sets such that each element of the set A is an element of the set B also,
then Ais said to be a subset of B.

(1) Eachsetisasubsetofitselfi.e. A — A .

(i) Null set has no element so the condition of becoming a subset is automatically satisfied.
Therefore null set is a subset of every set.

(i) If A <« Band B — AthenA=B.

@iv) If A < Band A # B then A is said to be a proper subset of B and B is said to be a
super set of A.i.e. A — Bor BDA.

ID e ENEN [f A= {x:xisaprime number less than 5} and

B ={y:yis aneven prime number}, thenis B a proper subset of A ?

Solution : It is given that
A={2,3}, B={2}.
Clearly B< A and B # A

We write B — A and say that B is a proper subset of A.

ID el IR [fA={1,2,3,4}, B={2,3,4,5}.is ASBorBS A?

Solution : Here 1e A but 1¢B == AZB. Also 5e Bbut 5¢ A = BZA.

Hence neither A is a subset of B nor B is a subset of A.

IDe NN [fA={a, e i,0,u},B={e,i,0,u,a}

Is AS B orB & A orboth?

Solution : Here in the given sets each element of set Ais an element of set B also
ACB e 1)
and each element of set B is an element of set Aalso. . B A ...... (i1)

From (i) and (i) A=B
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1.4.1 Number of Subsets of a Set

Let A = {x}, then the subsets of A are ¢, A.

Note that n(A) = 1, number of subsets of A = 2 = 2!

Let A = {2, 4}, then the subsets of A are 0, {4}, {2}, {2, 4}.

Note that n(A) = 2, number of subsets of A = 4 = 22

Let A={1, 3, 5}, then subsets of Aare ¢, {1}, {3}, {5}, {1,3}, {1,5}, {3,5}, {1, 3,5}.
Note that n(A) = 3, number of subsets of A = 8 = 23

If A is a set with n(A) = p, then the number of subsets of A = 27 and number of proper
subsets of A =27 —1.

Subsets of real Numbers:

We know some standard sets of numbers as-

The set of natural numbers N =1{1,2,3,4, ............ }
The set of whole numbers W ={0,1,2,3,4, ccoooovuue...... }
The set of Integers Z ={........ ,—4, -3, -2, -1,0,1,2,3,4, ... }
The set of Rational numbers Q = {x X = £, p,q€Zand g # O}
q

The set of irrational numbers denoted by 1.
I={x:xeR and x ¢ Q} i.e. all real numbers that are not rational

These sets are subsets of the set of real numbers. Some of the obvious relations among these
subsets are

NcWcZcQQcRIcR Nzl

1.4.2 INTERVALS AS SUBSETS OF REAL NUMBERS

An interval I is a subset of R such that if x, y € I and z is any real numbers between x and
ythen z € L

Any real number lying between two different elements of an interval must be contained
in the interval.

If a, b eR and a < b, then we have the following types of intervals :

(@ The set {x eR:a<x< b} is called an open interval and is denoted by (a, b). On
the number line it is shown as :

—O———

a b
(@) The set {x eR:a <x<b}is called a closed interval and is denoted by [a, b]. On
the number line it is shown as :

| 8 | MATHEMATICS
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a b
(i) Theset {x eR:a<x<b}isaninterval, open on left and closed on right. It is denoted
by (a, b]. On the number line it is shown as :

—— O —)—————

a b
@iv) Theset {x eR:a<x< b} isaninterval, closed on left and open on right. It is denoted
by [a, b). On the number line it is shown as :

—— Or— ———

a b
(v) Theset {x eR:x<a} is an interval, which is dentoed by (—oo, a). It is open on both
sides. On the number line it is shown as :
< )
- N4
a
(vi) The set {x eR : x < a} is an interval which is denoted by (—eo, a]. It is closed on the
right. On the number line it is shown as :

<
<

a

(vii) The set {x eR : x > a} is an interval which is denoted by (a, ). It is open on the
both sides. On the number line it is shown as :
O >
a
(viii) The set {x eR : x > a} is an interval which is denoted by [a, o). It is closed on left.

On the number line it is shown as :

»
>

a
First four intervals are called finite intervals and the number b — a (which is always positive)
is called the length of each of these four intervals (a, b), [a, b], (a, b] and [a, b).

The last four intervals are called infinite intervals and length of these intervals is not defined.

1.5 POWER SET

Let A= {a, b} then, Subset of Aare ¢, {a}, {b} and {a, b}.
If we consider these subsets as elements of a new set B (say) then, B = {0, {a},{b},{a,b}}

B is said to be the power set of A.

Notation: Power set of a set A is denoted by P(A).
and it is the set of all subsets of the given set.

ID eI Write the power set of each of the following sets :
@ A={XIX€Rand x2+7:0}.
(ii) B={y:ye Nandl<y<3}.
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Solution :

() Clearly A= ¢ (Nullset), ... ¢ isthe only subset of givenset, .. P(A)={¢}
(i) The set B can be written as {1, 2, 3}
Subsets of Bare ¢, {1}, {2}, {3}, {1,2}, {1, 3}, {2,3}, {1,2,3}.

PB)={ o, {1}, {2}, {3}, {1,2}, {1, 3}, {2,3}, {1,2,3} }.

IDe1nCNBPA Write each of the following sets as intervals :

@ {xeR:-1<x<2} @ {xeR:122x-32=0}
Solution : (i) The given set = {x eR : -1 <x < 2}
Hence, Interval of the given set = (-1, 2]
(i) Thegivenset = {xe€R:12>22x-32=0}

3
= {xeR : 4 >2x > 3}, :{xeR:ZZxZ—}

3 3
= {x €eR S Sx< 2} , Hence, Interval of the given set = [—, 2}

2
1.6 UNIVERSAL SET

Consider the following sets.
A = {x:x1is astudent of your school}
B ={y: yis amale student of your school}
C ={z: zis afemale student of your school}
D = {a:ais astudent of class XII in your school}

Clearly the set B, C, D are all subsets of A. A can be considered as the universal set for this
particular example. Universal set is generally denoted by U. In a particular problem a set U is
said to be a universal set if all the sets in that problem are subsets of U.

(i) Universal set does not mean a set containing all objects of the universe.

(i) A set whichis a universal set for one problem may not be a universal set for another
problem.

1D el CEREE Which of the following sets can be considered as a universal set ?

X = {x:xisareal number}
Y = {y:yisanegative integer}
Z = {z:zis anatural number}
Solution : Asitis clear that both sets Y and Z are subset of X.

.. X s the universal set for this problem.

MATHEMATICS
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1.7 VENN DIAGRAM

British mathematician John Venn (1834 — 1883 AD) introduced the concept of diagrams to
represent sets. According to him universal set is represented by the interior of a rectangle and
other sets are represented by interior of circles.

Forexample if U={1,2,3,4,5}, A={2,4}and B = {1,3}, then these sets can be represented as
U

A B
@ 5
Fig. 1.1
Diagramatical representation of sets is known as a Venn diagram.

1.8 DIFFERENCE OF SETS
Consider the sets
A=1{1,2,3,4,5} and B={2, 4, 6}.

Anew set having those elements which are in A but not in B is said to be the difference of sets A
and B and it is denoted by A—B. .. A—B={1, 3,5}

Similiarly a set of those elements which are in B but not in A is said to be the difference of B and
AanditisdevotedbyB — A. - B — A={6}

In general, if Aand B are two sets then

A-B={x:xeAand xgB}landB—A= {x:xe B and x¢ A}

Difference of two sets can be represented using Venn diagram as :

A B U A B U
A—B//@@\\B—A A-B— | ~—B-A
When A and B are not When A and B are
disjoint sets disjoint sets

Fig. 1.2 Fig. 1.3

1.9. COMPLEMENT OF A SET

Let X denote the universal set and Y, Z its sub sets where
X = {x: x is any member of a family }
Y = {x: x is a male member of the family}
Z = {x : x is a female member of the family}
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X —Y is aset having female members of the family.
X —Z is aset having male members of the family.
X —Y is said to be the complement of Y and is usally denoted by Y'or Y¢.
X —Z is said to be complement of Z and denoted by Z' or Z¢.
If U is the universal set and A is its subset then the complement of A is a set of those elements

which are in U but not in A. It is denoted by A' or A°€.
A'=U-A={x:xeUandx ¢ A}

The complement of a set can be represented using Venn diagram as :

U
- A©
or A’

Fig. 1.4

(@) Difference of two sets can be found even if none is a subset of the other but complement
of a set can be found only when the set is a subset of some universal set.

i ¢c=U. i)  Ue=¢.

I el CEWEN Given that

A = {x: xisaeven natural number less than or equal to 10}
and B ={x:xisanodd natural number less than or equal to 10}
Find @G)A-B (i)B-A (i) isA—B=B—-A?
Solution : It is given that
A={2,4,6,8,10},B={1,3,5,7,9}
Therefore, ) A-B={2,4,6, 8, 10}, (i) B-A={1,3,5,7,9}
(iii) Clearly from (i) and (i) A—B = B—A.

1D e i) IBEN et U be the universal set and A its subset where

U={x:xe N and x<10}
A ={y: yisaprime number less than 10}
Find (i) Ac (ii) Represent A ¢ in Venn diagram.
Solution : It is given
U=1{1,2,3,4,5,6,7,8,9,10}.andA={ 2, 3,5, 7}

MATHEMATICS



»H A°=U-A={1,4,6,8,9,10}

- AC
(@) @ /
4 8

Fig. 1.5

1.9.1 Properties of Complement of Sets

1. Complement Law’s

i AUA'=U @ AnA =0
2. De Morgan’s Law
i (AuBY=A"NnB @ (AnBY=A"uUB

Law of double complementation (A")” = A
4. Law of empty set and universal set i.e ¢’ = U and U" = ¢

1. Verification of Complement Law

Let U={1,2,3, ... 10} and A = {2, 4, 6, 8, 10}

ThenA” = {1, 3,5, 7, 9}

Now, AU A" ={1, 2, 3,4, ... ,10} =Uand AN A" =¢

Hence, AUA=Uand AN A"=0¢

2. Verification of De Morgan’s Law

Let U={1, 2,3, ....... ,9Yand A= {2,4,6,8}, B=1{2,3,5 7}

Hence, AuB={2,3,4,5,6,7, 8}

and (AuBY =U-(AuB)={l1,9} (1)

Now A”=U-A={1,3,5,7,9}and B'= U-B-={l,4,6, 8,9}
A" N B = {1, 9} ..(2)

From (1) and (2), (AU B) =A’ N B’

Also ANB= {2}
(ANBY=U—-(ANnB)=1{l,3,4,5,6,7, 8,9} ..(3)
and A’ UB’ =(1,3,4,5,6,7, 8,9} (4

From (3) and (4), we get (AN B)Y =A" U B’
Verification of (A")’ = A
Let U=({1,2,3, ....c...... , 10} and A = {1, 2, 3, 5,7, 9}
ThenA”’ =U -A=1{4,6,8, 10} (AY =U-A"=1{1,2,3,5,7,9} =A
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Thus from the definition of the complement of a subset A of the universal set U it follows
that (A”) = A

Q
\ & {4 CHECK YOUR PROGRESS 1.2

1. Insert the appropriate symbol in the blank spaces, given that A={1, 3, 5,7, 9}
@) () SRR A (i) {2,3,9}.eeeeee A
(ii1) B A @iv) 10..iiiies A

2. Given that A= {a, b}, how many elements P(A) has ?

3. LetA={¢,{1},{2},{1,2}}. Which of the following is true or false ?

@ {12} cA (i) ¢pe A.
4. Which of the following statements are true or false ?
(1  Setofallboys, is contained in the set of all students of your school.

@@  Set of all boy students of your school, is contained in the set of all students of your
school.

@) Set ofall rectangles, is contained in the set of all quadrilaterals.

(iv) Set ofall circles having centre at origin is contained in the set of all ellipses having
centre at origin.

IfA=1{1,2,3,4,5},B={5,6,7} find ) A—B (i) B—A.
6. Let N be the universal set and A, B, C, D be its subsets given by

hd

A = {x:xisaevennatural number}, B = {x: xe N and x is a multiple of 3}
C={x:xeNandx >5},D={x:xeNandx < 10}
Find complements of A, B, C and D respectively.

7. Write the following sets in the interval form.

(@) {xe R:-8<x<3} (b) {xe R:3L2xL7}
8. LetU=1{1,2,3,4,5,6,7,8,9},A=1{1,2,3,4} and B = {2, 4, 6, 8}, then

verify the following
) (A) =A @ (B)=B
(iii) ANnA =9¢ @iv) (AUB)Y=A"NnPB

1.10. INTERSECTION OF SETS

Consider the sets
A=1{1,2,3,4} andB={2,4,6}

MATHEMATICS



It is clear, that there are some elements which are common to both the sets A and B. Set of these
common elements is said to be interesection of A and B and is denotedby A ~ B-

Here A NB={2,4}

If A and B are two sets then the set of those elements which belong to both the sets is said to be
the intersection of Aand B. [tisdenotedby A ~B- A "B = {Xx:Xe Aandx € B}

A ~ B canbe represented using Venn diagram as :

sy
ANB—] "

Fig. 1.6

If A n B = ¢ then A and B are said to be disjoint sets. In Venn diagram disjoint sets can
be represented as

U

OO

Fig.1.7

I D.e1 1) B Given that

A = {x:xisaking out of 52 playing cards}
and B ={y:yisaspadeout of 52 playing cards}
Find (i) A ~ B (i) Represent A ~ B using Venn diagram .
Solution : (i) As there are only four kings out of 52 playing cards, therefore the set A has only

four elements. The set B has 13 elements as there are 13 spade cards but out of these 13 spade

cards there is one king also. Therefore there is one common element in A and B.

- A n B={Kingofspade}.
(ii)

U

-

E>
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1.11 UNION OF SETS

Consider the following examples :

(1  Aisaset having all players of Indian men cricket team and B is a set having all players of
Indian women cricket team. Clearly A and B are disjoint sets. Union of these two sets is
a set having all players of both teams and it is denoted by A U B-

@@  Disaset having all players of cricket team and E is the set having all players of Hockety
team, of your school. Suppose three players are common to both the teams then union
of D and E is a set of all players of both the teams but three common players to be
written once only.

If A and B are any two sets then union of A and B is the set of those elements which belong to
AorB.

In set builder form: A  B={x:Xe A orxe B}

OR
AuB={x:xeA-Bor xeB-AOr xe ANnB !}

A U B canbe represented using Venn diagram as :

A B U A B U
Fig. 1.9 Fig. 1.10

n(AuB)=n(A-B)+n(B-A)+n(ANnB).
or n(AuB)=n(A)+n(B)—-n(ANB)

wheren A ( B stands for number of elementsin A  B-

Example 1.17 G { X :x € Z* and x SS} , B={y:yis aprime number less than 10}
Find (1) A B (i) represent A , B using Venn diagram.

Solution : We have,
A={1,2,3,4,5}B={2,3,5,7}. AuB=1{1,2,3,4,57}.

>

(i)
AU B —]

Fig. 1.11
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1. Which of the following pairs of sets are disjoint and which are not ?

(1) {x:xis anevennatural number}, {y:yisanodd natural number}

(i) {x: x is a prime number and divisorof 12}, { y:ye N and 3<y <5}

(i) {x :xis aking of 52 playing cards}, { y : y is a diamond of 52 playing cards } Notes

(iv) {1,2,3,4,5},{a,e,i,0,u}

2. Find the intersection of A and B in each of the following :
) A={x:xeZ},B={x:xe N} () A={Ram,Rahim, Govind, Gautam}
B = {Sita, Meera, Fatima, Manprit }
3. Giventhat A={1,2,3,4,5}, B={5,6,7,8,9, 10}
find() A UB () ANB-
4, IfA={x:xe N}, B={y:yez and -10<y <0}, find A U B and write your
answer in the Roster form as well as in set-builder form.
5. IfA={2,4,6,8,10}, B {8, 10, 12, 14}, C ={14, 16, 18, 20}.

Find(i) AU(BuC) () An(BnNC).
6. LetU={1,2,3,...... 10}, A=1{2,4,6,8,10},B={1,3,5,7,9, 10}

Find (i) (A UB)' (i) (A B)' (i) (B) @Gv) (B-A)"

7. Draw Venn diagram for each of the following :
(i) AnB when B - A (i) A N B when A and B are disjoint sets.
(iii) A N B when A and B are neither subsets of each other nor disjoint sets.
8. Draw Venn diagram for each of the following :
(i) A uB when A — B. (i) A U B when A and B are disjoint sets.

(iii)) A U B when A and B are neither subsets of each other nor disjoint sets.
9. Draw Venn diagram for each the following :

(i) A—B and B— A when A — B.

(i) A—B and B— A when A and B are disjoint sets.

(i) A —B and B— A when A and B are neither subsets of each other nor disjoint
sets.

prd

T
G | o1 us suM UP

° Set is a well defined collection of objects.

‘§‘

° To represent a set in Roster form all elements are to be written but in set builder form a set
is represented by the common property of its elements.
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° If the elements of a set can be counted then it is called a finite set and if the elements
cannot be counted, it is infinite.

° If each element of set A is an element of set B, then A is called sub set of B.
° For two sets A and B, A — B is a set of those elements which are in A but not in B.
° Complement of a set A is a set of those elements which are in the universal set but not in

A. le. Ac=U=-A
° Intersection of two sets is a set of those elements which belong to both the sets.
° Union of two sets is a set of those elements which belong to either of the two sets.
e Anyset ‘A’is said to be a subset of aset ‘B’ if every element of A is contained in B.
e Empty set is a subset of every set.
e Every set is a subset of itself.
e The set ‘A’ is a proper subset of set ‘B’ iff A Band A= B
e The set of all subsets of a given set ‘A’ is called power set of A.
° Two sets A and B are equal iff A Band B < A
e If n(A) = p then number of subsets of A = (2)?
° (a, b), [a, b], (a, b] and [a, b) are finite intervals as their length b — a is real and finite.

e Complement of a set A with respect to U is denoted by A" and defined as
A={x:xe Uand x ¢ A}

e A'=U-A

e IfAcU,thenA"c U

e  Properties of complement of set A with respect to U
e AUA'=UandAnNn A" =9¢
e (AuUuBY=A"NnBand ( AnB)Y =A"UPB
e (A=A
e ¢ =Uand U=90

e SUPPORTIVE WEB SITES

http://www.mathresource.iitb.ac.in/project/indexproject.html
http://mathworld.wolfram.com/SetTheory.html

http://www-history.mcs.st-andrews.ac.uk/Hist Topics/Beginnings_of_set_theory.html
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TERMINAL EXERCISE
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1. ‘Which of the following statements are true or false :
M {12,3}={1,{2}.3}. (i){1,2,3} ={3,1,2}.
Gi){a.e.0} ={a.b.c}. @) {9} ={ }
2. Write the set in Roster form represented by the shaded portion in the following.
@ A ={1,2,3,4,5} A 5 U
B =1{5,6,7,8,9} @@
Fig. 1.12
(i) A ={1,2,3,4,506} A B U
B={2,6,8,10,12} @@
Fig. 1.13
3. Represent the follwoing using Venn diagram.
(1) (A U B)' provided A and B are not disjoint sets.
(i) (A N B) ' provided A and B are disjoint sets.
(iii)) (A — B)' provided A and B are not disjoint sets.
4. Let U={1,2,3,4,56,7,8,9,10}, A{2,4,6,8}, B={1,3,5,7}
Verify that
@ (AUB)'=ANB'
(i) (ANnB)'=A'UB'
(i) (A-B)u(B-A)=(AuUuB)-(ANnB).
5. Let U={12,3,4,56,7,8,9,10},
A ={13579}.
B={2,4,63810}, C={1,2,3}.
Fnd (G A'Nn(B-C). (@(i)Au(BuUC)
() A'n(BucC)' @) (AnB) ucC'
MATHEMATICS
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10.

11.

@

(iit)

Fig. 1.16

6. What does the shaded portion represent in each of the following Venn diagrams :

(1)
€S
AN

U

(v)

Draw Venn diagram for the following :

() A'N(BuUC)

(i) A'n (C-B)

Where A,B,C are not disjoint sets and are subsets of the universal set U.

Verify De Morgan’s Law if U = {x : x € N and x < 10}

A = {x: x € U and x is a prime number }and

B ={x:xe Uand x is a factor of 24}

Examine whether the following statements are true or false :

(@) {a, e} < {x:xis avowel in the English alphabet]

b {1,2,3}c{l,3,5}

(©){a, b, c} < {a, b, c}

Write down all the subsets of the following sets :

(a) {a} (b) {1, 2, 3}

© o

Write down the following as intervals :

(@ {x:xe R, —4<x<L6}

(¢ {x:xe R,0<x<7}

(d ¢ < {1, 3, 5}

) {x:xe R, - 12 <x<-10}

d {x:xe R,3<x<4}
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&N ANSWERS
CHECK YOUR PROGRESS 1.1
1. @), (in), (iii) are sets.
2. Me (ii) ¢
3. (i) A={-5-4,-3,-2,-1,0} (i) B={-1L1},
(i) C ={a,b,n} (iv) D={2,3,5}.
4. (i) A ={x:x is aeven natural number less than or equal to ten}.
(i) B={x:xe N and x is a multible of 3}.
(iii) C={x:x is aprime number less than 10}.
(ivi D={x:x e R and x is asolution of x2 -2 =0}.
5. (1) Infinite (ii) Finite (iii) Finite (iv) Infinite
6. (i) Null (i) Singleton (iii) Null (iv) Null
7. i A=B (i) A=B (i) A =B-
CHECK YOUR PROGRESS 1.2
1. @ < (i) & (i) (iv)e
2. 4 3. (i) False (i) True
4. (1) False (i) True (ii1) True (iv) False
5. M) {1,2,3,4} (i){6,7}.
6. A¢ ={x:x is an odd natural number }
B¢ ={x : xe N and x is not a multiple of 3}
C°={1,2,3,4}. D¢ ={11,12,13,......}
>3
7. (a) (-8,3) ®) 155

CHECK YOUR PROGRESS 1.3

MODULE -1
Sets, Relations
and Functions

Notes

1. (i) Disjoint (ii) Not disjoint (iii) Not disjoint (iv) Disjoint
2. () {x:xe N} @) ¢

3. (1 1{1,2,3,4,5,6,7,8,9,10} (ii) {5}
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MODULE -1 | 4. Roster from {-10,-9, -8, ......0,1,2,3,......}
Sets, Relations
and Functions Set builder from {x : x € Z and — 10 < x < oo}
5. (){x : xis a even natural number less than equal to 20}. (i) o
ot 6. @ o (i) {1,2,3,4,5,6,7,8,9}
(i) {1,3,5,7,9,10}  (iv) {2,4,6,8,10}
7. @ A U (i) U
7 OO
7
Fig.1.18 Fig. 1.19
(ii) U
%
i
Fig. 1.20
8. Q) U (i) §]
2 7))
% A\
Fig. 1.21 Fig. 1.22
(ii)
U
N
7\
Fig. 1.23
9. @) 5 G
O
A-B=¢ B — A = Shaded portion.
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Fig. 1.24

Fig. 1.25

Fig. 1.26

(ii) U
\ @&
N\
A-B=A
(i)
BRS)
\
A — B = Shaded Portion
TERMINAL EXERCISE
1. (i) False (ii) True

2. (1){1,2,3.4,6,7,8,9}

3, @)

(A U B)'= Shaded Portion

(i)

(0

U

Fig. 1.27

(iii) False

(ii) {8,10,12}

CIO

— A =Shaded Portion

(iv) False

o L7

U

(A n B)' =Shaded Portion

Fig. 1.28

(A — B)' =Shaded Portion

5. (){4.6,8,10}

(iii) ¢

Fig. 1.29

(11) {1’ 2’3,4,5, 6, 75 8,9,10} .

(iv) {1,2,3,4,5,6,7,8,9,10}.
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MODULE-I |e. @D (ANB)Nn(BnNC) ) (AnB)nC
Sets, Relations
and Functions @[(AuB)uC] iv) AU(BNC).
7. (@)

Notes

A'm (B U C) = Shaded Portion

(i)
A' N (C — B) = Shaded Portion
9. (a) Tre (b)
() True (d) True
10. (@ o, {a} (b) o, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}
© o

1. @ (4,61 @B (-12,-10)
© [0,7) (d) (3, 4]
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RELATIONS AND FUNCTIONS-I

In our daily life, we come across many patterns that characterise relations such as brother and
sister, father and son, teacher and student etc. In mathematics also, we come across many
relations such as number m is greater than number n, line ¢ is perpendicular to line m etc. the
concept of relation has been established in mathematical form. The word “function” was introduced
by leibnitz in 1694. Function is defiend as a special type of relation. In the present chapter we
shall discuss cartesion product of sets, relation between two sets , conditions for a relation to be

a function, different types of functions and their properties.

\Z| OBJECTIVES

After studying this lesson, you will be able to:

° define cartesion product of two sets.

° define. relation, function and cite examples there of
° find domain and range of a function

° draw graph of functions.

define and cite examples of even and odd turnotions.

determine whether a function is odd or even or neither

define and cite examples of functions like |x , [x] the greatest integer functions,

polynomial functions, logarithmic and exponential functions

to Find sum. difference, product and quotient of real functions.

EXPECTED BACKGROUND KNOWLEDGE

° concept of ordered pairs.

2.1 CARTESIAN PRODUCT OF TWO SETS

Consider two sets A and B where
A={1,2}, B={3,4,5}.
Set of all ordered pairs of elements of Aand B

MODULE - |
Sets, Relations
and Functions

Notes
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is {(1,3),(1,4),(1,5),(2,3), (2,4),(2,5)}

This set is denoted by A x B and is called the cartesian product of sets A and B.
ie. AxB ={(1, 3), (1,4),(1,5),(2,3),(2,4),(2,5)}
Cartesian product of sets B and A is denoted by BxA.
In the present example, it is given by

BxA={(3,1),(3,2),(4,1),(4,2),(5, 1),(5,2)}, Clearly AXB % BxA.
In the set builder form:

AxB={(a,b): ac A and be B} and BxA={(b,a): be Band ac A }
Note: If A=porB=¢p or A,B=¢
then AXB = BXA =¢.

Example 2.1

¢)) Let A={a,b,c}, B={d,e}, C={a,d}.
Find (i) AxB (i) BxA (i) Ax(B u C) v)(ANC)xB
V)(ANB)xC (VD Ax(B-C).

Solution : (i) AxB ={(a, d),(a,e), (b, d), (b, e), (c,d), (c,e)}.
(i) BxA =1{(d,a),(d,b), (d,c), (e,a)(e,b),(e,c)}.

() A={a,b,c}, BuC={ade}.
AX (B u C)={(a,a),(a, d),(a, e),(b, a),(b, d),(b, e), (c, a),(c, d),(c, e).

(iv) ANnC={a}, B={d,e}. .. (ANC)xB={(a,d),(a,e)}
(V) Aﬁqu)’ C:{a,d}, S AﬁBXC:q)
(vi) A={ab,c}, B-C={e}. .. Ax(B-C)={(a,e),(b,e),(c,e)}.

2.1.1 Number of Elements in the Cartesian Product of Two Finite Sets
Let A and B be two non-empty sets. We know that A x B = {(a, b); a € Aand b € B}

Then number of elements in Cartesian product of two finite sets A and B
i.e. n(A x B) = n(A). n(B)

Suppose A = {1,2,3}and B={x, y}, show that n(Ax B)=n(A)xn(B)

Solution : Here n(A) =3, n(B) = 2

A x B ={(1, x), (2, x), 3, ), (1, y), (2, y), 3, y)}
n(A x B) = n(A)xn(B), =3 x2 =6

| e) i) ) RN [f n(A) = 5, n(B) = 4, find n(A x B)

MATHEMATICS
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Solution : We know that n(A x B) =n(A) x n(B)
n(AxB)=5x4=20

2.1.2 Cartesian Product of the Set of Real Numbers R with Itself upto
R x R x R

Ordered triplet A x A X A = {(a, b,c) : a, b, c € A}
Here (a, b, ¢) is called an ordered triplet.

The Cartesian product R x R represents the set R xR = {(x, y) : x, y € R} which represents
the coordinates of all the points in two dimensional plane and the Cartesian product R x R
x R represent the set R x R X R = {(x, y, 2) : x, ¥, z € R} which represents the coordinates
of all the points in three dimenstional space.

IDe iR N If A= {1, 2}, form the set A x A x A.

Solution : A x A x A={(1, 1, 1), (1, 1, 2), (1, 2, 1), (1, 2, 2)
2,1, D,2,1,2), 2,2, 1), (2, 2, 2)}

2.2 RELATIONS

Consider the following example :
A={Mohan, Sohan, David, Karim} and B={Rita, Marry, Fatima}

Suppose Rita has two brothers Mohan and Sohan, Marry has one brother David, and Fatima
has one brother Karim. If we define a relation R " is a brother of"' between the elements of A and
B then clearly.

Mohan R Rita, Sohan R Rita, David R Marry, Karim R Fatima.
After omiting R between two names these can be written in the form of ordered pairs as :
(Mohan, Rita), (Sohan, Rita), (David, Marry), (Karima, Fatima).
The above information can also be written in the form of a set R of ordered pairs as
R= {(Mohan, Rita), (Sohan, Rita), (David, Marry), Karim, Fatima}
Clearly R € AxB, ie.R ={(a,b):ac A,be B and aRb}
If Aand B are two sets then arelation R from A toB is a sub set of AXB.
If (i) R =¢, Riscalled a void relation.
(ii) R=AxB, R is called a universal relation.

(i) If R is a relation defined from A to A, it is called a relation defined on A.

(ivyR={(a,a) V ae A}, iscalled the identity relation.

2.2.1 Domain and Range of a Relation

If R is a relation between two sets then the set of first elements (components) of all the ordered
pairs of R is called Domain and set of 2nd elements of all the ordered pairs of R is called range,

MODULE - |
Sets, Relations
and Functions

Notes

MATHEMATICS



MODULE - |
Sets, Relations
and Functions

Notes

Relations and Functions-I

of the given relation. In the previous example. Domain = { Mohan, Sohan, David, Karim},
Range = {Rita, Marry, Fatima}

Given that A= {2,4,5,6,7}, B ={2,3}.
Ris arelation from A to B defined by
R={(a,b): ae A, be B and ais divisible by b}
find (i) R in the roster form (i) Domain of R (iii) Range of R (iv) Repersent R diagramatically.
Solution : GO R={(2,2),4,2),(6,2),(6,3)}
(ii) Domain of R = {2, 4, 6} (iii)) Range of R = {2, 3}

"

Fig. 2.1
IDeln) AN [f R is arelation 'is greater than' from A to B, where
A={1,2,3,4,5}and B={1,2,6}.
Find (i) R in the roster form. (ii) Domain of R (iii) Range of R.
Solution :
@ R={(2,1),(3,1),(3,2),(4,1),(4,2), (5, 1),(5,2)}
(i) Domain of R = {2, 3,4, 5} (iii)) Range of R={1, 2}
2.2.2 Co-domain of a Relation

If R is a relation from A to B, then B is called codomain of R.

For example, let A= {1, 3,4,5,7} and B = {2, 4, 6, 8} and R be the relation ‘is
one less than’ from A to B, then R = {(1, 2), (3, 4), (5, 6), (7, 8)}

so codomain of R = {2, 4, 6, 8}

IDe NI [et A = {1, 2, 3, 4, 5, 6}. Define a relation R from A to A by

R ={(x,y): y=x+ 1} and write down the domain, range and codomain of R.

Solution : R = {(1, 2), (2, 3), (3, 4), (4, 5), (5, 6)}
Domain of A = {1, 2, 3, 4, 5}
Range of R = {2, 3, 4, 5, 6} and Codomain of R = {1, 2, 3, 4, 5, 6}

CHECK YOUR PROGRESS 2.1

Giventhat A={4,5,6,7},B={8,9},C={10}
Verify that AX(B—C) = (AxB)—(AxC).

MATHEMATICS



Relations and Functio

2. If U is a universal set and A, B are its subsets. Where U= {1, 2, 3,4, 5}.
A={1,3,5},B={x:xisaprime number}, find A'x B'

3. IfA=1{4,6,8,10},B={2,3,4,5}, Ris arelation defined from A to B where
R={(a,b): ac A, be B and ais a multiple of b}
find ()R in the Roster form (ii) Domain of R (iii) Range of R .

4, If R be arelation from N to N definedby R={(x,y): 4x + y =12, X,y e N}
find (i) R in the Roster form (ii) Domain of R (iii) Range of R.

5. IfR be a relation on N defined by R={ (x, x2) : x is a prime number less than 15}
Find (i) R in the Roster form (ii) Domain of R (iii) Range of R

6. If R be a relation on set of real numbers defined by R={(x,y) : x2 + y2 = 0 }, Find
(i) R in the Roster form (ii) Domain of R (iii) Range of R.

7. If(x+1,y-2)=(3, 1), find the values of x and y.

8. IfA={-1,1} find Ax AxA.

9. IfAxB={(a,x), (a,y), (b, x), (b, y)}. Find A and B.

10. If n(A) = 6 and n(B) = 3, then find n(A x B).

2.3 DEFINITION OF A FUNCTION

Consider the relation f: {(a,1), (b,2), (c,3), (d,5) }from A B
set A= {a,b,c,d}to set B={1,2,3,4]). . ; S / .
In this relation we see that each element of A has a unique b ) > ( 2 4
image in B. This relation f from set A to B where every = / > \ 3
element of A has a unique image in B is defined as a function d > 5

from A to B. So we observe that in a function no two

. . Fig. 2.2
ordered pairs have the same first element. e

We also see that 5 an element € B, i.e., 4 which does not have its preimage in A. Thus here:

(i) the set B will be termed as co-domain and (ii) the set {1, 2, 3, 5} is called the range. From the
above we can conclude that range is a subset of co-domain.

Symbolically, this function can be written as

f:A — BorA ;) B
2.3.1 Real Valued Function of a Real Variable

A function which has either R or one of its subsets as its range is called a real valued function.
Further, if its domain is also either R or a subset of R, then it is called a real function.
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Let R be the set of all real numbers and X, Y be two non-empty subsets of R, then a

rule ‘f” which associates to each x € X, a unique element y of Y is called a real valued

function of the real variable or simply a real function and we writeitas f: X —> Y

Areal function ‘f is a rule which associates to each possible real number x, a unique real

number f(x).

| ):e11110) AN Which of the following relations are functions from A to B. Write their domain

and range. If'it is not a function give reason ?

(@)
(b)
(c)
d
O]

®

(2

{1,-2),(3,7),(4,-6),8,1)}, A ={1,3,4,8}, B={-2,7,-6,1,2}
{1,0),d-1,(2,3),4,100}, A={1,2,4} , B={0,-1,3,10}
{(a,b),(b,c),(c,b),(d,c)}, A ={a,b,c,d,e} B={b,c}
{(2,4),(3,9),(4,16),(5,25),(6,36}, A ={2,3,4,5,6}, B=1{4,9,16,25,36}

{(,=1),(2,-2),(3,-3), (4,—4), (5, -5}, A ={0,1,2,3,4,5},
B ={-1,-2,-3,-4,-5}

(sinz,lj, cosE,—3 ,(tanﬁ,ij,(cotﬁ,x/gj
6 2 6 2 6 /3 6 ’
1 1
A:{sinz,cosﬁ,tanz,cotz} B = —,—3 —.\3.1
6 6 6 6 2

{(a,b),(a,2),(b,3),(b,4)}, A={a,b},B={b,2,3,4}.

Solution :

(a)
(b)
©
(d)
(e)

®

It is a function. Domain = {1,3,4,8}, Range ={-2,7,-6,1}
It is not a function. Because Ist two ordered pairs have same first elements.

It is not a function. Because Domain= {a,b,c,d} # A,Range={b,c}

Itisa function. Domain = {2,3,4,5,6},Range ={4,9,16,25,36}

It is not a function .

Because Domain = {1,2,3,4,5} # A,Range ={-1,-2,-3,-4,-5}

It is a function .

D i :{sinE cosE tanE cotE} :{l ﬁ L ﬁ}
omain 6’ 6 6’ 6 ,Range 2’2 R
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(2 It is not a function. Because first two ordered pairs have same first component and last
two ordered pairs have also same first component.

I E11 ) BV State whether each of the following relations represent a function or not.

@ (b)

MODULE - |
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A B

>

Fig. 2.3
©
A B
1 f 2
2 ) > (\ 4
3 > 6
Fig. 2.5 Fig. 2.6

Solution :

(@) fisnot afunction because the element b of A does not have an image in B.

(b)  fisnot a function because the element ¢ of A does not have a unique image in B.
(c) fisafunction because every element of A has a unique image in B.

(d) fis afunction because every element in A has a unique image in B.

1101 ) PRI Which of the following relations from R — . R are functions?

(a) y=3x+2 (b) y<x+3 ©) y =2x2+1
Solution : (a) y = 3x + 2 Here corresponding to every element x € R, 3 aunique element
y € R. ... Itis afunction.
(b) y <x+3.

For anyreal value of x we get more than one real value ofy. -, Itis not a function.
(©) y =2x2+1

For any real value of x, we will get a unique real value ofy. -, Itis a function.

Notes

MATHEMATICS
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1D e i PREN Let N be the set of natural numbers. Define a real valued function
f:N — N by filx) = 2x + 1. Using the definition find f(1), f(2), f(3), f(4)

Solution : f(x) =2x + 1
f(H)y=2x1+1=2+1=3, fRQ)=2x2+1=4+1=5
fB)=2%x3+1=6+1=7,f(4H)=2%x4+1=6+1=9

Q)
\ & f§ CHECK YOUR PROGRESS 2.2

1. Which of the following relations are functions from Ato B ?
(@ {1,-2),(3,7),(4,-6),(8,11) }, A={1348}, B={-2,7,-6,11}
(b) {(1,0),(1,-1),(2,3),(4,10) }, A={12,4},B={1,0,-1,3,10}
(©{(a,?2),(b,3),(c,2),(d,3)}, A ={a,b,c,d},B ={2,3}

@ {1,D),(1,2),(2,3),(-3,4)}, A={12,-3},B={1,2,3,4}

1 1 1 11 1
(e){(2,§j,(3,5)....,(10,5)}, A :{1,2,3,4},B —{5,5,...,E}

®{(1,1),(-1,1),(2,4),(-2,4)}, A={0,1,-1,2,-2},B ={1,4}
2. ‘Which of the following relations represent a function ?

() (b)

Fig. 2.7
(©

S [
— —

Fig. 2.9 Fig. 2.10
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MODULE - |
3. ‘Which of the following relations defined from R — R are functions ? Sets. Relations
(@y=2x+1MB) y>x+3 () y<3x+1(d) y=x2+1 and Functions
4. Write domain and range for each of the following functions :

@{(22)(F).B3) wi(w3) (250 (23)) e

©{(1,1),(0,0).(2,2),(-1-1)}
(d) {(Deepak,16), ( Sandeep, 28 ), ( Rajan, 24 ) }

5. Write domain and range for each of the following mappings :
(@) (b)
A B A B
2 } > \ 5
3 > 6
Fig. 2.11 Fig. 2.12
(©) (d)
A B A B
7
1 \ > / 1 Gagan \ > ( 8
2 > 2 Ram ) > \ 9
3 | . \ 3 Salil > 5
6
Fig.2.13 Fig.2.14
(e)

B
% > r:2
> 4

Fig.2.15

@>
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Let us consider some functions which are only defined for a certain subset of the set of real
numbers.

2.3.2 Some More Examples on Domain and Range

I é11110) BPAPA Find the domain of each of the following functions :
@y=+ (®y=— ©y=—
a = — = — C —
X X =2 YT X (-3

Solution : The function y = 1 can be described by the following set of ordered pairs.
X

Here we can see that x can take all real values except 0 because the corresponding image, i.e.,

1
0 is not defined. -, Domain = R — {0} [Set of all real numbers except 0]

Note: Here range =R —{ 0}

(b) xcantake all real values except 2 because the corresponding image, i.e., _ does

(2-2)

not exist. .. Domain = R — {2}

(c) Value of ydoesnot exist for x = =2 and x =3 -, Domain = R —{-2,3}

I el BPA RN Find domain of each of the following functions :

@ y=+Vx -2 (0) y=+/(2-x)(4+x)
Solution :(a) Consider the function y = ++/x — 2

In order to have real values of y, we must have (x —2) >0 ie. x > 2

Domain of the function will be all real numbers > 7.

(b) y=+\/(2—x)(4+x)

In order to have real values of y, we musthave (2 —-x)(4+x)>0

We can achieve this in the following two cases :

Casel: (2—x)>20and (4+x)>20 = x<?2and x >4
Domain consists of all real values of x such that -4 < x < 2

Casell : 2 —x<0and 4+x <0 = 2<xand x < 4.

But, x cannot take any real value which is greater than or equal to 2 and less than or equal to —4.

MATHEMATICS



Relations and Functions-I

From both the cases, we have Domain= -4 < x <2V xe R

IDe1nEPREN For the function

f(x) =y = 2x + 1, find the range when domain = { -3,-2,-1,0,1,2,3}.

Solution : For the given values of x, we have
f(-3)=2(-3)+1=-5,f(-2)=2(-2)+1=-3
f(-1)=2(-1)+1=-1,f(0)=2(0)+1=1
f(1)=2(1)+1=3,f(2)=2(2)+1=5,f(3)=2(3)+1=7

The given function can also be written as a set of ordered pairs.

e, {(-3,-5).(-2,-3),(-1L-1),(0,1)(1,3),(2,5)(3,7)}

Range = {-5,-3,-1,1,3,5,7}

Iff(x):x+3,0SXS4,ﬁnditsrange.

Solution : Here 0<x<40rQ+3<x+3<4+30r3<f(x)<7
Range={f(x):3<f(x)<7}

Iff(x):xz, — 3 < x < 3.find its range.

Solution : Given —3<x <3 o0or 0<x2<9o0or0<f(x)<9

Range={f(x):0<f(x) <9}

- CHECK YOUR PROGRESS 2.3

Find the domain of each of the following functions x € R :

@  (Dy=2x,  (i)y=9x+3, i) y = x2 +5
N L 1
& OY=3"7 (u)y—(4x+1)(x_5)
G y=— (1) y = ——
YT x-3)(x-5) YT Gox)(x=5)

(©) 1 y=+6-x, (i) y =+7+x, (i) y = v/3x + 5

MODULE - |
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@ @D y=+3-x)(x-5) i) y=(x=3)(x+5)

MATHEMATICS

Notes



MODULE - |
Sets, Relations
and Functions

Notes

Relations and Functions-I

o 1
WY = =3) (7 + %)

o 1
N EF TS

2. Find the range of the function, given its domain in each of the following cases.

(@)

(b)
(©

(d

() f(x)=3x+10, xe {157 -1, -2},
) f(x)=2x2+1, xe{-3,2,4,0}

(i) f(x)=x2-x+2,xe{, 23, 4,5}

i f(x)=x-2,0<x<4
Hf(x)=x2,-5<x<5
) f(x)=x2+1,-2<x<2

) f(x)=x+5,xeR

(i) f (x) = x3, x e R

W) f(x)= 12,{X:XSI}

X —

(vii)f(x):%,{x:x>0}

() f(x)=3x+4,-1<x<2
() f(x)=2x,-3<x<3
(iv) f(x)=+x,0<x <25

(i) f(x)=2x-3,xeR

(iV)f(x)zi,{x:X<O}

(vi) f(x) = {x:x <0}

3x =2

(Vﬁi)f(x)=%+5,{XZX¢—5}

2.4 GRAPHICAL REPRESENTATION OF FUNCTIONS

Since any function can be represented by ordered pairs, therefore, a graphical representation

of the function is always possible. For example, consider y = x2.

-1(2|-2(3|-3

4

—4

ylo[t| 1[a] 4]o] 9

16

16

3.9

(=2.4)

1,1

(4, 16)

(3.9

2.4

, 1)

4321

R

Fig. 2.16

o A

w-
-

v

>
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Does this represent a function?
Yes, this represent a function because corresponding to each value of x 3 aunique value of'y.

Now consider the equation x2 + y2 =25

x|o] o[3] 3[4] 4[5[-5[-3[-3]-4]-4
y|5|-5[4|-4[3]-3]0] o] 4]-4] 3]-3

This graph represents a circle. Does it represent a function ?

No, this does not represent a function because corresponding to the same value of x, there does
not exist a unique value of y.

’am\
L" § CHECK YOUR PROGRESS 2.4

1. (1) Does the graph represent a function?

Fig. 2.18
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SeMth;l;:ji;ll'!s (i) Does the graph represent a function ?
and Functions Y

/TN

Notes X \/ 0 \/ X

Y
Fig. 2.19
2. Draw the graph of each of the following functions :
(@) y=3x2 (b) y=—x2 () y=x2-2

(dy=5-x2()y=2x2+1 Hy=1-2x2
3. Which of the following graphs represents a function ?
(@) (b)

y
Vi

y 'y
Fig. 2.20 Fig. 2.21
(©) (d
Vi Ay
b X X< > X
vy
vy
Fig. 2.22 Fig. 2.23
(©)
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’

y

Fig.2.24
Hint: If any line |l to y-axis cuts the graph in more than one point, graph does not represent a
function.

2.5 SOME SPECIAL FUNCTIONS

2.5.1 Monotonic Function
Let F: A — B be afunction then F is said to be monotonic on an interval (a,b) if it is either
increasing or decreasing on that interval.

For function to be increasing on an interval (a,b)

X; <Xy = F(x;1)<F(x3) V x| x,€(a,b)
and for function to be decreasing on (a,b)

X1 <Xy = F(x1)>F(x,) V x; xp€(a, b)

A function may not be monotonic on the whole domain but it can be on different intervals of the
domain.

Consider the function F : R — R definedby f ( x ) = x2.
Now V X, xp€[0, ], x; <x, = F(x;)<F(x,)
—  Fis a Monotonic Function on [0, = ].
( -.- Itisonly increasing function on this interval)
But  V x;,x5 € (—0,0), X; <X, = F(x;)>F(x;y)
= F is a Monotonic Function on (—o,0)
( -.- Itisonly a decreasing function on this interval)
Therefore if we talk of the whole domain given function is not monotonic on R but it is monotonic
on (—o0,0) and (0, ).Again consider the function F: R — R definedby f (x ) = x3.
Clearly V x; x,€ domain x; < x, = F(x;)<F(x;)

. Given function is monotonic on R 1.e. on the whole domain.
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MODULE - |
Sets, Relations
and Functions | A function is said to be an even function if for each x of domain F(—x) = F(x)

2.5.2 Even Function

For example, each of the following is an even function.

()  IfF(x)=x2thenF(-x)=(-x)>=x2=F(x)

Notes
(ii) If F(x)=cosx then F(—x) =cos(—x) = cosx = F(x)

@) IfF(x)=|x|then F(—x)=|-x|=|x|=F(x)
Y

YI
Fig.2.25

The graph of this even function (modulus function) is shown in the figure above.

Graph is symmetrical about y-axis.

2.5.3 Odd Function

A function is said to be an odd function if for each x
f(—x)=—f(x) Y

For example, )

@) Iff(x)=x3 < O -
then f (—x) = (—x)* = —x3 = =f (x) (.-

(i) Iff(x)=sinx "
then f (—x ) =sin(—x) = —sinx = —f (x) Fig. 2.26

Graph of the odd function y = x is given in Fig.2.26

Graph is symmetrical about origin.

2.5.4 Greatest Integer Function (Step Function)

f (x) =[x ] whichis the greatest integer less than or equal to x.
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f (x ) is called Greatest Integer Function or Step Function. Its graph is in the form of steps, as

shown in Fig. 2.27.

MODULE - |
Sets, Relations
and Functions

Notes

Let us draw the graphof y =[x ],x € R
[x]=1 1<x<2
[x]=2, 2<x<3
[x]=3 3<x<4 S X
o—P-1
[x]=0, 0<x<I1
O -2
[x]=-1, —1<x<-0 . 15
v’
= — — < —
[x]=-2, -2<x<-1 Fig. 2.27
o Domain of the step function is the set of real numbers.
o Range of the step function is the set of integers.

2.5.5 Polynomial Function

Any function defined in the form of a polynomial is called a polynomial function.
Forexample, (i) f (x) =3x2 —4x —2,(i) f(x)=x3 -5x2 —x +5,(i) f(x) =3
are all polynomial functions.

Note: Functions of the type f ( x ) = k, wherek is a constant is also called a constant function.

2.5.6 Rational Function

Function of the type f ( x ) = %,Where h(x)#0andg(x) and h(x) arepolynomial
X
functions are called rational functions.
X2 —
Forexample, f(Xx)= 1" # —1 is a rational function.

2.5.7 Reciprocal Function: Functions of the type y = 1 , x # 0iscalled areciprocal function.
X

2.5.8 Exponential Function: A swiss mathematician Leonhard Euler introduced anumber e in
the form of an infinite series. In fact

It is well known that the sum of this infinite series tends to a finite limit (i.e., this series is convergent)
and hence it is a positive real number denoted by e. This number e is a transcendental irrational
number and its value lies between 2 an 3.
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X
. T e I F—+ — + — 4+ . +—+ ...
Now consider the infinite series I > 13 n

It can be shown that the sum of this infinite series also tends to a finite limit, which we denote by

x =14 X x2 X3 xn
eX.Thus’e =l+—+—+—+..... +—+ ... (2)

2 I3

This is called the Exponential Theorem and the infinite series is called the exponential series.
We easily see that we would get (1) by putting x =1 in (2).

The function f ( x ) = ex, where X is any real number is called an Exponential Function.
The graph of the exponential function y = eX is obtained by considering the following important

facts :

(1  Asxincreases, the y values are increasing very rapidly, whereas as x decreases, the y
values are getting closer and closer to zero.

(i)  There is no x-intercept, since €X # O for any value of x.
@) Theyinterceptis 1, since ¢0 =1 and e = (.

(iv)  The specific points given in the table will serve as guidelines to sketch the graph of ¢*
(Fig. 2.28).

X -3 -2 -1 0 1 2 3
y=¢* 0.04 0.13 0.36 1.00 2.71 7.38 20.08

Fig. 2.28

MATHEMATICS
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If we take the base different frome, say a, we would get exponential function

f (x) = ax,provbided a >0, a # 1.
For example, we may take a =2 or a =3 and get the graphs of the functions

y = 2X (SeeFig. 2.29)

and y = 3% (See Fig. 2.30)
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Now Consider the function y =ex ... 3)

2.5.9 Logarithmic Functions

We write it equivalently as X = log, y Thus, y =log, x ... @)

is the inverse functionof y = ex

The base of the logarithm is not written if it ise and so log, x isusually written as log x.
Asy = eX and y = log x are inverse functions, their graphs are also symmetric w.r.t. the line

y = X.The graphofthe function y = log x canbe obtained from that of y = ¢x by reflecting
it in the line y = x.

(@) Thelearner may recall the laws of indices which you have already studied in the Secondary
Mathematics : Ifa > 0, and m and n are any rational numbers, then

am .gN — gmM+n, gm = qn — gm-n, (am)n =amn,aO:1

@) The corresponding laws of logarithms are
m
log, (mn) = log, m + log, n, log, (?j = log, m —log, n

log, m

logp, m = m or logy, m = log, mlogy a

log, (mn) = nlog, m,

Herea,b>0,a #1,b = 1.

| 44 | MATHEMATICS
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2.5.10 Identity Function MODULE - |

Sets, Relations
Let R be the set of real numbers. Define the real valued functionf:R—Rby| and Functions

vy = f(x) = x for each x € R. Such a function is called the identity function. Here the domain
and range of f are R. The graph is a straight line. It passes through the origin.

AY

Notes
8 4

8 6 -4 -2 > 4 6 8

1-8

YY’

f(_x) =X Flg. 2.33
2.5.11 Constant Function

Define the function f: R — R by y = f{x) = ¢, x €R where c is a constant and each x eR.
Here domain of fis R and its range is {c}.

The graph is a line parallel to x-axis. For example, f(x) = 4 for each x € R, then its graph
will be shown as

AY

N

6 4 2 0 2 4 6

vY’

foo=4 Fig. 2.34
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lif x>0

The function f : R — R defined by f(x) = 10,if x=0 is called a signum function.
—1if x<O
The domain of the signum function is R and the range is the set {—1, 0, 1}.

2.5.12 Signum Function

The graph of the signum function is given as under :
Y

1(

N\
\

<
Il
—_

D—1

A
TR

y=-1

Fig.2.35

Y/

N
L'L § CHECK YOUR PROGRESS 2.5

1. ‘Which of the following statements are true or false.
(i) function f (x) = 2x4 + 7x2 + 9x is aneven function.
(i) Odd function is symmetrical about y-axis.
(i) f(x)=x1/2 —x3 + x5 is apolynomial function.

X -3, . .
3 is arational function for all x € R.
+ X

(v) f(x)=
5. .
(v) f(x)= —~ i a constant function.

(vi) Domain of the function defined by f ( x ) = 1 is the set of real numbers except 0.
X

(vil) Greatest integer function is neither even nor odd.

2. ‘Which of the following functions are even or odd functions ?

-1 x2 1

X
b f(x)= C)f(x)=
( ) ( ) 5+ X2 ( ) ( ) X2 +5

(@ f(x)=

2
X +

MATHEMATICS
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_ 2 X 5
(d)f(x)—g (e) f(x)—xz_'_1 ® f(x):x—_5
@F(x)=3—= O f(x)=x -

Draw the graphofthe function y =[x | — 2.

Specify the following functions as polynomial function, rational function, reciprocal
function or constant function.

x2 + 2x
() y =3x8 —5x7 +8x5 (b) Y T 3 g 13 X —2x+3%0
3 2x +1
© Y=—7.x#0 @ y=3+ »x#0
X X
2 _
(e) Yzl—l’X?tO (H) y:_x 5X+6’X¢2
X x—2
_1

2.6 Sum, Difference, Product and Quotient of Functions

(i) Addition of two real functions:

(i)

(iii)

Letf: X - R and g : X — R be any two functions, where X < R. Then, we define
f+g : X —>Rby (f+ g =f(x) + gx), for all x e X

Let f(x) = x%, g(x) = 2x + 1
Then (f + g) (x) = fx) + g(x) =x* + 2x + 1
Subtraction of a real function from another:

Letf: X - R and g : X — R be any two real functions, where X < R. Then, we
define (f — g) : X > R by (f — g@)x = filx) — g(x), for all x eX

Let f(x) = x%, g(x) = 2x + 1
then (f — g) (x) = f(x) — gx) =x — 2x + 1) =x* — 2x — 1
Multiplication of two real functions:

The product of two real functions f : X — R and g : X — R is a function
fg: X — R defined by (f g) (x) = f(x) . g(x), for all x eX

Let fix) = x%, g(x) = 2x + 1
Then f g(x) = fix) . g(x) = x> 2x + 1) = 2x3 + x?

MATHEMATICS
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Let fand g be two real functions defined from X — R where X — R. The real quotient

of f by g denoted by L is a function defined by
8

(iv) Quotient of two real functions:

[i] X =M , provided g(x) #0, x € X

g g(x)
Let f(x)= x% g(x) = 2x + 1
(f) f & ~1
Then [ 7)) = ) T a1 T2

Example 2. 17 |SSadCIES Jx and g(x) = x be two functions defined over the set of

non-negative real numbers. Find (f + g)(x), (f — g)(x), (f g)(x) and (ﬁ) (x).

Solution : We have f(x)=+/x,g(x)=x
Then (f + £)(x) = f(x) + g(0) = Vx+x
f- 8 = fx) —g(x) = Jx—x
(f ) =f(x) . g) = Jx.x=x"2
(f) fo _Nx_ 5

()@ =~ ¥

N
L'L § CHECK YOUR PROGRESS 2.6

1. A function fis defined as f(x) = 3x + 4. Write down the values of

@ SO @) A7) (i) f(=3)
2. Letf, g : R —> R be defined, respectively by f(x) = x + 1, g(x) = 2x — 3. Find

(f+ 8, (-8 (fg and [g

e
"@’J% LET US SUM UP

° Cartesian product of two sets A and B is the set of all ordered pairs of the elements of A
and B. Itisdenoted by Ax pBie AxB={(ab): ac Aandbe B}

| 48 | MATHEMATICS
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Relation is a sub set of AXB where A and B are sets.
ie. Rc AxB={(a,b):ae A and be B and aRb}
Function is a special type of relation.

Functrions f : A — B isarule of correspondence fromA to B such that to every element
of A 3 aunique element in B.

Functions can be described as a set of ordered pairs.

Let f'be a function from A to B.

Domain : Set of all first elements of ordered pairs belonging to f.
Range : Set of all second elements of ordered pairs belonging to f.
Functions can be written in the form of equations such as y = f(x)
where x is independent variable, y is dependent variable.

Domain : Set of independent variable.

Range : Set of dependent variable.

Every equation does not represent a function.

Vertical line test : To check whether a graph is a function or not, we draw a line parallel
to y-axis. If this line cuts the graph in more than one point, we say that graph does not
represent a function.

A function is said to be monotonic on an interval if it is either increasing or decreasing on
that interval.

A function is called even function if f(x)=f(—x), and odd function if
f(—x)=-f(x), x,-xe Dy

f, g : X > Rand X c R, then

(f+ o) = fx) + g), (f — ) = flx) — gx)

(f . &x =flx) . gk, (fj( )_f( provided g(x)#0.

A real function has the set of real number or one of its subsets both as its domain and
as its range.

e SUPPORTIVE WEB SITES

http://www.bbc.co.uk/education/asguru/maths/13pure/02functions/06composite/ index.shtml
http://en.wikipedia.org/wiki/functions
http://en.wikipedia.org/wiki/relations
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[3
qi] TERMINAL EXERCISE
1. Given A ={a,b,c,}, B ={2,3}.Find the number of relations fromA to B.
2. Giventhat A ={7,8,9},B ={9,10,11}, C ={11,12} verify that
i) Ax(BNC)=(AxB)n(AxC)
(AX(BuUC)=(AxB)U(AXC)
3. ‘Which of the following equations represent functions? In each of the case x ¢ R
—2X+3x;ti b —EX?&O ——3 X #4,—4
@Y=3750%75 ® ¥y=% @Y=" """
1
dy=+x-1,x2=1 (e)y:x2+1 () x2 +y2 =25
4. ‘Write domain and range of the following functions :
£ :{(0,1),(2,3),(4,5)(6,7) 5.eeene. (100,101)}
fy :{(-2,4).(-4,16),(-6,36)........ }
1 1 1
f3:9(L1),| =, =1 [, =, 1| —,—1 |,eeeeees
’ {( )(2 )(3 ](4 ) }
TIER (3,0).(-1,2),(4,-1)}
fs i {onn. (-3,3),(-2,2),(-L1)(0,0)(1,1),(2,2),ceven. }
5. ‘Write domain of the following functions :
(@ f(x)=x3 (b)f(X)=X2_1 (©) f(x)=+3x+1
) f(x)= ! (e) f(x)= 1
Jx+1)(x +6) Jix=1)(2x =5)
6. Write range of each of the following functions :
(@ y=3x+2 xeR (b) y=—-.,xeR—-{2}
©y=2X"1 «c{0,2,3579} @ y=—= R+
y_ X—'—l, 9 Ly Ty dy [y \/;’ X €

(All non-negative real values)

MATHEMATICS
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7. Draw the graph of each of the following functions :
1
(@y=x2+3 xeR (b)y=—5.xeR-{2}
(C)y:x_l,xe{0,2,3,5,7,9} (d)y:i,xe R+.
X +1 Jx
8. ‘Which of the following graphs represent a function ?
(a) by (b) ¥
X o
X O
vY’ Y’
Fig. 2.36 Fig. 2.37
(©) 1Y (d) AY
X" 6] X 5
Y’ - Y’
Fig. 2.38 Fig. 2.39
© by ® pY
X'= o >X X' < o > X
YY’
vy’
Fig. 2.40 Fig. 2.41
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(€3] 'Y (h) 1Y
’ > X’4
X o X o
'Y’ vY’
Fig. 2.42 Fig. 2.43

‘Which of the following functions are rational functions ?

(a)f(x)=2xx_23,xeR—{—2} (b)f(x):%,xeR“L
X+ 2 _
(C)f(X)—m,XGR—{—Z} (d)y—X,XER

Which of the following functions are polynomial functions ?

@ f(x)=x2+~3x+2 ) f(x)=(x+2)>
©f(x)=3-x+2x3—x4 df(x)=vVx+x—-5 x20
e f(x)=+Vx2-4,xe (-2,2)

‘Which of the following functions are even or odd functions ?

2
(@ f(x)=v9-x2 xe[-3,3] (b f(X):§2+1
(©) f(x)=]x] d f(x)=x-x5
() 1Y ® +Y

Fig. 2.44 Fig. 2.45

>X
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Fig. 2.46

12. Let ‘f be a function defined by f(x) = 5x*> + 2, x €R.
(i) Find the image of 3 under f.
@) Find f(3) x f(2)
@) Find x such that f(x) = 22
13. Let fix) =x+ 2 and g(x) = 2x — 3 be two real functions. Find the following functions

O f+g i f-g
L
(i f.g @iv) 2
14. If fix) = 2x + 5), g(x) = x> — 1 are two real valued functions, find the following
functions
® f+g i f-g (ii)) f' g
S 8
(iv) P ) I
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ANSWERS

CHECK YOUR PROGRESS 2.1

2.

3.

6
7.
8
9

10.

CHE
1.

4.

{(2.1).(4.1).(2.4).(4.4)}.
()R ={(42).(44).(6,2).(6.3).(8,2).(8,4),(10,2),(10,5)}.
(i) Domain of R = {4,6,8,10}. (iii) Range of R = {2,3,4,5}.
()R ={(1,8).(2,4)}. (i) Domainof R = {1,2}.
(iii) Range of R = {1,2}{8,4}
(R ={(24),(3.9).(5.25).(7.49),(11,121),(13,169)}
Domainof R ={2,3,5,7,11,13}, Range of R ={4,9,25,49,121,169} .

(i) Domainof R = ¢ (ii) Domainof R = ¢ (iii) Range of R = ¢

x=2,y=3

{(-1,-1,-1), (-1,-1,1), (-1,1,-1), (-1,1,1), (1,-1,-1), (1,-1,1), (1,1,-1), (1,1,1)
A={a,b}, B={x,y}.

18

CK YOUR PROGRESS 2.2
@, @©, ® 2. (@, b 3. (), @D

(a) Domain = {\/2_\/5_,\/5} Range ={2,-1,5}
(b) Domain = {-3,-2, -1}, Range = {%}

(c) Domain = {1,0,2,—1}, Range = {1,0,2,-1}

(d) Domain = { Deepak, Sandeep, Rajan }, Range = {16, 28,24} .

(a) Domain = {1,2,3},Range = {4,5,6}
(b) Domain= {1,2,3},Range = {4}

(c) Domain = {1,2,3},Range = {1,2,3}

MATHEMATICS
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(d) Domain= { Gagan, Ram, Salil } , Range = {8,9,5}

(e) Domain = {a.b,c,d},Range = {2,4}

CHECK YOUR PROGRESS 2.3

1. (a) (i) Domain= Set of real numbers. (ii) Domain = Set of real numbers.
(iii) Domain = Set of a real numbers.
(b) (i)Domain:R—{%} (ﬁ)Domain=R—{—i,5}
(iii) Domain = R —{3,5} (iv) Domain = R —{3,5}
(¢) ()Domain={xe R :x <6} (i) Domain = {x € R : x > -7}
(ﬁi)Domain:{xzxeR,xz—g}
(d) ()Domain={x:xe R and 3 <x <5}
(i) Domain = {x : x € R x > 3,x < =5}
(iii) Domain = {x : x € R x = -3,x < -7}
(ivyDomain = {x : x€ R x >3,x < -7}
2. (a) (i)Range={13,25,31,7,4} (i) Range = {19,9, 33,1}
(iii) Range = {2, 4,8,14,22}
(b) ()Range = {f(x):-2<f(x)<2} (i)Range={f(x):1<f(x)<10}
(¢) (i) Range = {f(x):1<f(x)<25} (i)Range={f(x):=6<f(x)<6)}
(iii) Range= {f (x ) : 1< f (x) <5} (ivyRange ={f (x):0<f(x) <5}
(d) (i) Range=R (i) Range =R (iii) Range =R
(ivyRange = {f (x): f(x) < 0}
(v)Range={f (x):-1<f(x) <0}
(vi) Range={f (x):0.5<f(x) <0} (vi)Range={f(x):f(x)>0]}
(viii) Range : All values of f ( x ) except valuesat x = —5.
MATHEMATICS
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CHECK YOUR PROGRESS 24

Notes

1. (i) No. (ii) Yes
2. () Y (b) Y
, 0| (0,0)
X' X
X 0| (0, 0) X
Y’ Y’
Fig. 2.47 Fig. 2.48
(©) Y @ Y
0,5)
X’ \\O// X X’ / X
| 0lw.0]
0,-2)
Y’ Y’
Fig. 2.49 Fig. 2.50
@) Y ® Y
(0, 1)
X< »X
©.1) ©
X 0/ (0,0) X
Y’ Y’
Fig. 2.51 Fig. 2.52
3. (¢), (d)and (e).

CHECK YOUR PROGRESS 2.5

1. v, Vi, vii are true statements.
@), (i), (iii), (iv) are false statement.
2. (b) (¢) are even functions. (d) (e) (h) are odd functions.
MATHEMATICS
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3.
Y
44
13
—H2
11
—0
’ | | | | Pa N |
X 2 -1 T 5 4
-1 —0
2+—0
—P-3
— 04 -4
Yl
Fig. 2.53
4. (a) Polynomial function (b) Rational function.  (c) Rational function.
(d) Rational function.  (e) Rational function.  (f) Rational function.
(g) Constant function.
CHECK YOUR PROGRESS 2.6
1. ()4 (i) 25 (iii) -5
2 frg) x=3x-2, (f-g) x=4-x , (£.g) x=2.° Lle=22l (L3
. (+g)X_ X- ’(_g)x_ _X’('g)x_zx _x_39 g 2x_3’ 2
TERMINAL EXERCISE
2. 26 ie., 64.
3. (a), (b), (¢), (d), (e) are functions.
4. f; — Domain = {0,2,4,6,...... 100} Range = {1,3,5,7,...... 101}.

fy — Domain = {-2,—4,—6,......} .Range = {4,16,36,......}.

1 1 1
f; — Domain = {1,—,—,—, ...... } = —
3 231 .Range = {1,-1}.
4

fy — Domain = {3,—1,4}.Range = {0,2,-1}.
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8.

10.
11.

12.
13.

14.

Relations and Functions-I

fs — Domain = {...... -3,-2,-1,0,1, 2, 3,..... }.Range = {0,1,2,3,...... }.
(@) Domain =R .

(b) Domain = R —{-1,1}.

Il
>
V

|

|
£
bl
m
~

(c) Domain
(d) Domain = x > —-1,x < -6.
(¢) Domain = XZ%,XSL

(a) Range =R

(b) Range = All values of y except at x = 2.

1123 4}

Ran € = _1,_3_’_,_’_

© g { 3°2°374’5
(d) Range = All values of y for x >0

(a), (c), (e), (f), (h). Use hint given in check your progress 15.7, Q. No. 7 for the
solution.

(@), (©)

(a), (b), (©)

Even functions : (a), (b), (c), (), (g)
Odd functions : (d), (e)

(1) f(3) =47 (i) f(3) x f(2) = 1034 (i) x = 2, -2
i f+g=3x-1 () f-g=-x+5 (i) fe =22 +x— 6
. f/_ x+2 3
V) e =037 2
G f+g=x>+2x+4 G)f—-g=-x>+2x+6
2x+5
(i) f.g=2x3+5x2-2x - 5 (iv)%=x2_1,x¢il

2
g/ _x-1 .23
Y % xt+s5 T 2
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311en03

We have read about trigonometric ratios in our earlier classes.

Recall that we defined the ratios of the sides of a right triangle as follows :

. c a
sin ©=—,cos O =—, tan 6 = — A
b b a
b b a
and cosec 6 = —, sec 06 = —, cot 0 = —
C a C c b
We also developed relationships between these
trigonometric ratios as gin2 @+ cos2 0 =1 > B 0 C

a

Fig. 3.1
sec2@=1+tan’ 0> cosec>O=1+cot>0 '8

We shall try to describe this knowledge gained so far in terms of functions, and try to develop
this lesson using functional approach.

In this lesson, we shall develop the science of trigonometry using functional approach. We shall
develop the concept of trigonometric functions using a unit circle. We shall discuss the radian
measure of an angle and also define trigonometric functions of the type

y=sinX,y=cos X, y=tan X, y=cot X, y=sec X, y = cosec X, y =a sin X, y =b cos x, etc.,
where x, y are real numbers. We shall draw the graphs of functions of the type

y=sinX, y=cos X, y=tan X, y = cotX, y =secX, and y=cosecx y=asinx,y=a
COoS X.

I oBJECTIVES

After studying this lesson, you will be able to :

° define positive and negative angles;

° define degree and radian as a measure of an angle;

° convert measure of an angle from degrees to radians and vice-versa;
° state the formula ¢ = r O wherer and @ have their usual meanings;

° solve problems using the relation / =r 0;

° define trigonometric functions of a real number;

° draw the graphs of trigonometric functions; and

° interpret the graphs of trigonometric functions.
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EXPECTED BACKGROUND KNOWLEDGE

Definition of an angle.

Concepts of a straight angle, right angle and complete angle.

Circle and its allied concepts.

Special products: (a+b)> =a2+b2 + 2ab> (a+b)> =a3+b3 + 3ab(a+b)

Knowledge of Pythagoras Theorem and Py thagorean numbers.

3.1 CIRCULAR MEASURE OF ANGLE

An angle is a union of two rays with the common end point. An angle is formed by the rotation
of aray as well. Negative and positive angles are formed according as the rotation is clock-
wise or anticlock-wise.

3.1.1 A Unit Circle

It can be seen easily that when a line segment makes one complete rotation, its end point
describes a circle. In case the length of the rotating line be one unit then the circle described will
be a circle of unit radius. Such a circle is termed as unit circle.

3.1.2 A Radian

A radian is another unit of measurement of an angle other than degree.

A radian is the measure of an angle subtended at the centre of a circle by an arc equal in length
to the radius (r) of the circle. In a unit circle one radian will be the angle subtended at the centre
of the circle by an arc of unit length.

Y/
Fig. 3.2
Note: Aradian is a constant angle; implying that the measure of the angle subtended by

an are of a circle, with length equal to the radius is always the same irrespective of the
radius of the circle.

3.1.3 Relation between Degree and Radian

An arc of unit length subtends an angle of 1 radian. The circumference 27 (" r = 1) subtend

an angle of 27 radians.

T
Hence 27 radians = 360°, — g radians = 180°, = 5 radians = 90°

m MATHEMATICS
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= — radians = 45°

4

. 360 (180
= lradian=|—| =|—
27 o

2% . b .
or 1° = —— radians =—— radians

360 180
1D el i BREN Convert
@) 90° into radians (i) 15° into radians
T . . T .
(iii) P radians into degrees. (iv) 0 radians into degrees.
Solution :
1 10 ﬂ d'
(1) =360 radians
o_ 2T : o _ E :
= 90°= == x 90 radians or 90° = — radians
360 2
.. o 2T . o N .
(i) 15°= —— x 15 radians or 15° = — radians
360 12
@  1radian= 360) x dians < | 2P« T o
it} radian = )6 radians = o 6

L .
E radians = 30°

MODULE - |
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oom (360 mY
@iv) 10 radians = x 10) " 10 radians =

@4 CHECK YOUR PROGRESS 3.1

1. Convert the following angles (in degrees) into radians :
(i) 60° (i) 15° (i) 75° (iv) 105° (v) 270°

2. Convert the following angles into degrees:
M 5 ) 5 (i) o5 W) 5 W 3

3. The angles of a triangle are 45°, 65° and 70°. Express these angles in radians

. T ® 2®W . .
4. The three angles of a quadrilateral are 63 3 Find the fourth angle in radians.
. b
5. Find the angle complementary to rE
MATHEMATICS
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3.1.4 Relation Between Length of an Arc and Radius of the Circle

An angle of 1 radian is subtended by an arc whose length is equal to the radius of the circle. An
angle of 2 radians will be substened if arc is double the radius.

An angle of 22 radians willbe subtended if arc is 2V2 times the radius.
All this can be read from the following table :

Length of the arc (/) Angle subtended at the
centre of the circle 0 (in radians)

r 1
2r 2
2V2)r 2V
4r 4

V4
Therefore, 6= ? or /=10, where r = radius of the circle,

0 = angle substended at the centre in radians, and ¢ = length of the arc.

The angle subtended by an arc of a circle at the centre of the circle is given by the ratio of the
length of the arc and the radius of the circle.

Note: In arriving at the above relation, we have used the radian measure of the angle

and not the degree measure. Thus the relation 9 = £ is valid only when the angle is
r
measured in radians.

I el ) R Find the angle in radians subtended by an arc of length 10 cm at the centre of
acircle of radius 35 cm.

Solution : ¢ =10cm and r = 35 cm.
10 2
0 = L radians or ©=— radians, or © = — radians
» 35 7

I el ERIRE Arailroad curve is to be laid out on a circle. What should be the radius of a

circular track ifthe railroad is to turn through an angle of 45° in a distance of 500m?

Solution : Angle @ is given in degrees. To apply the formula ¢=r 0,0 must be changed to
radians.

0 =45°= 45><L radians ....() = r radians
180 4

¢=500m ()

MATHEMATICS



Trigonometric Functions-I

(=t @ gives r=£ =29 [using (1) and (2)]
T

4

4 1
= SOOx; m ;| =2000 x0.32 m (;=0.32j’ =640 m

| )'e1i10) (IR A train is travelling at the rate of 60 km per hour on a circular track. Through what
5
angle will it turnin 15 seconds if the radius of the track is ° km.

Solution : The speed of the train is 60 km per hour. In 15 seconds, it will cover

60><15k 1

— Km _ =
60 x 60 i

1 5
We have ¢y = — km andr = gkm

4
1
¢4
9:;23 radians  _ 5 .o
6
LG § CHECK YOUR PROGRESS 3.2
1. Express the following angles in radians :
(a) 30° (b) 60° (c) 150°
2. Express the following angles in degrees :
b o E b
(@) 3 O © 5
3. Find the angle in radians and in degrees subtended by an arc of length 2.5 cm at the

centre of a circle of radius 15 cm.

4. A train is travelling at the rate of 20 km per hour on a circular track. Through what angle

1
will it turn in 3 seconds if the radius of the track is E ofakm?.

5. A railroad curve is to be laid out on a circle. What should be the radius of the circular
track if the railroad is to turn through an angle of 60° in a distance of 100 m?

6. Complete the following table for /, r, @ having their usual meanings.
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MODULE - | 1 r 6
Sets, Relations -
and Functions (@ 125m | ... 135

4
b)) 30cm | L 7
(¢c) 0.5cm 25m | L
Notes d ... 6m 120°
150 z
€ e cm 5
§i) 150 cm 4O0m |
12 z
@ e m 6
h) 15m 0.75m | ..l
@) 25m | L 75°

3.2 TRIGONOMETRIC FUNCTIONS

While considering, a unit circle you must have noticed that for every real number between 0
and 2 7t, there exists a ordered pair of numbers x and y. This ordered pair (x, y) represents the
coordinates of the point P.

Fig. 3.3

MATHEMATICS
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If we consider =0 on the unit circle, we will have a point whose coordinates are (1,0).

Ife= g , then the corresponding point on the unit circle will have its coordinates (0,1).

In the above figures you can easily observe that no matter what the position of the point,
corresponding to every real number 6 we have a unique set of coordinates (x, ¥). The values of
x and y will be negative or positive depending on the quadrant in which we are considering the
point.

Considering a point P (on the unit circle) and the corresponding coordinates (x, y), we define
trigonometric functions as :

sin =y, cos0=x

tan 0 =2 (for x #0), cot6=§ (for y #0)
X

1
secezl (for x #0), COS@CG:; (fory #0)
X

Now let the point P moves from its original position in anti-clockwise direction. For various
positions of this point in the four quadrants, various real numbers @ will be generated. We
summarise, the above discussion as follows. For values of @ inthe :

I quadrant, bothx and y are positve.
i quadrant, x will be negative and y will be positive.
I quadrant, x as well as y will be negative.

v quadrant, x will be positive and y will be negative.

or I quadrant IT quadrant IIT quadrant IV quadrant
All positive sin positive tan positive cos positive
cosec positive  cot positive sec positive

Where what is positive can be rememebred by :

All sin tan cos

Quardrant 1 I I v

If (x, y) are the coordinates of a point P on a
unit circle and @, the real number generated
by the position of the point, then sin@ =y and
cos @ = x. This means the coordinates of the

point P can also be written as (cos @, sin 9) X'
-1,0)

From Fig. 3.4, you can easily see that the

values of x will be between —1 and + 1 as P T
moves on the unit circle. Same will be true for '

y also.
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MODULE - | Thus, for all P on the unit circle

Sets, Relations

. —-1<x<1 and —1<y<1
and Functions

Thereby, we conclude that for all real numbers 6

—1<cosO0<1 and —-1<sin6<1

o In other words, sin@ and cos @ can not be numerically greater than 1
otes

| e 111 (GREN What will be sign of the following ?

I SR 1
(i) sin 13 (i) cos 9 (iii) tan 9

Solution :

L T
(i) Since 13 lies in the first quadrant, the sign of sinﬁ will be posilive.

T 4
(i) Since ) lies in the first quadrant, the sign of cos " will be positive.

L oL
(iii) Since 5 lies in the second quadrant, the sign of tan? will be negative.

T o
| €111 ) REM Write the values of (i) sin 5 (i) cos O (iii) tanE

Solution : (i) From Fig. 3.5, we can see that the coordinates of the point A are (0,1)

. T .
.. sin-=1,assin® =y

2

Y

A0, 1)

(x, y)
X' 6 ~X
B(1, 0)
Y/
Fig. 3.5

(ii) Coordinates of the point B are (1, 0) s, cos0O=1,as cos B =x

m MATHEMATICS
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MODULE - |
- sin =~ - Sets, Relations
(iii) tan—= 72t = — which s not defined , Thus tan By is not defined. and Functions
cos —
| D).€1111) R Write the minimum and maximum values of cos@. Notes

Solution : We know that —1<cos <1

-, The maximum value of cos @ is 1 and the minimum value of cos @ is —1.

CHECK YOUR PROGRESS 3.3

‘What will be the sign of the following ?

i) cos 2 ii) tan Sl iii) sec 2n

(i) cos = (i) tan (i sec =
sec 35_71: tan @ i) cot 3—“
@iv) 13 V) 13 (vi) 1
ii) cosec 8 iii) cot iz
(vid . (vit) cot =
2. Write the value of each of the following :

i cos = (i in0 (i cos 2 i tan 3n

0 S G sin0 G . (i) ;
. T 3n

W) sec0 (vi) tan 5 (vil) tan > (vii)  cos 2T

3.2.1 Relation Between Trigonometric Functions

Bydefinition x=cos6 , y=sin 6

sin O nw

_Y = - (cos 6, sin 0)
AstanG—X,(X;tO), o0 07F > b

. )
X y 0
and cot0=—_ (y#0), X ™ <
y 0
cos® 1 k/

sin® tan®’ (6 #nm)

ie., cot@=

Y/

1 (e # n_nj Fig. 3.6
cos 0 2

MATHEMATICS
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and cosec 0 = (e * nﬂ:)

sin O
Using Pythagoras theorem we have, x2 + y2 =1, i.e., (cos 9)2 + (sin 9)2 =1
or, cos> 0 +sin” 0 =1

Note: (cos 6)2 is written as cos> 0 and (sin 9)2 as sinZ @

2 2
1
Again x2+y2:1 or 1+(%j 2(;j , for x #0

or, 1+ (tan 9)2 = (sec 9)2 ,i.e. sec2@=1+tanZ @

Similarly, cosec? =1+ cot> 8

1>:¢11110) GREN Prove that sin* 0+ cos* 8 =1-2sin? 6 cos’ O

Solution : L.H.S.=sin? 8+ cos* 0
=sin® 0+ cos? 0+ 2sinZ O cos? 0 —2sin2 O cos? O
. 2 2 )2 . 2 2
=(sm 0 + cos 6) —2sin“ B cos” O
=1-2sin” B cos> O ( - sin? @ + cos’ 6=1), =R.H.S.

1—sin©
1+sin©

=secO—tan O

1D el it BREAN Prove that

Solution : LHS. = =

1—sin® (1-sin®) (1-sin0) (1-sin0)
1+sin0

- - (1+sin0) (1—sin0) - 1—sin? 06

_ |(1-sin@)® _1-sin® _ 1 sin®

cos2 6 cos®  cos® cosp —secB—tan®=RHS.

21 1 o
Example 3.10 JRIEIACES 5g Prove that secf+tan6 = —25, given that @ lies in the
second quadrant.
. . 21 .2 >
Solution : sin @ = 20 Also, sin” 8+ cos” 6=1

m MATHEMATICS
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2
= cosze=1—sin29=1—ﬂ:@=(§j
841 841 \29
= cos 0 = —_29 (cos @ is negative as @ lies in the second quardrant)

-21
tan 6 = 0 (tan @ isnegative as @ lies in the second qudrant)

29, 2l 22l 5 _ 5l ras
20 20 2 2

N
L" § CHECK YOUR PROGRESS 3.4

1. Prove that sin* @ —cos* 0 =sin? 0 — cos> 0

sec O +tan 0 =

1
2. If tan© = > find the other five trigonometric functions. where g lies in the first quardrant)

b
3. If cosec 0= ; , find the other five trigonometric functions, if @ lies in the first quardrant.

1+cos©
4.  Provethat .|[————— =cosecH +cotO
1—cos©

5
5. If cot © + cosec 0 =1.5, show that COSG:E

6. If tan 8 + sec ® = m, find the value of cos 0
7

Prove that (tan A+2)(2tan A+1)=5tan A+2sec> A

8. Prove that in® 0 +cos® =1-3sinZ 0 cos> 0

9. Prove that cos © + sin © =cos O +sinO
1-tan® 1—cot©
10. Prove that tan 6 + sin © =cot O+ cosecOH-secO

1+cos® 1—cos©

13
11. If secx= 5 and x lies in the fourth quadrant, Find other five trigonometric ratios.

3.3 TRIGONOMETRIC FUNCTIONS OF SOME SPECIFIC
REAL NUMBERS

T T X T
The values of the trigonometric functions of 0, g , Z , E and E are summarised below in the

form ofa table :
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Real oL T T T
Numbers 0 P 7 3 5
N\ (O)
Function
d
i 0 1 L] 1
sin 2 V2 2
cos 1 ﬁ L l 0
2 V2 2
1
tan 0 N 1 J3 | Not defined

As an aid to memory, we may think of the following pattern for above mentioned values of sin

ncton : , 4, 4, 4, 4, 4

On simplification, we get the values as given in the table. The values for cosines occur in the
reverse order.

ID: e ERBIR Find the value of the following :
2T 2T

. T . T T L8 2
2 6in— — had had 4tan” — —cosec” — —cos” —
(a) sin 2 sin 3 cos 2 cos 3 (b) 1 3 3

Solution :
(a) sin Zsin = — cos = cos & = (Lj (ﬁj - (Lj (lj - _\/5 —1
473 4773 2\ 2 J2 )\ 2 22

2
(b) 4tan2§—coseczg—coszg , :4(1)2_(2)2_(%j , :4_4_l=_l

T T T
Solution : L.H.S. =cos (A +B) =¢0s (§+g):cos 5:0

R.H.S =cos Zcos Z—sin Zsin X = V3 3_0
S 3 6 3 6 4 4

L.H.S.=0=R.H.S.
cos (A+B)=cos Acos B—sinAsin B

MATHEMATICS
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WX CHECK YOUR PROGRESS 3.5

1. Find the value of
@) sin2£+tan2£+ taan (ii) sin2£+cos e02£+se02£—coszE
6 4 3 3 6 4 3
COSE cosE—sinz—n sinE i 4cot22+cosec2E+ sec2E taan
(@ 303 303 (iv) 3 4 3
. T . T oL oL 1
(v) |sin—+sin— || cos——cos— |+ —
6 4 3 4 4
2. Show that

( T nj ( T n) ST 9T
1+tan—tan— [+ | tan— — tan— |=sec” — sec” —
6 3 6 3 6

T T
3. Taking A =3 B =g,verifythat

tan A +tan B

(i) cos(A+B)=cosA cos B—sin A sin B
1—tan Atan B

@ tan(A+B)=

o
4. If 9=Z,verify: (i) sin20=2sin O cos O
(i) cos20=cos>0—sin’0 =2cos’0—1 =1—2sin’ O

T .
5. IfA=g,ver1fythat, () cos 2A =2cosZ A—1

2tan A

(i) tanZAz—2 (iii)) sin2A =2sin A cos A
1—tan” A

3.4 GRAPHS OF TRIGONOMETRIC FUNCTIONS

Given any function, a pictorial or a graphical representation makes a lasting impression on the
minds of learners and viewers. The importance of the graph of functions stems from the fact that
this is a convenient way of presenting many properties of the functions. By observing the graph
we can examine several characteristic properties of the functions such as (i) periodicity, (ii)
intervals in which the function is increasing or decreasing (iii) symmetry about axes, (iv) maximum
and minimum points of the graph in the given interval. It also helps to compute the areas enclosed
by the curves of the graph.
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Let X'OX and Y'OY be the axes of
coordinates.With centre O and radius
OP = unity, draw a circle. Let OP
starting from OX and moving in
anticlockwise direction make an angle
0 with the x-axis, i.e. £ XOP = 0. Draw

PM 1 X'OX, then sin@ = MP as OP=1.

The variations of sin 0 are the same as those of
MP.

IQuadrant :

T
As O increases continuously from O to 5

PM is positive and increases from O to 1.

sin O is positive.

T
II Quadrant {E 5 75}

In this interval, O lies in the second quadrant.

Therefore, point P is in the second quadrant. Here
PM =y is positive, but decreases from 1 to 0 as 6

. T o .
varies from 5 to T. Thus sin O is positive.

31
III Quadrant [7" 7}

In this interval, 0 lies in the third quandrant. Therefore,
point P can move in the third quadrant only. Hence
PM = yis negative and decreases from O to —1 as 0

31
varies from 7t to 7 . In this interval sin @ decreases

from O to —1. In this interval sin 0 is negative.
3r
IV Quadrant 5 2n
In this interval, 0 lies in the fourth quadrant. Therefore,

point P can move in the fourth quadrant only. Here again
PM = y is negative but increases from -1 to 0 as

o)

ah

~

=
%&y%
X

ol

"

an

gonometric Functions-I

3.4.1 Variations of sin as 0 Varies Continuously From 0 to 27

<
D
< o
>

~

Fig. 3.7

o

Fig. 3.8

™

=

2]

N

~

Fig. 3.9

=

o/
£
>

3r
O varies from; to 27 . Thus sin @ is negative in this v P
interval. Fig.3.10
MATHEMATICS
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3.4.2 Graph of sin 0 as 0 varies from 0 to 27

Let X'OX and Y'OY be the two coordinate axes of reference. The values of © are to be measured
along x-axis and the values of sin O are to be measured along y-axis.

1 NE)

MODULE - |
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(Approximate value of /2 =1.41, — =.707, > =.87)
J2 2
ol 2 || =2 |5m x| 4n 3% 5w\ lin e
o 6 |3 |23 |6 [®™| 6|3 |23 |6 |
sine| o| 5 |87 | 1|87 | 5| 0| -5-87|-1/-87|-5] 0

©)
[S1E I NS

Some Observations

(1) Maximum value of sin@ is 1. (ii) Minimum value of sin @ is —1.

T 3
@) It is continuous everywhere. (iv) It is increasing from 0 to 5 and from X to 271.

. . T 31
It is decreasing froma to X

always draw another graph y =sin ¢ inthe interval of [ 27w, 47] ( see Fig. 3.12)

. With the help of the graph drawn in Fig. 6.11 we can

What do you observe ?
The graph of y = sin ¢ inthe interval [ 27w, 47]is the same as that in O to 27t. Therefore, this
graph can be drawn by using the property sin (27 + 60) =sin 0. Thus, sin @ repeats itself when
0is increased by 27t. This is known as the periodicity of sin 0.

y

MATHEMATICS
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‘We shall discuss in details the periodicity later in this lesson.

ID I ERRERIE Draw the graph of y =sin 20 in the interval O to 7.

Solution :

Notes

ol B * T T 2n| 3m | 5m
9 6 4 3 2 3 4| 6 T
w: lo| 2| 2 | & 4n | 3n| Sm
: 3| 2 3 T 3 2 | 3 2
sin20{0 | .87 1 | 87 0o | -87 ~1| -87 0
y
1 ________________
| | | | >
0 =& m =
6 4 3
e
y/

Fig. 3.13

The graph is similar to that of y=sin g

Some Observations

1. The other graphs of sin @, like asin @, 3 sin2 @ can be drawn applying the same
method.

2. Graphofsin @, inotherintervalsnamely [4 T, 6 ] , [-2 =, 0], [-4 ®,-2 7],
can also be drawn easily. This can be done with the help of properties of allied

angles: sin (6 + 2 7) = sin 6, sin (6 — 2 @) = sin 6. i.e., g repeats itself when
increased or decreased by 2 1.

e
\ & §l CHECK YOUR PROGRESS 3.6

1. What are the maximum and minimum values of sin 6 in [0, 27] ?

2. Explain the symmetry in the graph of sin© in [O, 271:]

3. Sketch the graph of y =2 sin @, in the interval [0, TE]

MATHEMATICS
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__\/3

(b) —

4. For what values of @ in [n, 27t] ,sin @ becomes, (a) _7

5. Sketch the graph of y = sin x in the interval of [—TE , JI]
3.4.3 Graph of cos0 as 0 Varies From 0 to 27

As in the case of sin @, we shall also discuss the changes in the values of cos © when 0 assumes

values in the intervals [O’E} | X ANEE 3% | and {3_75 , 275} .
2] |2 2 2

Fig. 3. 14

I Quadrant : In the interval [0 , T } , point P lies in P )
2

the first quadrant, therefore, OM = x is positive but

o
decreases from 1 to 0 as© increases from O tOE'

Thus in this interval cos © decreases from 1 to O.

.. cos 0 is positive in this quadrant.

II Quadrant : In the interval [g , n} , point P lies in

P(xr,y) Y

-

Fig. 3 15

.

P(x, y)

Fig. 3.16

the second quadrant and therefore point M lies on the
negative side of x-axis. So in this case OM = x is
negative and decreases from 0 to — 1as@ increases

from—
0m2

from O to — 1.

to . Hence in this inverval cos @ decreases

A

cos 6 is negative.

3n
III Quadrant : Inthe interval [ﬂ; > 7} , point P lies

in the third quadrant and therefore, OM = x remains
negative as it is on the negative side of x-axis. Therefore

OM = xisnegative but increases from—1to 0 as 6

3n
increases from 7 to 7 Hence in this interval cos 0

increases from -1 to O.

cos @ isnegative.

Nej

IV Quadrant : In the interval [3 275} point P lies
2
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in the fourth quadrant and M moves on the positive

side of x-axis.Therefore OM = x is positive. Also it
increases from O to 1 as O increases from 3 to 27 .
2 %1 M
. .. . X’ X
Thus in this interval cos O increases fromOto 1. NXe
cos O is positive.
Let us tabulate the values of cosines of some suitable
values of 0. vy, P&y
Fig. 3.17
ol ®| x| x| 2n s n| 4n | 3u | sm| i

o 6| 3| 213 6| ® 6| 3| 2| 3|6 |

cosO| 1 [.87 5 0| 0.5 —.87 -1| -87| -5 0 0.5 87| 1

Fig. 3.18

Let X'OX and Y'OY be the axes. Values of 8 are measured along x-axis and those of cos0
along y-axis.

Some observations

(i) Maximum value of cos 6 = 1. (ii)) Minimum value of cos 6 = —1.

(@) Itis continuous everywhere.

(iv) cos (6 + 2m) = cos 6. Also cos(8® — 27) = cos 6.Cos 0 repeats itself when 0 is

increased or decreased by 27t. It is called periodicity of cos 6. We shall discuss in
details about this in the later part of this lesson.

(v) Graphof cos 0 intheintervals [27, 4] [4®, 67t] [-27 , 0], willbe the same as
in [0, 27] .

| 1) BB ER Draw the graph of cos 6 as© varies from — 7 to 7. From the graph read
the values of @ whencos@ =+0.5.

MATHEMATICS
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Solution :

MODULE - |
Sets, Relations

. -5t | 27 -n| T | -, 0 T |z T E 5_75 and Functions
17 T |73 2| 3|6 6 |3 |23 6|7
cosO:-1.0| -0.87 | -0.5 o 50|-87(10 |0.87 |05 0/-0.5|-0.87| -1
, Notes
cos 6 =0.5 i
T -T !
0=—, — 1
when 33 i
0=-0.5 , i
o8 X*T=f z "z o z & TX
i 2 3 ! 3 2 |
when @=2" , 2 ! | 05 -
T / Y v
___________ Fig.3.19
IBeli ) RAEN Draw the graph of cos 20 inthe interval O to .
Solution :
o | = | 2| = | =m| 2z 3 |5¢
0 6 4 3 2| 3| a4 |6 |7
NN E: an| [ sm
26 3 2 3 T3 2|3 |
cos?20 | 1 0.5 0 | -0.5 -1| -0.5 0 0.5 1
11y
-1 y'
Fig. 3.20
71
L ™ @ CHECK YOUR PROGRESS 3.7
1. (a) Sketchthe graphof y = cos 0 asg varies from T to T
MATHEMATICS
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(b) Draw the graphof y =3 cos 6 as@ varies from O to 27.
(c) Draw the graphof y = cos 360 from — 7 to © and read the values of & when
cos 6=0.87 and cos8=—-0.87.

3
(d) Doesthe graphof y = cos 6 in [g , ?n} lie above x-axis or below x-axis?
(e) Draw the graphof y = cos 0in [27 , 4 7]
3.4.4 Graph of tan 6 as 0 Varies from 0 to 27

sin ©

In I Quadrant : tan @ can be written as cos 6

1
cos 0

Behaviour of tan @ depends upon the behaviour of sin 0 and

InI quadrant, sin 0 increases fromO to 1, cos 0 decreases from 1 to 0

But increases from 1 indefintely (and write it as increasses from 1 to ) tan 6 >0

cos
tan g increases from 0 to oo . (See the table and graph oftan @ ).

sin O

In IT Quadrant : tan O =
cos 0

sin@ decreases from 1 to O.
cos 0 decreases from O to —1.
tan O is negative and increases from —oo to ()

sin O

. tan O =
In IIT Quadrant : cos 0

sin O decreases from 0 to —1
cos 0 increases from —1 to 0
tan © is positive and increases from 0 to oo

sin ©

. tan 6 =
InIV Quadrant: cos 0

sin @ increases from —1 toQ

cos 0 increases fromO to 1

tan 0 is negative and increases form —co to ()
Graph of tan 0

6 0| ELBO) K L L L L (L E R L P

W |
[\e]
[\e]
W
o
o
W
S
§)
w
o

tan® | 0 | 58| L73| 40 | -173 | -58| O |58 | 173|400 | —o [-1.73 [-.58[ OfO

MATHEMATICS
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=)
(SIE]
a
(O8]
a
[\)
a

Fig. 3.21

(1 tan(180°+6) =tan6. Therefore, the complete graph of tan 6 consists of
infinitely many repetitions of the same to the left as well as to the right.

(i) Since tan (—0) =—tan 0, therefore, if (6,tan 0) is any point on the graph then
(—6,—tan 0) will also be a point on the graph.
(i) By above results, it can be said that the graph of y = tan 0 is symmetrical in
opposite quadrants.
(iv) tan ® may have any numerical value, positve or negative.
3n
2

(v) The graph of tan 0 is discontinuous (has a break) at the points § = g, .
(vi) As @passes through these values, tan 6 suddenly changes from +oo t0 —oco.

3.4.5 Graph of cot 0 as 0 Varies From 0 to 27

1
The behaviour of cot 6 depends upon the behaviour of cos 6 and sin @ as cot O=cos0

sin O

‘We discuss it in each quadrant.

1
IQuadrant: cotf=cosOx—
sin©

cos Odecreases from 1 to 0
sin O increases fromOto 1

cot O also decreases from +ooto O but cot 6 > 0.

. cot O =cos Ox
II Quadrant : sin©

cos O decreases from 0 to —1

sin @ decreases from 1 to 0

MODULE - |
Sets, Relations
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=

. cot O = cos Ox
III Quadrant : sin 6

cos 0 increases from —1 to 0

sin O decreases from O to —1

.. cot 0 decreases from +oo to 0.

cot © = cos Ox 1
IV Quadrant : Ssin 6

cos 0 increases from O to 1
sin O increases from —1 to 0
~.cot 6<0
cot 0 decreases from 0 to —oo

Graph of cot 0

Trigonometric Functions-I

cot® < 0 or cot O decreases from 0 to —oo

TE[E[E[ 2[5 7 [4x[ 3] 3% T
0 6 13120376 | O7+0 ¢ |3 2] 3| 6 | 2™
cot 8 Jooll.73] 58] 0[-.58]-1.73] —co| too | 1.73].58] 0 -.58]-1.73| —
yoo [e o]
0 7w T 3n/2 2m
y/
Fig. 3.22

(1) Since cot (nt+0) = cot 0, the complete graph of cot @ consists of the portion from

0=0to =T or ezgto o=3".

MATHEMATICS
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(i) cot 6 can have any numerical value - positive or negative.
(iii) The graph of cot 0 is discontinuous, i.e. it breaks at O , 7, 2T, .

(iv) AsO takes values 0, 7, 27, cot @ suddently changes from — oo to + oo

’am\
Ll CHECK YOUR PROGRESS 3.8

1. (a) Whatisthe maximum value of tan 6 ?

,
2
(c) Draw the graphof y = tan 6 from —x to 7. Find from the graph the value of 6 for
which tan6 =1.7.

2.  (a) What is the maximum value of cot 6 ?

b
(b) What changes do you observe in tan 6 at 50

(b) Find the value of @ whencot 6 = — 1, fromthe graph.

3.4.6 To find the Variations and draw the Graph of sec 8 As 0 Varies from 0 to 27
Let X'OX and Y'OY be the axes of coordinates. With

p_Y p
centre O, draw a circle of unit radius.
Let P be any point on the circle. Join OP and draw
PM | X'OX. om ol m |
orP 1 M M
secld =——=——
oM OM
Variations will depend upon OM. P p

I Quadrant : sec @ is positive as OM is positive. Y Fig.3.23

I8 7 Y
Also sec 0 =1 and sec 5 = % when we approach 5 P
from the right.

. T . : 0
~. As @ varies fromO to EX sec O increases from 1 to X ol M X
II Quadrant : sec@is negative as OM is negative.
. . Y Fig.3.24
SGCE =—ecwhen we approach 5 from the left. Also sec
Y
= —1 . B
. T

+. As @ varies from —to T, secOchanges from 0

2 X’ X

M |O
— oo to —1.
Fig.325 Y
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MODULE - | -
Sets, Relations | It is observed that as® passes through 5 sec 0 changes Y
and Functions
from 400 to —oo.
IIT Quadrant : sec is negative as OM is negative. ., M o X
Notes 3n 0
sect =—1 and sec EX = — oo when the angle approaches
T S .
- in the counter clockwise direction. As 6 varies from | NG
Fig.3.26
3n
L to? , sec @decreases from —1 to — .
IV Quadrant : sec g is positive as OM is positive. when @ v
A 3 . ..
is slightly greater than - sec 0 is positive and very large.
Also sec 21t = 1. Hence sec 6 decreases from o to 1 as
, O M
‘ It X X
© varies from == o 27t. 0
2
It may be observed that as @ passes through
37E Y/ P
— 5 sec 0 changes from — oo to + oo. Fig.3.27
Graph of sec 0 as g varies from 0 to 27w
T | TR L 2n| 5w T | 4n| 31 3n Sw| 11w
— | 2| Z-0[=+0| =| = — | —=|Z=-0| =+0=[—
® 1% 6|3 25 6| M| 6|3 36 2T
cot® [ 1| 115 2| 4oo| —oo | 2| -1.15] -1| -1.15| 2| —oo 4oo | 2 |1.15
1 _—t |- T -
0] s T 3n I
2 2 2
1
Fig. 3.28
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Observations

(@)  sec@cannot be numerically less than 1.

T b4
(b)  Graphofsec9 is discontinuous, discontinuties (breaks) occuring at 5 and DR

T 37
5 and — osee 0 changes abruptly from +oo to —<c and then

from —oo to +oo respectively.

(c) As 6 passesthrough

3.4.7 Graph of cosec 0 as 0 Varies From 0 to 27

Let X'OX and Y'OY be the axes of coordinates. With
centre O draw a circle of unit radius. Let P be any

point on the circle. Join OP and draw PM M M
perpendicular to X'OX.
0] 1 P p
cosec0=——=—— Y
MP MP

.. The variation of cos ec 6 will depend upon MP.

I Quadrant : cosec 0 is positive as MP is positive.

2

therefore, the value of cosec 0 is very large.

b1 ;
. As 0 varies fromO to 5 , cosec O decreases from Y Fig. 3.30
oo to 1.
II Quadrant : PM is positive. Therefore, cosec 0 is
Y

. T
positive. cosec 5 =1 and cosec T =co when the

revolving line approaches T in the counter clockwise

. . 0
direction. X i X
. T .
~. As O varies fromE to T ,cosec O increases from
NG

110 co. Fig. 3.31

o

I Quadrant :PM is negative

.. cosec 0O is negative. When 0 is slightly greater than T,

MATHEMATICS
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cosec O is very large and negative.
31
Also cosec > =" I
X’ M o X
31 0
~. As 0 varies from T to 7, cosec O changes from

— oo to —1.

It may be observed that as 6 passes through 7, cosec 0 Fig. 3.32

changes from + oo to —oo.

Y
IV Quadrant :
PM is negative.
’ O M
Therefore, cosec © = — oo as 0 approaches 27. X \ X

0

. 3n .
.. as @ varies from 7 to 27, cosecOd varies from—
1t0—00. Y/ P
Graph of cosec 0 Fig.3.33

NEEREEE HEREIEL:
0 6|3 (2] 3 |6 |™Y™0 6| 3 [2]3 [6 |[2®
cosec 0 oo | 2 (115 1| 1.15| 2 | 400 | —oo| —2|-1.15|-1|-1.15|-2 |-

N

o T T 3n 2n
2 2
—l-qm==mmqmr 7&‘ -
y/
Fig. 3.34

(@) cosec@ cannot be numerically less than 1.
(b) Graphofcosecg is discountinous and it has breaks at 6 =0, T, 27 .

(c) As @ passes through 7, cosec @ changes from +oo to —o . The values at 0 and
2T are 400 and —oo respectively.
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161111 R B LI Trace the changes in the values of sec 6 as 0 lies in — to 7. MODULE.- :
Sets, Relations
Soluton : , and Functions
1 — - %K/i
E i Notes
- : © o : 3 T
) 12
-l "T% """"""" 2'7"
! y !
Fig. 3.35

N

@4 CHECK YOUR PROGRESS 3.9

1. (a) Trace the changes in the values of sec 6 when @ lies between —25 and 25 and
draw the graph between these limits.

(b) Trace the graph of cosec 9 ,when @ lies between —2 5 and 27.
3.5 PERIODICITY OF THE TRIGONOMETRIC FUNCTIONS

From your daily experience you must have observed things repeating themselves after regular
intervals of time. For example, days of a week are repeated regularly after 7 days and months
of a year are repeated regularly after 12 months. Position of a particle on a moving wheel is
another example of the type. The property of repeated occurence of things over regular intervals
is known as periodicity.

Definition : A function f(x) is said to be periodic if its value is unchanged when the value of the
variable is increased by a constant, that is if f (x + p) = f (x) for all x.

If p is smallest positive constant of this type, then p is called the period of the function f(x).

1
Iff (x) is a periodic function with period p, then F(x) is also a periodic function with period p.

3.5.1 Periods of Trigonometric Functions
6) sinx =sin(x+2nm);n=0, + 1, + 2, .....
(ii) cosx=cos(x+2nm);n=0, + 1, +2,.....
Also there is no p, lying in 0 to 27, for which
sinx =sin(x+p)

cosx =cos(x +p), forall x

MATHEMATICS 85
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27 is the smallest positive value for which

sin(x +271) =sinX and cos (x +27) = cos x
= sin x and cos x each have the period 27.
1

sin x

(i) The period of cosec x is also 27t because cosec x =

1
cos X

@iv) The period of sec x is also 27 as sec x =

) Also tan(x +7) = tan x . Suppose p (0 < p <) is the period of tan x, then

tan (x +p) =tanx, forallx. Putx=0, thentanp=0,i.e.,p=0or x.

= the period of tan xis 7.

. pcan not have values between 0 and 7t for which tan x = tan (x +p)

.. The period of tanx is T

, therefore, the period of cot xis also 7.

(vi) Since cot x =

tan x
| é11010) BRM WA Find the period of each the following functions :
X X
(a)y=3sin2x (b)y=0085 (c)yztanz

Solution :

N
(a) Period is 7, ie., TT.

_ ook . px
(b) Yy =cos ) X , therefore period = I = 47
2
(©) Period of y = tan % = % =47
4
L@ J CHECK YOUR PROGRESS 3.10
1. Find the period of each of the following functions :
(a) y =2 sin 3x (b) y=3 cos 2x
(c) y=tan3x dy= sin? 2x

MATHEMATICS
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74,5
LET US SUM UP

An angle is generated by the rotation of a ray.

The angle can be negative or positive according as rotation of the ray is clockwise or
anticlockwise.

A degree is one of the measures of an angle and one complete rotation generates an
angle of 360°.

An angle can be measured in radians, 360° being equivalent to 27 radians.
If an arc of length / subtends an angle of @ radians at the centre of the circle with radius
r,wehavel=r@.

If the coordinates of a point P of a unit circle are (x, y) then the six trigonometric functions

are defined as sin® =1y, cos@=x,tan® =, cotd=—, sec6=l and
X y X

1
cosecO = —
y

The coordinates (x, y) of a point P can also be written as (cos 0, sin0).

Here @ is the angle which the line joining centre to the point P makes with the positive
direction of x-axis.

The values of the trigonometric functions sin @ and cos @ when @ takes values 0,

TtnTw venb
6’4’ 3 o aregivenby
mmbers ] n n n n
W 6 4 3 2
. 1 1 J3
SIn O ) \/5 7 1
COS 2 \/5 2

Graphs of sin 0, cos O are continuous every where

— Maximum value of both sin ©and cos 0 is 1.

— Minimum value of both sin ©and cos 0 is-1.

— Period of these functions is 27t.
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° tan © and cot © can have any value between —co and +oo.

3
—  The function tan 0 has discontinuities (breaks) at g and %t in (0, 2m).

Its period is 7.

The graph of cot @ has discontinuities (breaks) at 0, 7, 27. Its period is 7.

° sec O cannot have any value numerically less than 1.
. b8 3r .
(1 Ithasbreaks at 5 and B It repeats itself after 27t.
(i) cosec@ cannot have any value between —1 and +1.

It has discontinuities (breaks) at O, 1, 27. It repeats itself after 2.

e

SUPPORTIVE WEB SITES

http://en.wikipedia.org/wiki/Trigonometric_functions
http://mathworld. wolfram.con/ Trigonometric_functions.html

.

TERMINAL EXERCISE

A train is moving at the rate of 75 km/hour along a circular path of radius 2500 m.
Through how many radians does it turn in one minute ?

Find the number of degrees subtended at the centre of the circle by an arc whose length
1s 0.357 times the radius.

The minute hand of a clock is 30 cm long. Find the distance covered by the tip of the
hand in 15 minutes.

Prove that
1—sin6 1
f—= 0 —tan O —  —secH-tan O
@ 1+sin© See an (®) secO + tan O
tan O cot O 1+sin6

=(tan6+sece)2

= 2sin O cos O (d)

1 ¥tan20 1+cot20 1—sinB

(e) sin8© — cos8 6 = (sin2 0 — cos2 6 )(1—2sin2 Ocos2 H)

(D) \/sec2 6 + cosec2 O = tan © + cot

L .
If9=z,ver1fythat sin30 = 3sin ® — 4sin3 0

MATHEMATICS
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MODULE - |
6. Evaluate : Sets, Relations
. o ln and Functions
sin —— in —
() p (b) sin 2
It . 17
(©) tan ( T ) (<)) sin ? T Notes
COS Q T
© 3
31

7. Draw the graph of cos x from x = —g to X = -

8. Define a periodic function of x and show graphically that the period of tan x is 7, i.e. the
position of the graph from x = 1 to 27 is repetition of the portion fromx=0to 7.
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AN
Ml ANSWERS
CHECK YOUR PROGRESS 3.1
R o 5w m 3n
L 03 i - (i) 7 ) ) S
2. (i) 45° (i) 15° (i) 9° @iv) 3° (v) 120°
, m 1t Mdn sm . =
' 4’ 36° 36 ' 6 ’ 3
CHECK YOUR PROGRESS 3.2
. L o X 5T
NG () 3 © %
2. (a)36° (b) 30° (c) 20°
1 1
3. 3 radian; 9.55° 4. 5 radian 5. 95.54 m
6. (a) 0.53m (b)38.22cm (c) 0.002 radian
(d) 12.56 m (e)31.4cm  (f)3.75radian
(g)6.28 m (h) 2 radian (1) 19.11 m.
CHECK YOUR PROGRESS 3.3
1. (1) —ve (i) —ve (i) —ve (iv) +ve
(V) +ve (vi) —ve (vil) +ve (viil) —ve
1
2. (i) zero (i1) zero (i) — 5 (iv)—1
)1 (vi) Not defined (vii) Not defined (viii) 1
CHECK YOUR PROGRESS 34
) 1 2 5
2. Sme:ﬁ,COSG:ﬁ,cotezLcosece=\/§,sece=§
. a b2 — a2 b
0=— = < 0 = ——
3. sin b cos O 5 sec m ,
a Vb2 — a2 2m
tan 0 = ——— S
an m , cotO . 6. T+ m2
11. cosx=—,sinx=_—,cosec:_—,tanx=_— cotx:_—5
5 2

MATHEMATICS
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CHECK YOUR PROGRESS 3.5

L aal oL 22 .
- O @) 63 (i) —1 (v) 3 (v) Zero
CHECK YOUR PROGRESS 3.6
1. 1, -1 3. Graphofy=2sin @, [0,7]
3
2__ |
o /2 T
y/
Fig. 3.36
) 7n ln G ST
(a 6 6 (b) 33 . y=sinx from—mtow
VA
TECx Jo oz &
2 2
Yy
Fig.3.37

CHECK YOUR PROGRESS 3.7

1 = cos 0 —EtoE
. @y T 2

. Fig.3.38
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MODULE - | (b) y =3cos9; 0 to 2w
Sets, Relations
and Functions ¥
21
3
Notes P 0 T L = -
2 2
-3
y’
Fig. 3.39
(c) y=cos30,—wtow
y
cos 6 = 0.87
6% _T
6 6 _x’ } } X
- —Tt/2 0 /2 T
cos O = —0.87 \/ \\/
5w 5T
e = — N — — /|
6 6 Y
Fig. 3.40
T 371
(d) Graphof y = cos 0 in 55 lies below the x-axis.
(e) y =cosO
0 liesin 27 to 47
Ay
-1
/. | 3In |
“To = m 4m *
1
vy
Fig. 3.41
CHECK YOUR PROGRESS 3.8
. T 3% .
1. (a) Infinite (b) At 5 there are breaks in graphs.
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© y=tan20, —Tto T
At9=§,tan€=1.7

37
2. (a) Infinite (b) cot® = -1 at 6 = e

CHECK YOUR PROGRESS 3.9
1. (a) y =sec©

.

—3n/2 |1

F I

T 3%
Points of discontinuity of sec 20 are at 4 inthe interval [ 0, 27t ].

|
q
\9)
a
~
N
a

3m/2 21

=
A
e ey

e e R

(b) In tracing the graph from 0 to —27t, use cosec (—6) = — cosec 0.

CHECK YOUR PROGRESS 3.10

. .. 2m . . 2 . L
1. (a) Period is 3 (b) Period is > =T (c) Period of y is 3
d —sin22x——l_COS4x—l—lcos4x-P iod of yi 2Ei X
dy 3 ) ,erlooyls4-2
X +1 T
(e) Y = 3cot 3 ) Period of y is 1= 3n
3
TERMINAL EXERCISE
1 .
1. 5 radian 2. 20.45° 3. 15T cm
1 _L 1 1
6. (@3 ®~F @@ @
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Sets, Relations Y1
and Functions

} > X
_T O
Notes 7. 2 \/

—1+
Yy
Fig. 3.43
8 YA i |
i |
I 1
I 1
I 1
I 1
I 1
I 1
I 1
| !
| |
I 1
, ! ! 21
X = 1 1 > X
(@) T, I 3_TC 1
2 21
| |
| I
| i
| i
| i
Yy ! !
y =secO
Fig. 3.44
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TRIGONOMETRIC FUNCTIONS-II

In the previous lesson, you have learnt trigonometric functions of real numbers, drawn and
interpretd the graphs of trigonometric functions. In this lesson we will establish addition and
subtraction formulae for cos (A +B), sin (A = B) and tan (A = B). We will also state the
formulae for the multiple and sub multiples of angles and solve examples thereof. The general

solutions of simple trigonometric functions will also be discussed in the lesson.

r

| oBIECTIVES

After studying this lesson, you will be able to :

. . . X T
° write trigonometric functions of —Xx, > xty, 3 + x, T+ x where x, y are real nunbers;

PY establish the addition and subtraction formulae for :

cos (A + B) = cosAcosB F sinAsin B,

+
sin (A + B) =sinAcos B + cos Asin B and tan (A +B) = AT @nB
l1+tan Atan B
Py solve problems using the addition and subtraction formulae;
° state the formulae for the multiples and sub-multiples of angles such as cos2A, sin 2A,

. . A A A
tan 2A, cos 3A, sin 3A, tan 3A, sIn ?,COS? and tan;; and

° solve simple trigonometric equations of the type :

sinX =sin Q> COSX =COSOl, tan X = tan O

EXPECTED BACKGROUND KNOWLEDGE

° Definition of trigonometric functions.
° Trigonometric functions of complementary and supplementary angles.
° Trigonometric identities.
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4.1 ADDITION AND MULTIPLICATION OF TRIGONOMETRIC
FUNCTIONS

In earlier sections we have learnt about circular measure of angles, trigonometric functions,
values of trigonometric functions of specific numbers and of allied numbers.

You may now be interested to know whether with the given values of trigonometric functions of
any two numbers A and B, it is possible to find trigonometric functions of sums or differences.

You will see how trigonometric functions of sum or difference of numbers are connected with
those of individual numbers. This will help you, for instance, to find the value of trigonometric

functi fl d o t
nctions of -~ and 7 etc.
I canb das T g 5% oty das ~+Z
|, canbeexpressed as =~ and - canbe expressed as 7+
How can we express T in the form of addition or subtraction?

In this section we propose to study such type of trigonometric functions.

4.1.1 Addition Formulae (cos A,sin A)

For any two numbers A and B, p Y

cos (A +B) =cos A cos B—sin A sin B

In given figure trace out e b RA S
ZSOP=A o 0
ZPOQ=B cos (A + B), sin (A + B)
ZSOR =-B Ry

cos (-B), sin (-B) V
where points P, Q, R, S lie on the unit circle.

Coordinates of P, Q, R, S willbe (cosA, sinA), Fig. 4.1
[cos (A +B), sin (A+ B)],
[cos(~B), sin(~B)], and (1, 0).

From the given figure, we have
side OP = side OQ, £ POR = ZQOS (each angle = £ B + £ QOR), side OR = side OS

APOR = AQOS (by SAS) -. PR =QS

PR = \/(cosA—cos(—B))2 +(sin A —sin (-B))

QS = \/(cos(A+B)—1)2 +(sin(A+B)-0)
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MODULE - |

Since PR? =QS? .. cos? A+cos’B—2cosA cosB+sin® A+sin” B+2sin A sinB Sets, Relations

and Functions
=cos’(A+B)+1-2cos(A+B)+sin” (A +B)

=  1+1-2(cos Acos B—sinAsinB)=1+1-2cos(A +B)
= cos A cosB—sin A sinB =cos(A +B) D

Notes

Corollary 1

For any two numbers A and B, cos (A—B) =cos Acos B +sin Asin B
Proof: Replace B by —B in (I)

cos(A —B) =cos A cosB +sin A sin B

[+ cos(=B) =cosB and sin(-B) =—sinB]

Corollary 2

For any two numbers A and B, sin (A + B) =sin A cos B + cos A sin B

T . . T
Proof : We know that €os (5 - Aj =sin A gnd sin (5 - A) =cos A

sin (A+B) =cos [(g—(A+B)H = cos[(g—A)—B}
=COS(E—AJ cosB+ sin(E—Aj sin B
2 2
or sin(A+B)=sin AcosB+cosAsinB .. (ID)

Corollary 3

For any two numbers A and B, sin (A —B) =sin A cosB—cos A sin B
Proof : Replacing B by — B in (2), we have
sin (A +(=B)) =sin A cos (—=B) +cos A sin (=B)

or sin(A —B) =sin AcosB—cos A sinB

Example 4.1

(a) Find the value of each of the following :

@) sinS—TE (ii) cos,1 (iii) cos7—7E
12 12 12
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Solution :

@@ O

Notes

(b)

(i)

I
4=
6

. 5T . (
S1In — =S1n
2 4

_ 1N
22 2

L% T . T . T
=COs—-CcO0S —+sin — - sin —
6 4 6

A
22

Ob that sin—n— cosi
serve tha B B

Tcnj
4

3+l
2\2

A
2

T T n)
COS—0=COoS| ———
4 6

12

1
+ —-
2

_ 1.3
-3

1
2

cos Im_ cos [— +—
(i) 12 3

T . T .
=COS—-COS ——S1In — - S1In—
4 3 4

31 1-43

sin (A +B) =sin A cos B+cos Asin B

1

1-—

3
0 Jio and cosB =

COSA =

sin(A+B):Li+iL
105 1045

5 5 5 1.

= + = =—=sin
J10V5 50 52 2

Irigonometric Functions-II

(b) IfSinA:L’SinB:L showthatA+B=E
N J5 4

T . T T T .
=sin—-cos—+cos—-sin—
6 4 6

1 2

1-—=—
5 45

Substituting all these values in the above formula, we get
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r 1 MODULE - |
Sets, Relations
Le: @ CHECK YOUR PROGRESS 4.1 and Functions
1. (a) Find the values of each of the following :
i sinl ii sinz-cosz—n+cosE-sinE
Wy @smgreosy 99 .
(b) Prove the following :
. (T 1 .
) s1n(—+Aj = E(COSA+\/§ sinA) (i) sin (E—A) = L(cosA —sin A)
6 4 J2

(c)If sin A _8 and sinB:i,fmd sin(A-B)
17 13

N

(a) Find the value of cos f_ﬂ:

(b) Prove that:

@ cose+sin6:\/§cos(6—g) (ii) /3 sin®—cos O = 2sin(9—gj
(i) cos(n +1) A cos(n—1) A+sin (n+1) A sin (n—1) A =cos 2A

(iv) cos (2+A) coS (g—Bj + sin (§+Aj sin (E—B) =cos (A+B)

tan A +tan B

Corollary 4: tan(A+B)=—— = —
1—tan A tan B

sin (A+B) _ sin A cosB+cos A sinB

Proof : tan(A"‘B):m cos A cos B—sin A sin B

Dividing by cos A cos B, we have

sin AcosB cosAsinB

cos AcosB cos AcosB

tan (A +B) = cos A cosB _ sin A sin B
cos AcosB cos AcosB
of  tan(A+B)=_B0AtE@IB (1)
1—tan A tan B

tan A —tan B

Corollary 5: tan(A-B)=———————
1+tan A tan B

Proof : Replacing B by — B in (II), we get the required result.
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MODULE - |
Sets, Relations | Corollary 6 : cot (A +B) =
and Functions

cot A cotB—1
cotB+cot A

cos (A+B) __cosAcosB-sinAsinB
sin(A+B) sinA cosB+cosA sinB

Proof: cot (A+B) =

Notes | Dividing by sinAsin B, wehave ~ ...... Iv)

cotA cotB-—1
cotB+cot A

cot (A+B)=

1+ tan A

Corollary 7 : tan (E + Aj =
4 1—tan A

T
tanz+tanA 1+tan A

T T
Proof : tan| —+ A |= =—— gs tan—=1
4 o 1-tan A 4
l1—tan—-tan A
4
Similarly, it can b dth tan(E—Aj——l_tanA
arly, it can be proved that 1 1+ tan A
. T
Example 4.2 QBaiila@v: )
o T 1—L
tan — — tan — 3 3 -1
Solution:tan1=tan(£—nj= 4 6= 1 :f
12 4 1+ tan ~ - tan ~ 1+1’T s+l
4 6 3

C(3-1)(3-1) _ 4-243
(B Bo) 2 =2

T
tan—=2-+/3
211112

i) e R Prove the following :

cos7—n+sin7—n

36 36 _,. 4T

@) L m an 9
COS——S1In —
36 36

(b) tan 7A — tan 4A — tan 3A = tan 7A tan 4A - tan 3A

m MATHEMATICS



Trigonometric Functions-II

m
Solution : (a) Dividing numerator and denominator by €0s 36" we get

T 7T

cos7—n+sin7—n 1+tan7—n tanZ+tan£
LHS. = 36 _ 36 = T 7n
. I 7T 1—tan — - tan —
cos— —sin— l—tan 36

36 36 36
= tan(E + 7—“) = tan 16_7t = tanﬂ = R.HS.
4 36 36 9

tan 4A + tan 3A

(b) tan 7A = tan (4A + 3A) =
1— tan 4A tan 3A

or tan 7A — tan 7A tan 4A tan 3A = tan 4A + tan 3A
or tan 7A —tan4A —tan 3A = tan 7A tan4A tan 3A

’am\
L' 4§ CHECK YOUR PROGRESS 4.2

1. Fill in the blanks :

@ sin(g+Ajsin(§—A)= .........

. COS(LE)COS(E_Ej-
(i1) 3 P 3 1 = eeeenn.

2. (a) Prove that :

) tan(§+9jtan(g—e):1.

cotAcotB +1

(ii) cot(A—-B) =

cot B —cot A
(iii) tan£+tan£+tan£-tan£=l
12 6 12 6

a c
(b) IftanA=E;tanB=E,Provethat tan(A + B) =

) 11m
©) Find the value of cos EER

ad + bc

bd — ac
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MODULE - |

Sets, Relat_'ons 3. (a) Prove that : (i) tan| = + A |tan 3 A=
and Functions 4 4

B cosG+sin9_tan(£+ej cosG—sinG_tan(E_ej
(i) cos© —sin O 4 (iii) cos 0 + sin 6 4

Notes

4.2 TRANSFORMATION OF PRODUCTS INTO SUMS AND

VICE VERSA

4.2.1 Transformation of Products into Sums or Differences
We know that sin (A + B) = sin A cos B + cos A sin B
sin(A —B) =sin Acos B — cos Asin B
cos(A+B)=cosAcosB—sin AsinB
cos(A —B) = cos A cos B + sin A sin B
By adding and subtracting the first two formulae, we get respectively
2sin AcosB =sin(A+B)+sin(A-B) ..(1)
and 2cosAsinB=sin(A+B)—-sin(A—-B) ....(2)
Similarly, by adding and subtracting the other two formulae, we get
2cos AcosB =cos(A+B)+cos(A—B) ...(3)
and  2sinAsinB =cos(A—-B)—-cos(A+B)..%
‘We can also quote these as
2sin A cos B = sin (sum ) + sin ( difference )
2 cos A sin B = sin (sum ) — sin ( difference )
2 cos A cos B = cos (sum) + cos ( difference )

2sin Asin B = cos (difference ) — cos (sum )

4.2.2 Transformation of Sums or Differences into Products
In the above results put

A+B=Cand A-B=D

C+D _C-D

Then A = and B

and (1), (2), (3) and (4) become
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C+D C-D

sin C + sin D = 2sin cos 3

sinC—sinD:2cosC+DsinC;D

+D -D
cosC+c0sD:2c0sC > cosC2

cosD—cosC:2sinC;DsinC;D

4.2.3 Further Applications of Addition and Subtraction Formulae

We shall prove that (i) sin (A + B)sin( A — B) = sin? A —sin2 B
(i)cos (A + B)cos(A —B) =cos? A —sin? B or cos2 B —sinZ A
Proof: (i) sin( A + B)sin(A —B)
= (sin AcosB + cos Asin B) (sin Acos B —cos AsinB)
= sin2 A cos2 B — cos? Asin? B
=sin2 A(1—sin2B)—(1-sin2 A)sin2 B
=sin2 A —sin2 B
(i) cos(A + B)cos(A —B)
= (cos AcosB —sin Asin B) (cos A cos B + sin Asin B)
= cos? Acos? B —sin2 Asin? B
= cos2A (1 —sin2B) —(1—cos?2 A)sin2 B = ¢os2 A — sin2 B
=(1-sin2 A)—(1-cos2B) = ¢os2 B — sin2 A
Express the following products as a sum or difference

.St . W
(i) 2sin 30 cos 20 (ii) cos 68 cos 0 (il sin 7> sin ==

Solution :

(1) 2sin30cos 20 =sin (30 + 20 ) +sin (30 — 20 ) = sin 50 + sin O

(ii) cos 66 cos 6 =%(2cos6ecose) =%[cos(69+9)+cos(69—9)]

:%(cos7ﬁ+cos56)
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1 (575—75) (5n+nj 1[ T n}
= —| cos —cos = —| cos— — cos —
2 12 12 2 3 2
| )€11110) (G B Express the following sums as products.
m

i coss—n+cos—n i sinS—n+cos—
® 9 9 (i) s =g 36

Solution :

Sm+ 77 Sk—7m
COS
Ox?2 Ox?2

—2cosz—ncosE ["cos(—zjzcosz}
B 3 9 |- 9 9

T T o o
= 2COS(E——)COS— = —2C0S —COS —
3 9 3 9

) 5T Tn
(i) cos— + cos—— = 2cos
9 9

(i) s1n—+cos7—n=s (E_B_ﬂj+ i
36 2 36 36

T

= €cO0S—— + cOS —

36

13n+ 77 13t —7m Sm T
cos = 2Cc0S— CcOS —
36 X2 36 x2 18 12

E edc B3 thtcos7A—cos9A_tanSA
XAMPE S0 R R YN RE N

Solution :

= 2cos

. TA+9A . 9A —-T7A
2 sin sin

_ 2 2
LHS. = OA +7A . 9A -T7A
2 cos sin

2

_ sin8A sin A sin8A
cos8A sin A cos8A

= tan 8A = R.HS.
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ID el CEMA Prove the following :

@) cosz(g—Aj—sinz(g—Bj:sin(A+B)c0s(A—B)

(i) sin’ (E+éj— sin’ (E—éj = Lsin A
g8 2 8 2) 2

Solution :
(i) Applying the formula

cos?2 A —sin2 B =cos(A + B)cos(A —B), wehave

T o T oL
=cos|——A+——-B|cos| ——A—-——+B
s =eos Toas Eon o[ Zoa-Tan]

=cosB—(A+B)}cos[—(A—B)] =sin(A +B)cos(A —B) = RHS.

(i1) Applying the formula
sin2 A —sin2 B =sin( A + B) sin (A — B), we have

_Sin(£+é+£—éjsin(£+é—£+éj
L.H.S. sttt

= sin g Gin A = ——sin A = RHS.

V2

D el RN Prove that
1

T 27 o 41
COS—COS—COS—COS—— = —
9 16

Solution : L.H.S. cos T [ cos 2—7: cos E} coSs 4—7[
3 9 9 9

1 1[ n} 47 [ J
=—.—| 2cos—cos— |cos — cosS— = —

2 2 9 9

[ | 5l |

=—| cos— + cos— [cos— = — s?+— 2 COS — COS —

1 47 1[ 5T n}
= —coS— + —| cos— + cos —

8 9 8 9 3
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MODULE - | 1 4m 1 5n . 1

Sets, Relations =-C0S—+—-Cco8S—+— . (D
. 8 9 8
and Functions

coss—Jt = cos[n—ﬂ} = —cos4—n
Now 9 9 9 2)

Notes 1
From (1) and (2), we get L.H.S. = E = R.HS.

N
L'L § CHECK YOUR PROGRESS 4.3

1. Express each of the following as sums or differences :

(a) 2 cos 30 sin 20 (b) 2sin 40sin 26
2cos£cos£ d ZSinEcosE
© 412 @ 376

2. Express each of the following as a product :
(a) sin 60 + sin 40 (b) sin 70 — sin 30

(© cos 20 — cos 40 (d) cos 70 + cos 50
3. Prove that :

7T
COS — — COS ——
sin5—7t+c0s4—n—cosE b = 18—
(@) sin g 9 9 ® GnT®_gn ™
18 9
. 5w . In . T T 5w kL
(c) sin— —sin— +sin— =0 (d) cos—+cos—+cos— =0
18 18 18 9 9 9

4. Prove that :
(@) sin2(n+1)0—sin2nO =sin(2n+1)06-sin O

(b) cosBcos(2a —B) = cos?2 a—sin? (ot —P)

a3

(c) cos? T sin2 X =
4 12 4

T . L
5. Show that €0s? (Z + 9) — sin? (Z - 9) is independent of @.

m MATHEMATICS
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6. Prove that :

sin © + sin 30 + sin 50 + sin 70

a = tan 40
cos O + cos 30 + cos 50 + cos 70

(b) sinlsins—nsins—nsinﬂ L
18 6 18 18 16

o—B
2

(©) (cosoc+cos[3)2 +(sin0c+sin[3)2 = 4 cos?

4.3 TRIGONOMETRIC FUNCTIONS OF MULTIPLES OF
ANGLES

(a) To express sin 2A in terms of sin A, cos Aand tan A.
We know that sin (A + B) = sin A cos B + cos A sin B

By putting B =A, we get sin 2A = sin A cos A + cos A sin A = 2sin A cos A
sin 2A can also be written as

2sin A cos A

sin 2A = e 2 .5
o2 A +sin2 A (. 1=cos2 A +sin2 A)

Dividing numerator and denomunator by cos? A, we get

2( sin A cos A j

<in 2A = cos? A _ _2tanA
cos2 A sin? A 1+ tan2 A
cos2 A cos? A

(b) To express cos 2A in terms of sin A, cos A and tan A.

We know that cos (A + B) = cos A cos B —sin A sin B
Putting B=A, we have cos 2A = cos A cos A —sin Asin A
or cos 2A = cos? A —sinZ A

Also cos 2A = cos2 A —(1=cos2 A) = cos2 A — 1 + cos2 A

) > 1+ cos 2A
Le, cos2A =2cos2 A -1 = cos2 A = —
Also cos2A =cos” A —sin” A =1—sin2 A —sin2 A
. . 5 4 _ 1—cos2A
Le., cos2A =1-2sin2 A = sin® A = —
2 — Qin2
cos A = cos® A —sin< A

cos2 A +sin2 A
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MODULE - | L . )
Sets, Relations Dividing the numerator and denominator of R.H.S. by cos¢ A, we have
and Functions — tan?2
cos 2A = ﬂ
1+ tan2 A
(©) To express tan 2A in terms of tan A.
Notes tanA+tanA  2tan A

tan2A:tan(A+A): l-tanAtanA 1-—tan2 A

Thus we have derived the following formulae :

sin2A=23inAcosA:ﬂ
1+ tan2 A
2 2 2 2 1—tan® A
cos2A =cos“ A—sin“A=2cos" A—1=1-2sin A=—2
1+tan“ A
2tan A _
tan 2A = ———— cos? A :—1+0082A, §in2 A = L-C0S2A cos 2A
1—-tan”~ A 2 2
E le 4.9 Bk thtﬂ—tanA

sin2A 2sinAcosA _ sin A tan A
1+ cos2A 2cos2 A cosA

ID el EERIR Prove that cot A — tan A = 2 cot 2A.

Solution :

1—tanZ2 A
Solution : cot A —tan A = —tanA =———
tan A tan A

3 2(1—tan2A)

B 2 tan A

_ 2

_(MHAJ

1—tan2 A
__ 2
tan 2A = 2 cot 2A.

L% 37
1B e LRI Evaluate cos? n + cos? o
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T 3n
1+cos— 1+ cos—
4 4

. o
Solution : cos2 = + cos2 — = +
8 2 2

1 1
I+ = 1-— (V2+1)+(V2-1)
2\/§+ 2\/5 - 22 =1

E WREY Prove that —2 —tan[ F4 2
Xanlpe o rove a l—sinA 4 2 .

tan r + tan é
A): 4 2
1

Solution : R.H.S. = tan(% +—

2 (L A
— tan — tan —
4 2

A
Sin —
1+ 2

A A . A
cos—  cos— + sin —
2 2 2

. A A . A
sin—  cos— —sin —
2 2 2

A
COS —

( A . Aj( A . Aj
COS— +smn— || cos— — sin—
_ 2 2 2 2

- ( A AT
COS— — S1In —
2 2

cosA sinA)}

[Multiplying Numerator and Denominator by ( > >

cos? 1; —sin? é

= 2 cos A

A
cos” —+sin
2

Q)
A\ & § CHECK YOUR PROGRESS 4.4

T
1. If A =§,Verifythat

——2c0s—siné " l—sinA
2 2

2tan A

(a) sin2A = 2sin AcosA = ——————
1+ tan2 A

) 2 A A =———=LHS,
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2
(b) cos2A = cos®’ A—sin? A=2cos> A—1=1-2sin” A :#
1+tan“ A
o
Find the value of sin 2A when (assuming 0 <A < E)
3 ) 12 16
COs A =— sin A = — tan A = —
Find the value of cos 2A when
15 4 5
COSA = — sin A = — tan A = —
(a) oo 0 =
Find the value of tan 2A when
3 a
tan A = — tan A = —
@ ; (b) .
., T . 3T
Evaluate sin? — + sin2 —.
8 8
Prove the following :
1+ sin 2A T cotZ2 A +1
— = —tan?2| =+ A = T _ 2A
(@) 1 —sin 2A ( j (®) cos2 A —1 b
sin 2A
(a) Prove that —————=co0sA (b) Prove that tan A + cot A = 2 cosec 2A.
1—cos2A
cosA tan(E—éj
(a) Prove that T+ sinA sin A )

a-p
2

(b) Prove that (cos o + cos B )2 + (sin o — sin B )2 = 4 cos?

4.3.1 Trigonometric Functions of 3A in Terms of A

(a)

sin 3A in terms of sin A
Substituting 2A for B in the formula

sin( A + B) = sin A cos B + cos A sin B, we get
sin (A + 2A ) = sin A cos 2A + cos A sin 2A

=sin A(1-2sin2 A)+ (cos Ax2sin AcosA)
=sin A —2sin3 A + 2sin A(1—sin2 A)

=sin A —2sin3 A + 2sin A — 2sin3 A

sin 3A = 3sin A — 4sin3 A (1)

MATHEMATICS
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(b)

(©

d)

cos 3A in terms of cos A
Substituting 2A for B in the formula

cos (A + B) = cos A cos B —sin A sin B, we get
cos(A +2A) = cos A cos 2A — sin A sin 2A
=cos A(2cos2 A—1)—(sinA)x2sin Acos A
=2cos? A —cosA—2cosA(1—cos2A)

—2cos’ A—cosA—2cosA+2cos> A

cos3A =4cos3 A —3cos A . (2)

tan 3Ain terms of tan A

tan A + tan B
l-tanAtan B’

Putting B =2A inthe formula tan (A + B) = we get

2tan A
tanA+1t72A
tan A + tan 2A = — tan
tan (A + 2A) = =
( ) 1—tan A tan 2A l—tanAxﬂ
1—tan2 A
tan A —tan3 A 4+ 2tan A
= 12—tan2A . _ 3tan A —tan3 A )
IZtnZA - 2an” A 1-3tn2A 7
1—tan2 A
Formulae for sin3 A and cos3 A
sin3A = 3sin A — 4sin3 A
. 3, _ 3sin A —sin3A
4sin3 A = 3sin A — sin 3A or Sin° A = ;

Similarly, cos3A = 4cos3 A —3cos A

3 4 _ 3€0s A+ cos3A
3cos A + cos3A = 4cos3 A or COs” A = 1

el EEN RN Prove that

) ) (n j (n ) 1 .
sinosin| —+ o |[sin| —— o | = —sin 3Q
3 3 4

; L . (T
Solution : Slna51n(§+ oc)sm(g— ocj
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= lsinoc[cos 200 — cosz—n} =lsinoc 1—25in20c—(1—2sin2£)
2 3 2 3

1
= 2—sinoc[sin2£—sin20c}
2 3

) [3 . } 3sinot —4sindo 1 .
=sino| ——sinc o | = = —sin 30
4 4 4

| e 1 ) WES Prove that cos3 A sin 3A + sin3 A cos 3A = %sin 4A

Solution : cos3 A sin 3A + sin3 A cos 3A
=cos3 A (3sin A —4sin3 A ) +sin3 A(4cos3 A —3cos A)
= 3sin A cos3 A —4sin3 A cos3 A + 4sin3 A cos3 A — 3sin3 A cos A
= 3sin A cos3 A —3sin3 A cos A
= 3sin Acos A (cos?2 A —sin2 A ) = (3sin A cos A)cos 2A

=351n2A cos A = 38m24A=%sin4A,

1B e ) NES Prove that cos3 LT Jiap 3 ( cos = + sin 1)
9 18 4 9 18

Solution : L..H.S. =i[3cos—+cos—:| (3sm——s1n )

=§[cosﬁ+sin£} l(——lj [cos—+sm£}=R.H.S.
4 9 18 2 18

rw

N "'44 CHECK YOUR PROGRESS 4.5

1. IfA:E,Verifythat(a) sin 3A = 3sin A — 4sin3 A
3

3tanA—tan3A
1—3tan2A

(b) cos3A =4cos3 A —3cos A (c) tan3A =

MATHEMATICS
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2. Find the value of sin 3A when (a) sin A = % (b) sin A = B.
q
3. Find the value of cos 3A when (a) cos A = —% (b) cos A = %

4, Prove that cosoccos(g—ocjcos(§+ocj=%cosSoc.

5. (a) Prove that sin3 2n sin3 X — i(sin 2n _ sin Ej
9 9 4 9

sin3A  cos3A .
— is constant.

(b) Prove that —
sin A cos A

cot3 A —3cot A

6. (a) Prove that cot 3A =
3cot2 A -1

(b) Prove that

cos 10A + cos8A + 3cos4A + 3cos2A = 8cos A cos3 3A

4.4 TRIGONOMETRIC FUNCTIONS OF SUBMULTIPLES OF
ANGLES

AAA lled submultiples of A.
5 3 arecalled submultiples of A.
It has been proved that
Gin2 A = 1—c052A, cos? A — 1+c0s2A, tan? A = 1 —cos2A
2 2 1+ cos2A

A A
Replacing Aby o o we easily get the following formulae for the sub-multiple Dk

. A /1— A / , —
2 2 2 2 2 1+ cos A

‘We will choose either the positive or the negative sign depending on whether corresponding

A
value of the function is positive or negative for the value of 5 This will be clear from the

following examples

1D e) ) EENEN Find the values of sin ( - g) and cos ( - gj .
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Irigonometric Functions-II
A [1—cos A
Solution : We use the formula sin 5= T %

and take the lower sign, i.e., negative sign, because sin ( - gj is negative.

IDe N ENUA If cos A = % and 37% < A < 27, find the values of

i siné i cosé tané
@sin (@oosT (i) tan
Solution : - Alies in the 4th-quardrant, 3n < A <27

3E < A <T
= 4 2

. I—cosA |1-25 [18 9 3

SIn — = = =, |— = _ = —

2 2 2 50 5 5
A 1+cosA 1+ % 32 16 4
cos— = — = - == |=====—-=
2 2 2 50 5 5

1=--L

A I —cos A 25 18 9 3
and tan — = — = — = — =, — = ——
2 1+ cos A 1+% 32 16 4
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b8 . A - A
1. If A = g’ Verify that (a) sin E = %
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A 1+ cosA A 1—cos A
(b) COS — = ,|——— © tan — = ,[————
2 2 2 1+ cos A

2. Find the values of sin T and sin I .
12 24
3. Determine the values of
sin ki b) cos ki tan ki
(@) sin (b) cos (c) tan.

4.5 TRIGONOMETRIC EQUATIONS

You are familiar with the equations like simple linear equations, quadratic equations in algebra
You have also learnt how to solve the same.

Thus, (i) x —3 = O gives one value of x as a solution.

(i) x2 — 9 = ( gives two values of x.

You must have noticed, the number of values depends upon the degree of the equation.

Now we need to consider as to what will happen in case x's and y's are replaced by trigonometrid
functions.

Thus solution of the equation sin 6 — 1 = 0, will give

T S5t 97;
i =land 6 = —, —, —, ...
sin® =1 25

Clearly, the solution of simple equations with only finite number of values does not necessarily
hold good in case of trigonometric equations.

So, we will try to find the ways of finding solutions of such equations.

4.5.1 To find the general solution of the equation sin 0 = sin o

Itis giventhat sin @ = sina, = sin® —sino. = 0

or ZCos(e;ajsin(e;aj:O

Eithercos(e_'_aj:OOI‘Sin(e;aj=0

Notes
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Irigonometric Functions-II

MODULE - | 04+a . o
Sets, Relations | = =(2p+1)= or ——=qn, p,qe Z
. 2 2 2
and Functions
= 6=(2p+1)T—0a or 6=2qn+o ..(1)

From (1), we get

Notes
0=nm+ (-1 )n a, n € Z asthe geeneral solution of the equation sin 6 = sin o

4.5.2 To find the general solution of the equation cos 6 = cos o

Itis giventhat, cos@® =cosa> = cos®—cosa =0

.0+ . 06—
n Sin =

—2s1 0

= 2
. -«

Either, sin O+« =0 or sin =0

0+ o 00—
= = PT or =(qm, p,qe Z

2 2

= 6=2pr—a OrQ=2zw+ (D)

From (1), we have

0 =2nmtx o, ne Z as the general solution of the equation cos 6 = cos o

4.5.3 To find the general solution of the equation tan 0 = tan o

sin® sin

Itis given that, tan® = tan o, = - =0
cos® coso

= sin®coso —sinocos® =0, = sin(6—a) =0

= O-oa=nm,ne Z, = O=nmt+0a>-neZ

Similarly, for ~ cosec @ =cosec o, the general solutionis § = nw + (-1 )“ o

and, for sec O = sec o, the general solutionis @ = 2nwt + o
and for cot® = cot o> O = nT + o is its general solution

I el ) BEREN Find the general solution of the following equations :

(@) (i) sin© = % (i) sin © = —? (b) (i) cos B = ? (i) cos 0 = —%
(c) cot® = —/3 (d 4sin’0=1

Solution : (a) (i) sin 6 = % - sing

m MATHEMATICS



Trigonometric Functions-1II

9=n7‘c+(—1)n§, neZ

. -3 . T . T . 4m
(ii)sm9=7=—sm§:sm(n+§j:sm—

3
G:nﬂ:+(—l)n4?n, ne Z
V3 T n
b i 0=—-= =, . 0=2nm*t—, neZ
(b) (1) cos > (:os6 . 6
1 b T 27
(ﬁ)cose=——=—cos—:cos T—— | =cos—
2 3 3 3
0=+~ nez
3
tanG——L——tanE—tan(n—zj—tanS—TC
© cot@ = —/3> N 6 6 6

Gznn+5—n, neZ
6
1 (1) n
) 4sin20=1 = sin2e:2:(5) = sin2 —

= sin9=sin(i%) _.'G:nnig, ne”Z

I eln ) EEREA Solve the following to find general solution :

(@) 2c0s20+3sin® =0 (b) cos 4X = cos 2x
(©) cos 3x = sin 2x d) sin 2xX + sin 4x + sin6x = 0
Solution :
(@) 2¢c0s20 +3sin® =05 = 2(1—sin26)+3sin6:0
=  2sin20-3sin8-2=0, =  (2sin6+1)(sin®6-2)=0
= sjne:_l or sin@ =2, Since sin © = 2 is not possible.

) N ( nj . In

sin® = —sin— =sin| T+ — | = sin —

6 6 6
9=nﬂ+(—1)n'7?n,nez
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Trigonometric Functions-11

MODULE - | (b) cos 4x = cos2x 1.€., cos4x —cos2x =0
Sets, Relations

i = —2sin3xsinx =0
and Functions
= sin3x =0 or sinx = 0
= 3x =nm or X = nm
nw
= A or X =n7 ne Z
3x = T 2

© cos3x =sin2x = CO8IX = COS 5 —2x

T
— 3X=2nni(§—2xj ne 7

T
Taking positive sign only, we have 3x = 2nT + o 2x

5x = 2nm + = x—2n—n+l
= 2 = 5 10
Now taking negative sign, we have
3X=2nn—£+2x = x:2nﬂt—gnez
(d) sin 2x + sin 4x +sin6x = 0
or (sin 6x +sin2x)+sin4x =0
or 2sin4x cos 2x +sin4x =0
or sin4x[2cos2x +1]=0
; cos2x——l—cosz—n
sin4x =0 oOr 5 3
2n
— 4X = nrt 01‘2X:2Il75i?,nez
_nm _ 4T
X = T or X = 1’175_5 ne 7Z

O
\ & @ CHECK YOUR PROGRESS 4.7

1. Find the general value of @ satisfying :

@ sin 6 = > (i) cosec 8 =2
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Trigonometric Functions-II

. 3 . 1
(iii) sin® = —— (iv) sin@ = ——
2 72
2. Find the general value of @ satisfying :
. | 2
@ cos@=—— () secO® = ——
2 7

(ii1) cos 0 = g (iv) sec® = —/2

3. Find the general value of @ satisfying :

@ tan® =—-1 (i) tan@ = /3 (i) cotO =—1
4. Find the general value of @ satisfying :
. 1 .. 1 1
@) sin 20 = — (i) cos20 = — (i) tan 30 = —
2 2 V3
(@iv) cos 30 = —ﬁ v) sin? @ = 3 (Vi) sin2 20 = 1
2 4 4
.. 3
(Vi)  4cos2@9=1 (vii) cos?20 = "
5. Find the general solution of the following :
) 2sin20++/3 cos@+1=0 (i) 4cos>0—4sin@=1
(iii) cot® + tan O = 2 cosec O
T4
{)
sl LT Us sum vp
. sin(A £ B) =sin AcosB % cos AsinB,
cos(A £ B) = cos AcosB F sin Asin B
tan (A +B) = tan A + tan B _tan(A-B)= tan A — tan B
1—tan Atan B 1+ tan A tan B
cot (A +B) = cotAcotB—l’ cot (A —B) = cotAcotB +1
cotB + cot A cotB —cot A

. 2sinAcosB=sin(A+B)+sin(A-B)
2cos AsinB =sin(A+B)—sin(A—-B)
2cos AcosB =cos(A+B)—cos(A-B)
2sin AsinB =cos(A—-B)—cos(A+B)
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sinC+sinD=25inC;DcosC;D

sinC—sinD:2cosC;DsinC;D

cosC+cosD:2cosC;DcosC;D

cosC—cosD:ZSinC;DsinD;C

sin(A+B)-sin(A—B):sinzA—sinzB

cos(A+B)-cos(A—-B)=cos” A—sin’B

SinzAzzsjnAcosAzﬁ
1+ tan2 A
2 2 2 2 1—tan® A
cos2A =cos”" A—sin“A=2cos" A—-1=1-2sin" A=—— >
1+tan“ A
tan 2A = 2 @A
1—tan2 A
sin2 A = LTCOS2A o p L1 C0s2A oy J1zcos2A
2 2 1+ cos2A

sin 3A = 3sin A —4sin3 A | (0s3A = 4cos3 A — 3cos A

_3tan A —tan3 A

tan 3A
1-3tan2 A

3sin A — sin 3A 3cos A + cos3A
1 , cos3 A = 1

. A 1—cos A A 1+ cosA
sin — i,f—, CcoSs — i,f—
2 2 2 2
tanézi fl—cosA

2 1+ cos A

sin3 A =

. . n

sin @ = sin o = 0=nn+(-1) a, ne Z
cos 0 = cos o = 0 =2nm £ «, ne Z
tan © = tan o = 0=nm+ Q, ne Z
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e SUPPORTIVE WEB SITES

http://mathworld. wolfram.con Trigonometric_functions.html
http://en.wikipedia.org/wiki/Trigonometric_functions

el TERMINAL EXERCISE

2 2
1. Prove that tan(A+B)><tan(A—B):COSZB CoszA
cos“B—sin“ A

2. Prove that cosG—x/§sin6=200s(9+§)

3., HfA+B=2Z
4

Provethat(1+tan A)(l+tanB) =2 and (cotA —1)(cosB—1) =2
4. Prove each of the following :

. sin(A—B)+sin(B—C)+sin(C—A)_0
! cos A cos B cos BcosC cosCcos A

(ii) cos(i—Aj~cos(l+Aj+cos(E—A)~cos(2—n+Aj =Ccos2A
10 10 5 5

21 4 on 1
(ill) cos — - cOS— - COS — = ——
9 9 9 8

. 13w 17m 431
(iv) cos—— 4+ cos—— + cos — =
45 45

(V)tan(A+gj+cot(A—£j= 1

sin 2A — sin T
3

0

sin © + sin 20 — tan ® (vi) cos 0 + s?ne — tan 20 + sec 20
cos O —sin O

(vi)

! 1+ cos O + cos 20

(1—sin9)2 _tanz(z_gj
M| T sine 4 2

(ix) c0s2A+c052(A+§)+cosz(A—§j ==
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gonometric Functions-I1

MODULE - |
Sets, Relations (x) == BA—1_ tan3A (xi) COS — cos 1T cos LT o137 _ 11
and Functions sec4A —1 tan 2A 30 30 30 30 16
i sin£+ sin13—7t = —l
(xti) st 7o 10 2

Notes 5. Find the general value of '@ ' satisfying

: 1 NG
60 =— 1 = —
@S2 =75 (b) sin 6 ==

) 1
(c) sin® = _ﬁ (d) cosec 8 =+/2

6. Find the general value of ' @ ' satisfying

S] ! b) sec 6 2
cos 0 =— =—
(@ > (b) 5
-3

(c) cos 6 = > (d) sec® =-2

7. Find the general value of ' 9 ' satisfying
1
(@) tan O =1 (b) tan 6 = —1 (c)cot® = ——
V3
8. Find the general value of '@ ' satisfying
.5 1
(a) sin2 @ = 5 (D) 4c0s20 =1 (c) 2cot? O = cosec? 6

9. Solve the following for @ :

(a) cos pH = cos g0 (b) sin90 = sin 0 (c) tan5 6 = cot O
10.  Solve the following for @ :

(@) sin mO + sinnB = 0 (b) tan mO + cotnd = 0

(¢) cos O+ cos20 +cos30 =0 (d) sin © + sin 26 + sin 30 + sin 46 = 0
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&Ml ANSWERS

CHECK YOUR PROGRESS 4.1

- V3 -1 )
1. (a) @) > \/5 (i)
V3 -1
> @ NG

CHECK YOUR PROGRESS 4.2

cos2 A —sin2 A

L. @ 5 (i)
(V3 +1)
2. ©) 02
CHECK YOUR PROGRESS 4.3
1. (@) sin 50 —sin 6; (b)
cos = 4 cos & d
(©) 3 6 d
2. (@) 2sin 50 cos O (b)
() 25sin 30 - sin O (d)

CHECK YOUR PROGRESS 44

21

© 1

oG

cos 20 — cos 60
. MT . T
sin = + sin —
2 6

2c0s 50 - sin 20
2cos60 - cos O

, 24 o120 2016
' @ 73 ® 6 © 225
3 161 L 119
' @ g9 ® 73 © T
24 2ab
4. @ = O )
5. 1

CHECK YOUR PROGRESS 4.5

2. (@) (b)

27 q

22 (3p9%—4p?)
S
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23

3. @

(b)

CHECK YOUR PROGRESS 4.6
J3-1 \/( 4-+2-+6)

2. (a) R 7

CHECK YOUR PROGRESS 4.7

—

() 9=nn+(—1)n§,nez
(iﬁ)9=nn+(—1)n4?n,nez
2. i) 9:2n7ti2?n,ne Z
(iii)9=2nnig,nez
3. 6 G:nn+%t,nez
(iii) 9=nﬂ:—£,ne Z

4. @) 9=E+(—1)n1,nez

2

nT7 T
O0=—+—,ne”Z
(i 318

) eznnig,nez

(vii) Oznnig,nez
9=2nni%,ne z

5. @)

(iii) 6=2n1‘cig,ne Z

2++2

Trigonometric Functions-11

4¢3 — 3cd?

(©) V2 -1

(ii) 9=nn+(—l)ng, neZz
(iv) 9=m‘c+(—1)n%t,ne Z
(i) G:thi%t, neZ

(iv) 6=2nni-%t, ne Z

(ii) G:nﬂ:+§,ne zZ

vy 6
(vi)
(viii)

(ii) 9=nn+(—1)ng,ne2

MATHEMATICS



Trigonometric Functions-II

TERMINAL EXERCISE

5. (@
(b)
©
(d)

6 (a)
(b)
©
(d)

7 ()
(b)
©

8 (a)

(b)

©

G:nﬂ:+(—1)n§,ne Z

6:n7|:+(—1)n£,ne Z

O:nﬂ:+(—1)n%[,ne Z

9=mt+(—1)n£,ne Z
4
6:2n7'ci£,ne Z
3
6:2n7'ci£,ne Z
6
6:2nni5—n,ne Z
6
6=2n7‘ci2—n,ne Z
3
6:n7t+£,ne V4
6:n7|:+3—7t,ne Z
4
6:n7t+2,ne Z
3
G:nnig,ne V4
4
Gznnig,ne Z

G:nniE,ne V4
4
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Trigonometric Functions-11

MODULE - |
Sets, Relations g2
and Functions '

nm o
0=—or(2n+1)—,ne Z
(b) 4 10

Notes
T

0=02n+1)—,ne Z
(©) B

_(2k+D= 2kn

10. (@) 0 or kel
m-—n m-+n
Qk+Dx
0=—— ke Z
(b) 2(m—n)

©) 9=(2n+1)§ or 2nni%,nez

2n7 T
) ez?oreznnia,nezor 06=02n-Dm,neZ
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311en05

RELATIONS BETWEEN SIDES AND

ANGLES OF A TRIANGLE

In earlier lesson, we have learnt about trigonometric functions of real numbers, relations between
them, drawn the graphs of trigonometric functions, studied the characteristics from their graphs,
studied about trigonometric functions of sum and difference of real numbers, and deduced
trigonometric functions of multiple and sub-multiples of real numbers.

In this lesson, we shall try to establish some results which will give the relationship between sides
and angles of a triangle and will help in finding unknown parts of a triangle.

r
| oBIECTIVES

After studying this lesson, you will be able to :

° derive sine formula, cosine formula and projection formula
° apply these formulae to solve problems.
EXPECTED BACKGROUND KNOWLEDGE
° Trigonometric functions.
° Formulae for sum and difference of trigonometric functions of real numbers.
° Trigonometric functions of multiples and sub-multiples of real numbers.

5.1 SINE FORMULA

In a AABC, the angles corresponding to the vertices A, B, and C are denoted by A, B, and C
and the sides opposite to these vertices are denoted by a, b and c respectively. These angles
and sides are called six elements of the triangle.

Prove that in any triangle, the lengths of the sides are proportional to the sines of the angles
opposite to the sides,

a b ¢
sinA sinB sinC

ie.

Proof : In AABC, in Fig. 5.1 [(i), (ii) and (iii)], BC=a, CA=band AB =c and £ Cis acute
angle in (i), right angle in (ii) and obtuse angle in (iii).

MATHEMATICS
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s and Angles of a Triangle

MODULE - |

Sets, Relations A A A
and Functions ! I
c/ | b i
! 7 b !
B ];‘ C '
Notes a B a C
(1) (ii) (iif)

Fig. 5.1

Draw AD prependicular to BC (or BC produced, if need be)

AD . AD . . .
In AABC, EzsmB or TzsmB = AD=csinB .. @)

I AADC, 2P _GinC inFig 5.1 G)
AC
AD . , 3
or, T=SIHC = AD=bsinC ....(ii)

AD T AD .
In Fig. 5.1 (ii), —=1=sin—=sinCand ——=sin B
n Fig (i1) AC sm2 sin C an B
AD =bsin C and AD=c sin B.

AD .
and in Fig. 5.1 (iii), %= sin(n—C) =sin Cand EzsmB

AD . . .
or T=SIHC or AD =b sin C and AD=c sin B

Thus, in all three figures, AD =b sin C and AD =csin B ....(1i1)

From (iii) we get

. . b ¢ .
csinB=bsinC = SnB _ sinC ....(iv)

Similarly, by drawing prependiculars from C on AB, we can prove that
a b

sin A - sinB )

From (iv) and (v), we get
a _ b . cC A
sinA sinB sinC A)

(A) is called the sine-formula

Note : (A) is sometimes written as

128 MATHEMATICS



Relations Between Sides a

sinA _sinB _sinC

a b c

The relations (A) and (A") help us in finding unknown angles and sides, when some others are

given.

Let us take some examples :

B —
I De1]) MM Prove that a cos

Solution : We know that 8 _ b _ ¢ g
olution : We know that, SnA SinB _ sinC (say)

= a=ksinA,b=ksinB,c=ksinC

R.H.S. =k(sinB+sin C)-sin%

B+C B-C

=k-2sin - COS -sin —
2 2
B+C A
Now =90°—— (- A+B+C=n)
2 2
. B+C A
sin =cos —
2 2

-sin —

A B
R.H.S. =2k cos E-cos

=k-sin A-cos = a-cos =LHS
I el WA Using sine formula, prove that
2 A
a(cosC—cosB)=2(b—c)cos 5
Soluti We h LI - k
oion : Wehave GnA ~ sinB _ sinC (say)

= a=ksinA,b=ksinB,c=ksinC
R.H.S =2k (SinB—SinC)-COSZ%

B+C . B-C 2 A
-S1n COS —
2 2

=2k-2cos

. A
=(b+c)sin 5 using sine-formula.
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Sides and Angles of a Triangle

B-C 2 A . B-C A
- COS E:Za sin . cosz

=4k siné -sin
2

B-C
2

IDe1 1) IR [n any triangle ABC, show that

asin A—bsinB =csin(A-B)

=2a sin - sin =al(cosC—-cosB) = L.H.S.

b <
sinA sinB sinC

Solution : We have =k (say)

L.H.S. = ksinA -sinA —ksinB-sinB =k[sin2A—sin2 B}
=ksin(A+B)-sin(A—-B)
A+B=1t—C = sin(A+B)=sinC

L.H.S. =ksinC-sin(A—-B) =csin(A-B)=R.HS.
I D611 KA [n any triangle, show that

a(b cosC—ccosB)=b*—c?

Solution : We have, .a = .b = _C =k (say)
sinA sinB sinC

L.H.S. = ksin A(k sinB cosC—k sinC cos B) :kz-sinA[sin(B—C)]
=k? -sin (B+C)-sin (B-C) [ sin A=sin(B+C)]

—k2(sin2 B—sin2C) =k?sin?B—kZ2sin’C =p2 —c2 =R.HS

71
\ & #l CHECK YOUR PROGRESS 5.1

1. Using sine-formula, show that each of the following hold :
A-B
tan
i 2__a-hb i)  bcosB c=
) A+B a+b (1) cos B+ccosC=acos(B-C)
tan
2
. A . b+c B+C B-C
(i) asin =(b-c)cos—  (iv) = tan -cot
2 b—c
V) acosA+bcosB+ccosC=2asinBsinC

MATHEMATICS



Relations Between Sides and

”I

2. In any triangle if , prove that the tiangle is isosceles.

cosA cosB

5.2 COSINE FORMULA

In any triangle, prove that

2 2 2 2 2 2 2 2
+c” - +a”— +b” -
@) cosA:u (i) cosB :u (iii) cosczu
2bc 2ac 2ab
Proof :
a A
c b
-
B C
D B (C,D) B
a a
@ (ii)
Fig. 5.2
Three cases arise :

@) When /C is acute (i) When C isaright angle
(iii) When /C is obtuse

Let us consider these one by one :

. . AD .
Case (i) When /(C is acute, - sinC = AD =bsin C

. DC
Also BD=BC-DC=a-bcosC : T=CosC

From Fig. 5.2 (i) ¢? = (bsinC)? +(a—bcosC)>
—bZsin2C+a2 +b2cos? C—2abcosC =a>+b%—2ab cosC

az+b2—c2

cosC=
= 2ab

Case (ii) When £C=90° .2 = AD?2 +BD? = b2 +22
As C=90° = cosC=0 . ¢2=p%+a%—2ab-cosC
b%+a’—c?

cosC =
= 2ab

2
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MODULE - |
Sets, Relations
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Case (iii) When C is obtuse
AD
——=s3sin(180°=C) =sinC
C (180°—C)
. AD=DbsinC
Also, BD=BC+CD=a+bcos(180°-C)

Notes 5 ,
=a—-bcosC ., 02=(bsinC) +(a—bcosC)

2 2 2

a“+b” —c

=aZ+b2—-2abcosC = cosC=——————
2ab

2,2 2

. In allthe three cases, cosC = u

2ab

2 2 2 2 2 2
+a”—b b +c” —
Similarly, it can be proved that cos B = cra-=o and cosA=——1° "2

2ac 2bc

Let us take some examples to show its application.

IDe1 1) RN [n any triangle ABC, show that

cosA+cosB+cosC _ aZ+bZ+c
a b ¢ 2abc

2

Solution : We know that

2 2 2 2 2 2 2 2 2

b“+c“—a c“+a“—b a“+b” —c

cosA=——— cosB=——— cosC=————
2bc 2ac 2ab

b2+02—a2 02+a2—b2 212+b2—c2

+ +
2 abc 2 abc 2 abc

LHS. =

1
:Zabc[b2+c2—a2+cz+a2—b2+a2+b2—02]

_ a?+b?+c?

2 abc

I E ) EER If /A =60°, show that in AABC

(a+b+c)(b+c—a)=3bc

=R.HS.

2 2 2
+ — o 1
Solution : cos A = bz% ..... () Here A=60° = cosA=cos60°=—
C
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. 1 bZ+c?-a?
R (1) becomes 5=T = b2 -I—CZ _a2 =bC
or b +c? +2bc—a’ =3bc or (b+c)2 —a? =3bc
or (b+c+a)(b+c—a)=3bc

| ) e11110) A [f the sides of a triangle are 3 cm, 5 cm and 7 cm find the greatest angle of the
triangle.

Solution : Herea=3cm,b=5cm,c=7 cm

‘We know that in a triangle, the angle opposite to the largest side is greatest

~/C is the greatest angle. -, cosC = %
_9+425-49 15 -1
30 30 2
-1 2n

cosC=— C=—
2 7 3

2n
.. The greatest angle of the triangleis ——— or  120°.

3

X In AABC, if o that ——+—S— =1

xample 5. n ,if /A =60°, prove tha 72 ath .
2,2 2 2,2 .2
Solution : cosA=u or cos 60°=l=u

2bc 2 2bc

b +c2—a%=bc or bZ+c2=a’+bc - @
b c _ab+b2+cz+ac

LHS.=

c+a a+b  (c+a)(a+b)

:ab+ac+a2+bc Using (i
(c+a)(arb) ~ (Oone0]

:ab+a2+ac+bc _a(a+b)+c(a+b) _(a+c)a+b) _
(c+a)(a+b) (a+c)(a+b)  (a+c)(a+b)
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en Sides and Angles of a Triangle

’am\
L' § CHECK YOUR PROGRESS 5.2

-

1. In any triangle ABC, show that

b2 2 ) 2 42

(i) = sin 2A + < _;‘ sin 2 B+2 _2b sin 2C=0
a b C

(i) (a2 —p2 +c2)tanB=(p2 _ (2 4 42) tanC=(2 _ 42 4 p2) tan A

a2 +b2+c2

... k
(iii) E(Sin 2A +sin2B+sin2C) = ~abe

a b ¢
sinA sinB sinC

where

(iv) (p2 —c2) cot A+ (2 _52)cot B+ (32 _p2)cotC=0
2. The sides of a triangle are a=9 cm, b=8 cm, c =4 cm. Show that
6cosC=4+3cosB.

5.3 PROJECTION FORMULA

In AABC, if BC=a, CA=band AB =c, then prove that

(i) a=bcosC+ccosB (@) b=ccosA+acosC (i) c=acos B+bcos A
Proof :
A A
c i b
! Z b
O
B C
D B (C,D)
a a
@ (i) (ii)

Fig. 5.3
As in previous result, three cases arise. We will discuss them one by one.

(i) When ZC isacute :

BD
In AADB,T=COSB = BD =ccosB

DC
InAADC,T=cosC = DC =bcos C

a=BD+DC=ccosB+bcosC, - a=ccosB+bcosc

MATHEMATICS
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(ii) When ZC =90°

BC
a=BC=—AB=cosB:-c =
AB ccosB+0

=ccosB+bcos90° (-.-cos90°=0) =ccosB+bcosC
(iii) When ZC is obtuse

BD
In A ADB, TZCOSB = BD=ccosB

CDh
In A ADC, TZCOS(TC—C)Z—COSC = CD=-bcosC
In Fig. 5.3 (iii),
BC=BD-CD = a=ccosB—(-bcosC) =ccosB+bcosC
Thus inall cases, a =bcosC+ccos B
Similarly, we can prove that

b=ccosA+acosC and c=acosB+bcosA
Let us take some examples, to show the application of these results.

I €111 IR [n any triangle ABC, show that

(b+c)cosA+(c+a)cosB+(a+b)cosC=a+b+c
Solution: L.H.S. =bcosA+ccosA+ccosB+acosB+acosC+bcosC

=(bcosA+acosB) +(ccosA+acosC)+(ccosB+bcosC)

=c+b+a =a+b+c=R.HS.

I el EENIN In any A ABC, prove that

COSZA_COSZB 1 1

2 Chein2
Solution:L.H.S.=1 2s;n Al 2S;I1 2
a b

a’ a2 b2 b2
:%_%_21(24_21(2:%_% ( smA:smB:kj

a b a b a b
=R.H.S

B e NIM In A ABC, if a cos A =bcos B, where 3 b provethat A ABC isaright

angled triangle.
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2., 2 2 2,2 12
Solution: a cosA =bcosB, .. a{b tc —a }=b{a +c” b }
2bc 2ac
2 2
or a”(p2 +¢2-a2)=b"(a2 42 -p2)
or a2b2 +a2c2 —a% = a2b2 +b2c2 —b?
or c ( 2 b2) ( )(a2+b2)

= c2=a2+b? .. AABC isaright triangle.

ID e RNV [fa=2,b=3, c=4, find cos A, cos B and cos C.

b2+c2—a% _9+16-4 21 7

ion : A=—— — =——"— —
Solution cos bo 2334 2 173
cZ+a?-b%> 16+4-9 11
cosB = = et
2ac 2x4x2 16
2 2_ 2 _ _ _
and cosC=a +b“ —c :4+9 16=_3=_1

2ab 2x2x3 12 4

N
L' § CHECK YOUR PROGRESS 5.3

1. Ifa=3,b=4andc =25, find cos A, cos B and cos C.

2. The sides of a triangle are 7 cm, 44/3 ¢cm and /13 cm . Find the smallest angle of the
triangle.

3. Ifa:b:c=7:8:9, prove that
cosA:cosB:cosC=14:11:6.

4. Ifthe sides of a triangle are x2+x+1 , 2x+1 and x? —1. Show that the greatest angle
of the triangle is 120°.

5. In atriangle, b cos A= a cos B, prove that the triangle is isosceles.

6. Deduce sine formula from the projection formula.

¢

a5
@24l LET Us sum UP

It is possible to find out the unknown elements of a triangle, if the relevent elements are given by
using

Sine-formula :

a b ¢

®

sinA sinB sinC

MATHEMATICS



Relations Between Sides and Ar

Cosine foumulae :

b2+cz—a2 02+a2—b2 a2+b2—c2

(ii) COSA=——, cosB=———, cosC=
2bc 2ac 2ab
Projection formulae :
a=bcosC+ccosB, b=ccosA+acosC, c=acosB+bcosA

e SUPPORTIVE WEB SITES

www.mathopenref.con/trianglesideangle.html
http://en.wikipedia.org/wiki/Solution_of _triangles
www.themathpage.com/abookl/propl-18-19.htm

@
Ml TERMINAL EXERCISE

In a triangle ABC, prove the following (1-10) :

1. asin (B—C)+bsin(C—A)+csin(A-B)=0
2. acosA+bcosB+ccosC=2asinBsinC
22 2 .2 2 .2
3. b 20 -sin 2A + = 2a -sin 2B+ 2 zb -sin 2C=0
a b c
4 c2+a2_1+cosBcos(C—A) C—bCOSA:COSB
' b2+c2 1+cosAcos(B-C) > b-ccosA cosC

a—bcosC sinC

6. c—bcosA sin A
. A-B a-b
8. sin = cos —
2 [ 2
9. (i) bcos B+ccosC=acos(B—C) (ii) acos A+bcosB=ccos(A—-B)
10. b2 = (c—a)2 cos2E+(c+a)2 sinzg

11. In atriangle, if b=15, c =6, tan%:L , then show that a =\/H.

NG

cosA b-acosC

12. Inany A ABC, show that " "= " " "

A B
7 (a+b+c) [tan —+tan—} =2c cotg
2 2 2
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CHECK YOUR PROGRESS 5.3

4
Notes | 1- CosA = 5
cosB= 3
5
cos C = zero
2. The smallest angle of the triangle is 30°.
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MODULE- II:

Sequences and Series

Lesson-6: Sequences and Series

Lesson-7: Some special sequences

Scope and Approach:

Sequences have many important applications in several spheres of human activities. In this
module you will be able to understand the concept of sequence and terms of sequence.
Sequences, following specific patterns are called progressions. A sequence is called arithmetic
progression if the difference between any two consecutive terms is constant and called geometric
progression if the ratios between any two consecutive terms is constant. It is important to
define a rule to represent a sequence which helps in finding any term of sequence. You also
need a rule to find the sum of any sequence. You will be able to understand arithmetic and
geometric mean and relation between these two means. Finally in the end of the module you
will understand the concept of series and will be able to find the sum of some special series i.e.

¥n ¥ nandY n?.







SEQUENCES AND SERIES

Succession of numbers of which one number is designated as the first, other as the second,
another as the third and so on gives rise to what is called a sequence. Sequences have wide
applications. In this lesson we shall discuss particular types of sequences called arithmetic
sequence, geometric sequence and also find arithmetic mean (A.M), geometric mean (G.M)
between two given numbers. We will also establish the relation between A.M and G M.

Let us consider the following problems :

@

(b)

©

ey
3

A man places a pair of newly born rabbits into a warren and wants to know how many
rabbits he would have over a certain period of time. A pair of rabbits will start producing
offsprings two months after they were born and every following month one new pair of
rabbits will appear. At the beginning the man will have in his warren only one pair of
rabbits, during the second month he will have the same pair of rabbits, during the third
month the number of pairs of rabbits in the warren will grow to two; during the fourth
month there will be three pairs of rabbits in the warren. Thus, the number of pairs of
rabbits in the consecutive months are :

1,1,2,3,5,8, 13, ...

The recurring decimal (0.3 can be written as a sum

0.3 =0.3 +0.03 + 0.003 + 0.0003 ...

Aman earns Rs.10 on the first day, Rs. 30 on the second day, Rs. 50 on the third day and
so on. The day to day earning of the man may be written as
10, 30, 50, 70, 90, ---

We may ask what his earnings will be on the 10" day in a specific month.

Again let us consider the following sequences:

1 1 1
2.4,8,16, --- (2)__55_743

0.01, 0.0001, 0.000001, ---

In these three sequences, each term except the first, progressess in a definite order but different
from the order of other three problems. In this lesson we will discuss those sequences whose
term progressess in a definite order.
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OBJECTIVES

After studying this lesson, you will be able to :

describe the concept of a sequence (progression);

define an A.P. and cite examples;

find common difference and general term of a A.P;

find the fourth quantity of an A.P. given any three of the quantities a, d, nand t ;

calculate the common difference or any other term of the A.P. given any two terms of the
A.P;

derive the formula for the sum of ‘n’ terms of an A.P;

calculate the fourth quantity of an A.P. given three of S, n, a and d;
insert A.M. between two numbers;

solve problems of daily life using concept of an A.P;

state that a geometric progression is a sequence increasing or decreasing by a definite
multiple of a non-zero number other than one;

identify G.P.’s from a given set of progessions;

find the common ratio and general term of a G.P;

calculate the fourth quantity of a G.P when any three of the quantities t , a, r and n are
given;

calculate the common ratio and any term when two of the terms of the G.P. are given;
write progression when the general termis given;

derive the formula for sum of n terms of a G.P;

calculate the fourth quantity of a G.P. if any three of a, r, n and S are given;

derive the formula for sum (S o ) of infinite number of terms of a G.P. when |r| <1;

find the third quantity when any two of S o0, a and r are given;
convert recurring decimals to fractions using G.P;
insert G M. between two numbers; and

establish relationship between A.M. and GM.

EXPECTED BACKGROUND KNOWLEDGE

Laws of indices
Simultaneous equations with two unknowns.

Quadratic Equations.
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6.1 SEQUENCE

A sequence is a collection of numbers specified in a definite order by some assigned law,
whereby a definite number a_ of the set can be associated with the corresponding positive
integer n. The different notations used for a sequence are.

Ay ey ... 2. an,n:1,2, 3, ... 3. {an}

1. a,ay,da, ... a,

l’a

Let us consider the following sequences :

1. 1,2,4,8,16,32, ... 2. 1,4,9, 16, 25, ...
, 1234 L, g l1111
. 2’3’4’5"" . ’2’3’4’5,6’ ..

In the above examples, the expression for n" term of the sequences are as given below :

1
1 a = (2)a, =n’ 3 a, = ﬁ D a, = "

for all positive integer n.

Also for the first problem in the introduction, the terms can be obtained from the relation

a=1a=1a,=a,,+a, ,,n>3

A finite sequence has a finite number of terms. An infinite sequence contains an infinite number
of terms.

6.2 ARITHMETIC PROGRESSION

Let us consider the following examples of sequence, of numbers :

1) 2,4,6,8 2 1—3 2—5

() D) D) s s 0" () ,2, ,2,...

3) 10,8,6,4 IR A
() s O, Uy &5y =" () 2’ s 2, s 2,...

Note that in the above four sequences of numbers, the first terms are respectively 2, 1, 10, and

1
X The first term has an important role in this lesson. Also every following term of the sequence

has certain relation with the first term. What is the relation of the terms with the first term in

Example (1) ?Firstterm=2, Secondterm =4 =2+1x2
Third term =6 =2+2x2
Fourth term =8 =2+ 3 x 2 and so on.

The consecutive terms in the above sequence are obtained by adding 2 to its preceding term.
i.e., the difference between any two consecutive terms is the same.
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A finite sequence of numbers with this property is called an arithmetic progression.
A sequence of numbers with finite terms in which the difference between two consecutive
terms is the same non-zero number is called the Arithmetic Progression or simply A. P.

The difference between two consecutive terms is called the common defference ofthe A. P.
and is denoted by 'd'".

In general, an A. P. whose first term is a and common difference is d is written as
aa+d a+2d a+3d, ---

Also we use 7_to denote the nth term of the progression.
6.2.1 General Term of an A. P.
Let us considerA. P.a, a+d, a+2d,a+3d, ---
Here, first term () = a
second term (7)) =a+d=a+ (2-1)d,
third term (z,) =a+2d=a+ 3 -1)d
By observing the above pattern, n® term can be writtenas: t =a+(n—1)d

Hence, if the first term and the common difference of an A. P. are known then any term of
A. P. can be determined by the above formula.

Note.:

(1) Ifthe same non-zero number is added to each term of an A. P. the resulting sequence
isagainanA. P.

(i) If each term of an A. P. is multiplied by the same non-zero number, the resulting
sequence is again an A. P.

I EL NN NN Find the 10" term of the A. P.: 2, 4,6, ...

Solution : Here the first term (@) = 2 and common difference d=4-2=2

Using the formulaz =a+ (n—1) d, we have
[,=2+(10-1)2=2+183=20

Hence, the 10th term of the given A. P. is 20.

1D E1 ) WA The 10" term of an A. P. is — 15 and 31 term is =57, find the 15" term.

Solution : Let a be the first term and d be the common difference of the A. P. Then from the
formula: 7 =a+ (n—1)d, we have

t,=a+(10-1)d=a+9dandt,=a+@Bl-1)d=a+30d

MATHEMATICS
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We have, a + 9d =-15...(1), a+ 30d=-57 ...(2)
Solve equations (1) and (2) to get the values of a and d.

Subtracting (1) from (2), we have

21d=-57+15=-42 . d=¥=—2
Again from (1), a=-15-9d=-15-9(-2)=-15+18=3
Nowt.=a+(15-1)d=3+14(-2)=-25
IBel i XM Which termofthe A. P.: 5,11,17,...is 119 ?
Solution : Herea=5,d=11-5=6

t =119

We know thatz =a+ (n—1)d

= 119=5+n-1)x6 = (n-1)=

n=20
Therefore, 119 is the 20th term of the given A. P.

I E1 ) RN [s 600 a term of the A. P.: 2,9, 16, ...7

Solution : Here,a=2,andd=9-2=17.
Let 600 be the n™ term of the A. P. We have t =2 +(n—1)7

According to the question,

24+ (n—1)7 =600 ~(n—1)7=598
or I’l=ﬁ+l n=86§

Since # is a fraction, it cannot be a term of the given A. P. Hence, 600 is not a term of the given
A. P

a b c
IDe VN ENEMN [fa + b+ c=0 and , , are. in A. P., then prove that
b+c c+a a+b

1 1 1
b+c c+a a+b

are alsoinA. P.

a b c
b+c c+a a+b

Solution. : Since are inA. P, therefore
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b a ¢ b
ct+a b+c a+b c+a

or. ( b +1j—( a +1)=( ¢ +1j—( b +lj
’ cta b+c a+b c+ta

a+b+c a+b+c _a+b+c a+b+c

o c+ta b+c a+b c+ta
LS SRS NS , o
cYd btc a+b c+a (Since a+b+ ¢ #0)
S .
or, are inA. P.

b+c c+a a+b

N
L'L § CHECK YOUR PROGRESS 6.1

1. Find the n" term of each of the following A. P’s. :
(a) 15355575"' (b)35557595"'
2. If t = 2n + 1, then find the A. P.

1 1
3.  Whichtermofthe A. P. 25, 4, 55, ..... is 31? Find also the 10" term?

4. Is—292 atermofthe A.P.7,4,1,-2,...7
5. The m"™termofanA. P.is n and the n'" term is m. Show that its (m + n)™® term is zero.

6. Three numbers are in A. P. The difference between the first and the last is 8 and the
product of these two is 20. Find the numbers.

7.  The n™term of a sequence is na + b. Prove that the sequence is an A. P. with common
difference a.

6.3 TO FIND THE SUM OF FIRST n» TERMS IN AN A. P.

Let a be the first term and d be the common difference of an A. P. Let [ denote the last term, i.€.,
the n" term ofthe A. P. Then, [= t =a+(n-1d ... (1)

Let S denote the sum of the first n terms of the A. P. Then
S=a+@+d+@+22d)+..+(-2d)+(-d)+1 ... (1)
Reversing the order of terms in the R. H. S. of the above equation, we have

S=l+(-dD+U2d)+..+(@a+2d)+(a+d)+a ... (i)
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Adding (ii) and (iii) vertically, we get

2§ =(a+D+(a+D+(a+D+..containing nterms =n (a + 1)

n
j S, ==(a+l
ie, S, 2( )

Also S, = g[Za +(n—1)d] [From ()]

Itis obvious thatz =S —S |

I D€ i)JNNW Find the sumof 2 +4 + 6 + ... nterms.

Solution.: Herea=2,d=4-2=2
n
Using the formula S, = 5[261 + (-1 d], we get

Snzg[2><2+(n—1)2] =%[2+2n]=w =n(n+1)

1BV ) WA The 35" term of an A. P. is 69. Find the sum of its 69 terms.
Solution. Let a be the first term and d be the common difference of the A. P.
We havet, =a+(35-1)d=a+ 34d.

a+34d=069 .. (@)
n
Now by the formula, S, = 5 [2a+ (n—-1)d]

69
We have Sg = EX [2a+(69-1)d]

=69 (a + 34d) [using (i)]
=69 x 69 = 4761

I Delin) ) (ARM The first term of an A. P. is 10, the last term is 50. If the sum of all the terms

is 480, find the common difference and the number of terms.

Solution : We have: a =10, [= t = 50, S =480.
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By substituting the values of a, ¢ and S in the formulae

S, =%|:2a+(n—1)d:| and 7 = a+ (n—1)d, we get

480=§[20+(n—1) d] e

50=10+(n-1)d <o (11)
From (ii), (n— 1) d = 50— 10 = 40 .. (iii)
From (i), we have 480 = % (20+40) using (i)

2x480
o, 60n=2x480 n= =16
60

From (iii),

d _£_§ 1=16—-1=15

15 3 @sn-1=16-1=15)

eV OMUN [ et the 7™ term and the sum of n terms of an A. P. be p and ¢ respectively.
2g—pn j

Prove that its first term is (

Solution: In this case, 7 =pand S =g¢q

Let a be the first term of the A. P.

n n
Now, S,=—(a+t,) or —(a+p)=q
2 2
2 2 2g — pn
or, a+p=-1 or, a="1_p . a==1"F"
n n n

N
L'L J CHECK YOUR PROGRESS 6.2

1.  Find the sum of the following A. P’s.
(a)§8,11,14,17,---up to 15 terms (b)8,3,-2,-7,-12,.--up to n terms.
2. How many terms of the A. P.: 27,23, 19, 15, ... have a sum 957
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3. A mantakes an interest-free loan of Rs. 1740 from his friend agreeing to repay in monthly
instalments. He gives Rs. 200 in the first month and diminishes his monthly instalments by
Rs. 10 each month. How many months will it take to repay the loan?

4.  How many terms of the progression 3, 6,9, 12, --.
must be taken at the least to have a sum not less than 2000?

5.  Inachildren potato race, n potatoes are placed 1 metre apart in a straight line. A competitor
starts from a point in the line which is 5 metre from the nearest potato. Find an expression
for the total distance run in collecting the potatoes, one at a time and bringing them back
one at a time to the starting point. Calculate the value of n if the total distance run is 162
metres.

6.  Ifthe sumoffirst n terms of a sequence be an®+ bn, prove that the sequence is an A. P.
and find its common difference ?

6.4 ARITHMETIC MEAN (A. M.)

‘When three numbers a, Aand b are in A. P., then A is called the arithmetic mean of numbers a
and b. We have, A—a=b—-A

a+b
2

o, A=

a+b
Thus, the required A. M. of two numbers a and b is >

. Consider the following A. P :
3,8, 13, 18, 23, 28, 33.

There are five terms between the first term 3 and the last term 33. These terms are called
arithmetic means between 3 and 33. Consider another A. P. : 3, 13, 23, 33. In this case there
are two arithmetic means 13, and 23 between 3 and 33.

Generally any number of arithmetic means can be inserted between any two numbers @ and b.
Let Al, A2, A3, e An be n arithmetic means between a and b, then.

a,ALALA LA, bisanA. P.
Let d be the common difference of this A. P. Clearly it contains (n + 2) terms

b=(n+2)"term

=a+n+1)d
d:b—a
n+1
b—a
Now, A1=a+d:>A1=(a+n+J ()
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2(b—a)
—a+2d=>A,=|la+—— i
A2_ 2 ( n+1 j ...(]1)
nb—a)
—a+nd =>An|la+——-=
A= ( n+1 ) - (1)
These are required n arithmetic means between a and b.
Adding (i), (i), ..., (n), we get
b—a
— 1+2+...n
A+A+..+A =na+ -+ n+1[ ]
—na+ b—a \( n(n+1) :na+n(b—a) :n(a+b)
n+1 2 2 2

=n [Single A. M. between a and b]

IDe) ) AN Insert five arithmetic means between 8 and 26.

Solution : Let A , A, ALA, and A be five arithmetic means between 8 and 26.
Therefore, 8, A, A,, A, A, A, 26 are in A. P. witha =8, b=26,n="7
We have 26 =8+ (7-1)d .. d=3
A=a+d=8+3=11,A,=a+2d=8+2x3=14
A,=a+3d =17,A,=a+4d=20,A,=a + 5d =23

Hence, the five arithmetic means between 8 and 26 are 11, 14, 17, 20 and 23.

1D e ELNIN The 7', A. M's between 20 and 80 are such that the ratio of the first mean

and the last mean is 1 : 3. Find the value of n.

Solution : Here, 80 is the (n+2)" term of the A. P., whose first term is 20. Let d be the
common difference.

60
80=20+ (n+2-1)d or, 80-20=(n+1)d o d= -~
60 20n+20+60 20n+80
The first A. M. = 20+ = —
n+l n+1 n+1
60 80n + 20
The last A. M. = 20+n X =
n+1 n+1
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20n+80 80n+20 n+4 1
We have : =1:3 or =—
n+1 n+1 4n+1 3

o, 4n+1=3n+12o0r, n=11

The number of A. M's between 20 and 801s 11.

ran\
L" § CHECK YOUR PROGRESS 6.3

1.  Prove that if the number of terms of an A. P. is odd then the middle term is the A. M.
between the first and last terms.

2.  Between 7 and 85, m number of arithmetic means are inserted so that the ratio of
(m =3)"and m™ means is 11 : 24. Find the value of m.

3. Prove that the sum of n arithmetic means between two numbers is 7 times the single A.
M. between them.

4.  Ifthe A. M. between p" and g™ terms of an A. P., be equal and to the A. M. between r

and s terms of the A. P., then show thatp+ g =r + s.

6.5 GEOMETRIC PROGRESSION

Let us consider the following sequence of numbers :

1 1,2,4,8,16, --- (2) 31lli
T 39 27
3 1,-3,9,-27, --- (4) x, 2%, X3, x4, .-
If we see the patterns of the terms of every sequence in the above examples each term is related
to the leading term by a definite rule.

For Example (1), the first termis 1, the second term is twice the first term, the third term is 2°
times of the leading term.

1
Again for Example (2), the first termis 3, the second termis 3 times of the first term, third term

1
is 3—2 times of the first term.

A sequence with this property is called a gemetric progression.

A sequence of numbers in which the ratio of any term to the term which immediately precedes
is the same non zero number (other thanl), is called a geometric progression or simply G. P.
This ratio is called the common ratio.

Thus, Second term _ Third term = ... is called the common ratio of the geometric

Firstterm Second term

progression.
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Examples (1) to (4) are geometric progressions with the first term 1, 3, 1, x and with common
.51 .
ratio 2,5, —3 , and x respectively.

The most general form of a G. P. with the first term a and common ratio ris a, ar, ar’, ar’, ...

6.5.1 GENERAL TERM

Let us consider a geometric progression with the first term @ and common ratio  Then its
terms are given by a, ar, ar?, ar’, ...

In this case, t, =a = ar"" t,=ar=ar”"

t,=ar=ar”" t,=ar=ar"’

On generalisation, we get the expression for the n" termas t =ar*' ... (A)
6.5.2 Some Properties of G. P.

(1  Ifallthe terms of a G. P. are multiplied by the same non-zero quantity, the resulting series
is also in G. P. The resulting G. P. has the same common ratio as the original one.

Ifa, b, c d,...areinG. P.
then ak, bk, ck, dk ... are alsoin G. P.  (k #0)

@) Ifall theterms of a G P. are raised to the same power, the resulting series is also in G. P.
Leta, b,c, d... arein G P.

the a, b, c*, d, ... are also in G. P. (k#0)

The common ratio of the resulting G. P. will be obtained by raising the same power to the
original common ratio.

IDEL ) EXWPAN  Find the 6" term of the G. P.: 4, 8, 16, ...

Solution : In this case the first term (a) =4 Common ratio (r) =8 +4 =2
Now using the formula 7 = ar*', we gett, =4 x 2°' =4 x 32 = 128

Hence, the 6" term of the G. P.is 128.

The 4™ and the 9" term of a G. P. are 8 and 256 respectively. Find the G. P.
Solution : Let a be the first term and » be the common ratio of the G. P., then
t,=ar' =ar t,=ar"' = ar’
According to the question, ar® =256 - (D)
and arr=38 - (2)

MATHEMATICS
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b 256
a—z=?or P=32=2 . r=2
ar

8
Again from (2),ax2°=8 a=§=1
Therefore, the G. P.1s 1, 2, 4, 8, 16, ...

I el NN EN Which term of the G. P.: 5,-10, 20, — 40, ... is 320?

-10 _

-2
5

Solution : Inthiscase,a=5; 7 =

Suppose that 320 is the n'" term of the G. P.

By the formula,? = ar*', we get t =5. (-2)™'

5. (=2)~'=320 (Given)
(=2)""'=64=(-2)°
n—-1=6.. n =7 Hence, 320 is the 7" term of the G. P.

IDEVNIEXNER If a, b, ¢, and d are in G. P., then show that (a + b)%, (b + ¢)?, and (¢ + d)?
are alsoinG. P.

Solution. Since g, b, ¢, andd arein G. P, ..
b*=ac, ¢?>=bd, ad = bc (D

Now, (a +b)* (c+d)?* =[(a+b)(c+d)] =(ac + be + ad + bd)*

= (b? + ¢* + 2bc)? ...[Using (1)]
= [(b+C)2]2

(c+d)? _ (b+c)® s s i )
(b+c) _(a+b)2 Thus, (a + b)*, (b + ¢)*, (c + d)* arein G. P.

e
WX CHECK YOUR PROGRESS 6.4

1
1. The first term and the common ratio of a G. P. are respectively 3 and 5 Write down

the first five terms.
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2. Whichtermofthe G. P. 1, 2, 4, 8, 16, ...1s 1024? Is 520 a term of the G. P.?

3. Three numbers are in G. P. Their sumis 43 and their product is 216. Find the numbers in
proper order.

4.  Then®termofaG. P.is 2 x3" for all n. Find (a) the first term (b) the common ratio of the
GP

6.6 SUM OF n TERMS OF A G. P.

Let a denote the first term and r the common ratio of a G. P. Let S| represent the sum of first
n terms of the G. P. Thus, S =a+ar+ar+..+ar?+ar' .. (1)

Multiplying (1) by r, we get r S = ar+ar’ + .... + ar"?>+ar*' + ar* ... (2)
H-2)=S8 -rS =a-arorS (I1-r)=a(-r")

Sn:M .(A)
1-r
"1
:M ..(B)
r—1

Either (A) or (B) gives the sum up to the n™ term when r # 1. It is convenient to use formula
(A)whenlrl<1and (B)whenlrl>1.

1B E ) WEN Find the sum ofthe G. P.: 1, 3,9, 27, ... up to the 10" term.

3
Solution : Here the first term (@) = 1 and the common ratio (1’) :T =3

a(r"—1 L(3%-1) 3%-1
( ), (-r r>l)weget S, = ( ):

N ing the f la, §, =—, (..
ow using the formula, S, p— 31 >

1
1BEN N X WVA Find the sum of the G. P.: ﬁ’l’ V3, ... 81

1
Solution : Here, a=ﬁ;”:\/§ andt =1=281

1 1 n-2
Now 1 =81 =ﬁ<@>"- =(3)

3)?2=3"=13)°* ~n-2=8or n=10
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%[\@“’_1] (v3)" -1

S =~——— - = — =
SN 3-3

I el NN EN Find the sum of the G. P.: 0.6, 0.06, 0.006, 0.0006, ---
Solution. H 06—i dr= 006 _ 1

olution. Here, a = =700 06 _ 10

. a(l1-r")
Using the formula S, = ——, we have [« r<1]
—r

2 1
. = 1=
Hence, the required sum is 3 ( 10" ) .

to n terms.

1
DEN NI NN How many terms of the G. P.: 64, 32, 16, --- has the sum 127 5 ?

32 1 255
ion : 64, S, = 127— =—
Solution : Here, a = r= 6 i 2 (<1)and )
. a(l-r")
Using the formula S, = 1, we get

@)
R
r—/%
—
N\
N | —
;/z
[ —
@)
=
—
—
|
VR
N | =

J} s

5 (given)

R
2
_255 "
or 128/ 1 OI' l = @
2 2 256
255 _

(1)"_1 =(3)
o {2 256 256 \2) "

Thus, the required number of terms is 8.

Il
oo
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MODULE - Il I el (WA Find the sum of the following sequence :

Sequences And
Series 2,22,222, ......... to n terms.
Solution : Let S denote the sum. Then
§=2+22+222+ ... tonterms=2 (1 +11 + 111 + --- to n terms)
Notes

2
=9 (9+99+999 + ... to n terms)

=§{(10—1)+(102_1)+(103 —1)+ .ton terms)}

:%{(10—102 +10° + ...to n terms)—(l+1+1+ ..ton terms)}

2 (10" -1)
=§ W—” [10—10*+10° +--- isaG P withr= —10<1]

g{w} _2 (107 —1-0n)
81

9 9
B el (AN Find the sum up to n terms of the sequence:
0.7,0.77,0.7717, ---

Solution : Let S denote the sum, then
§$=0.7+0.77+0.777 + --- to nterms
=7(0.1+0.11 +0.111 + --- to n terms)

NN N

(0.9 +0.99 +0.999 + --. to nterms)

NN N

{(1-0.1) + (1-0.01) + (1 - 0.001) + --- tonterms}

0

{(1+1+1+..nterms)— (0.1 +0.01 +0.001 + -.- to nterms)}

7 1 1 1
=—n—| —+—5+—5+-10 n terms
9 10 10" 10

156 MATHEMATICS
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9] 1 (Sincer< 1)

7 "_1[1_ 1) _7|9n-1+10" 7 fon— 1410
-9 9 10")] = 9 9 =g[”—+ ]

- CHECK YOUR PROGRESS 6.5

Find the sum of each of the following G. P's :

111
47816
2. How many terms of the G. P. 8, 16, 32, 64, --- have their sum 8184 ?

(a) 6, 12,24, ...to 10 terms (b) 1, — — ...t0 20 terms.

N | =

bl—a’
3. Show thatthesumofthe G.P. a+b+..+1is — a
—a
4.  Find the sum of each of the following sequences up to n terms.
(a) 8, 88, 888, ... (b) 0.2,0.22,0.222, ...

6.7 INFINITE GEOMETRIC PROGRESSION

So far, we have found the sum of a finite number of terms of a G. P. We will now learn to find out

1111
the sum of infinitely many terms of a G P such as. 1, "3 1°%° 16"

1
We will proceed as follows: Here a =1, r = E

1
The n" termofthe G. P.is ¢ = 2 and sum to n terms
IR
S =—=—=2|1-— 1
1.e., " 1_; ( 2n} —2—2H<2.

So, no matter, how large n may be, the sum of n terms is never more than 2.

So, if we take the sum of all the infinitely many terms, we shall not get more than 2 as answer.
Also note that the recurring decimal 0.3 is really 0.3 + 0.03 + 0.003 + 0.0003 + ...

i.e., 0.3 is actually the sum of the above infinite sequence.
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On the other hand it is at once obvious that if we sum infinitely many terms of the G. P.
1,2,4,8, 16, ... we shall get a infiinite sum.

So, sometimes we may be able to add the infinitely many terms of G. P. and sometimes we may
not. We shall discuss this question now.

6.7.1 Sum of Infinite Terms of A G. P.
Let us consider a G. P. with infinite number of terms and common ratio 7.
Case 1 : We assume that |l 1> 1

The expression for the sum of n terms of the G. P. is then given by

S :a(r”—l) :ar"_ a

n

. (A

r—1 r—=1 r-—1 A)

Now as n becomes larger and larger " also becomes larger and larger. Thus, when 7 is
infinitely large and | | > 1 then the sum is also infinitely large which has no importance in
Mathematics. We now consider the other possibility.

Case2:letlri<1

n

a(l-r") a _ar
1-r 1-r 1-r

Formula (A) can be written as S=

Now as n becomes infinitely large, 7" becomes infinitely small, i.e., asn — o, ¥ — 0, then

_a

the above expression for sum takes the form S 1—,

Hence, the sum of an infinite G. P. with the first term a and common ratio ris given by

a
$=1_,.whenlri<l (D)

. . 1 2 4 8
161 WP Find the sum of the infinite G. P. 37997 81

2
. e . 1 p=—9__ =
Solution : Here, the first term of the infinite G. P.is a = 5, and 1 3
3
Here, | 7| :‘_%‘:%<1
’ 31 3

MATHEMATICS
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1 1
3 3
a S = = =
Using the formula for sum S 1, we have (—2) 1+

Hence, the sum of the given G. P. is g .

111110 XWAR Express the recurring decimal () 3 as an infinite G. P. and find its value in
rational form.

Solution. (3 =0.3333333 ...
=0.3 +0.03 + 0.003 + 0.0003 + ...

3 3 3 3
=—+ 2'|‘—3'|' 4+
10 10 10 10

3
3 r= 10° =L<1
The above is an infinite G. P. with the first term a = 1o and 3 10
10
3 3
Hence, by using the formula S =1—, we get 1 9 =—=—
-r 1—E 0 9 3

= 1
Hence, the recurring decimal 0.3= 3

B el (XWZE The distance travelled (in cm) by a simple pendulum in consecutive seconds

are 16, 12,9, ... How much distance will it travel before coming to rest ?

Solution : The distance travelled by the pendulum in consecutive seconds are, 16, 12,9, ... is

3

an infinite geometric progression with the first terma =16 andr = 16 = n <I.

a
Hence, using the formula S = 1, we have

=64
.. Distance travelled by the pendulum is 64 cm.

9]

Il

Il
-lk\»—|;
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8
I ).¢11110) (WA The sum of an infinite G. P. is 3 and sum of its first two terms is 3 Find the

first term.

Solution: In this problem S = 3. Let a be the first term and r be the common ratio of the given
infinite G P.

8
Then according to the question. a +ar = 3

or, 3a(l+r)=8 (D

a a
Also from S = 1 > we have 3=

-r

o, a=31-r) .2
From (1) and (2), we get.
33(1-n({1+r=8

8 1
or, 1—r2:§ o, 7’2=§

o, r==%

W |-

_1 ]
From (2),a=3 (1+§j=20r4according as r=i§,

"am\
L'L § CHECK YOUR PROGRESS 6.6

(1) Find the sum of each of the following inifinite G. P's :

3

1 1 1 2 2
(@) l+—+—+—+ o0 (b) —+ +5—4

4+ = + ... 00
3 9 27 5 5 5

2. Express the following recurring decimals as an infinite G. P. and then find out their values

as a rational number. (a) 0.7 (b) 0.315

3. The sum ofan infinite G. P. is 15 and the sum of the squares of the terms is 45. Find the
GP.

1 1
4. The sum of an infinite G. P. is g and the first termis Z . Find the G.P.

[ 160 | MATHEMATICS
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6.8 GEOMETRIC MEAN (G. M.)

Ifa, G b are in G. P., then G is called the geometric mean between a and b.

If three numbers are in G. P., the middle one is called the geometric mean between the other two.
If a, G1’ Gz,..., Gn,bareinG.P.,

then G, G,, ... G arecalledn G M.'s between a and b.

The geometric mean of n numbers is defined as the n™ root of their product.

Thus if a,a,, ..., a_are nnumbers, then their

1

GM.=(a,a,..a)"

G b
Let G be the G. M. between a and b, thena, G bareinG. P -, ; = E

o, G?’=abor, G =+ab

Geometric mean = \/ Product of extremes

Given any two positive numbers a and b, any number of geometric means can be inserted
between them Let a,a,a,..,a be n geometric means between a and b.

Thena, a, gy voneen a, bisaG P.

Thus, b being the (n + 2)™ term, we have

b=ar
1
n+1_b b n+l
o, r =— or, r=| =
a a

b\t b s
Hence,alzar:ax(—) ,azzarzzax(—j

a

n

n b \n+l
a,=dar =aX| —
a

Further we can show that the product of these n G. M.'s is equal to n™ power of the single
geometric mean between a and b.

Multiplying a,. a,, ... a , we have

MATHEMATICS

MODULE - Il

Sequences And
Series

Notes

161



MODULE - i

Sequences And
Series

Notes

162

Sequences and Series
1 2 n n(n+1)

[ L 1424+
(b wl el at (b ?" (b 26D
al’az...anza —_ =da - =d —_
a

b n n
=a" (—jz = (ab)? = (4/(1[9) = G" = (single G. M. between a and b)"
a

3 27
IDe1n ) WA Find the G. M. between B and >

Solution : We know that if a is the G. M. between a and b, then G =+/ab

G M. between > and - =,[>x 2 =2
. . eweenzan ) ) ) )

Insert three geometric means between 1 and 256.

Solution : Let G, G,, G3, be the three geometric means between 1 and 256.

Then 1, G1’ G2, G3, 256 arein G. P.

It r be the common ratio, thenz,=2561i.e, ar* =256 = 1. r*=256

or, r=16or, r==x4

Whenr=4,G =1.4=4,G,=1.(4>=16and G, = 1. (4)’ =64

Whenr=-4,G =-4,G,=(1) (4’=16and G, = (1) (-4)’ =-64
G.M. between 1 and 256 are 4, 16, 64, or, — 4, 16, —64.

I el ) Wiy [f 4,36, 324 are in G. P. insert two more numbers in this progression so that
it again forms a G. P.

Solution : G. M. between4 and 36 = /4 x 36 =/144 =12

G. M. between 36 and 324 = /36x324 =6x18=108

If we introduce 12 between 4 and 36 and 108 betwen 36 and 324, the numbers
4,12, 36, 108, 324 forma G. P.

The two new numbers inserted are 12 and 108.

n+l n+l

11101 (WA Find the value of n such that anT may be the geometric mean between
a
a and b.
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Solution : If x be G. M. between a and b, then

1 1
x=a?*xb?

n+l n+l 1 1 11

a +b —a? b2 or, an+l+bn+1 :(az sz(an_'_bn)
n n
a"+b

1 1 1 1 1 1 1 1
. . n— = — = L ny— = ~  n4— .
OL " +b""' =a 2b2+a?b 290Lg"" —aq 2.b2=a%’b 2-b""

6.8.1 Relationship between A.M. and G.M.
Let a and b be the two numbers.

Let A and G be the A. M. and G. M. respectively between a and b

A= a;b,G:'\/ab

A-G=FP_ Jap - (*/5)2+(*/Z)2_2‘/E =%(\/_—\/3)2>0

2 2

A>G

I e ) LORIIN The arithemetic mean between two numbers is 34 and their geometric mean
is 16. Find the numbers.

Solution : Let the numbers be a and b. Since A. M. between a and b is 34,

a+b
2
Since G. M. betweena and b is 16,

=34, or, a+b=68 (D

Jab =16 or, ab =256 we know that (a—b)*=(a + b)*—4 ab - (2)
= (68)> -4 x 256 = 4624 — 1024 = 3600
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a—b= /3600 =60 S E))
Adding (1) and (3), we get, 2a=128 .. a=064

Subtracting (3) from (1), we get
2b=8 or, b=4

Required numbers are 64 and 4.

I el JENRIN  The arithmetic mean between two quantities » and c is a and the two

geometric means between them are g and g,. Prove that g * + g, =2 abc

b+c
2

Solution : The A. M. betweenb and cisa . . =a,or, b+c=2a

Again g and g, are two G. M.'sbetweenbandc .. b, g, g,,careinG P.

1

3
If r be the common ratio, then c = br’ or, r= (%)

2

1
3 c 3
g=br= b(%) and g=br= b(zj

2
b+c
_b’ £)+(£) _ xS 145 2 pex
8’ +8 = [(b Y I Gy e O

= bc (2a) [since b + ¢ =2al]

= 2abc

| e 1) (YA The product of first three terms of a G. P. is 1000. If we add 6 to its second
term and 7 to its 3rd term, the three terms form an A. P. Find the terms of the G. P.

a
Solution : Let £, = P f, = a and t, = ar be the first three terms of G. P.

a
Then, their product = o-a.ar= 1000 or, a*=1000, or, a=10

By the question, Lyt + o, t,+7 are inA.P. ...(D)

MATHEMATICS
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. a .
ie. —,a+6,ar+ 7areinA.P.
r

(a+6)—%=(ar+7)—(a+6)or, 2(a+6):%+(ar+7)

10
or, 2(10+6)=—+{10r+7) [using (1)]
o, 32r=10+107+7r or, 107 —25r+10=0

25+ 4/625-400 25%15 21

20 T 20 2

10
When a = 10, r = 2. then the terms are 7 ,10(2) 1e.,5,10,20

1 1
Whena=10, r = then the terms are 10(2), 10, 10 (2) ie., 20, 10,5

V 1
CHECK YOUR PROGRESS 6.7

1. Insert 8 G. M.'s between 8 and 6_4

2. If a, is the first of n geometric means between a and b, show that a 1"“ =a"b

1 1

G- G G

3. IfGisthe G M. between a and b, prove that

4.  Ifthe A. M. and G. M. between two numbers are in the ratio m : n, then prove that the
numbers are in the ratio m + \/m? — n® : m— +/m> — n>

5. If Aand G are respectvely arithmetic and geometric means between two numbers a and
b, then show that A> G.

13
6.  The sum of first three terms of a G. P. is D and their product is—1. Find the G. P.

7. The product of three terms of a G. P. is 512. If 8 is added to first and 6 is added to
second term, the numbers form an A. P., Find the numbers.

g
Ol LT Us sum up

° A sequence in which the difference of two cousecutive terms is always constant ( = 0) is
called an Arithmetic Progression (A. P.)
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° The general termof an A. P.

a,a+d a+2d,..isgivenbyt =a+ (n-1)d

° Sn, the sum of the first n terms of the A.P a, a+d, a+2d,... is given by

® tnzsn_sn—

° An arithmetic mean between a and b is

., :§[2a+(n—l)d:|

n
B (a+1),wherel=a+ (n-1)d.

1

a+b
2

° A sequence in which the ratio of two consecutive terms is always constant ( = 0) is called
a Geometric Progression (G. P.)

° The n" termofa G. P.: a, ar, ar?, ...is ar*™!

° Sum of the first n terms of a G. P.: a, ar, ar?, ... is

S =

n

"
ar =D s
-
1_ n
_ad=r) <t
1-r

° The sums of an infintite G. P. @, ar;, ar?, ... is given by

a
S=—forlri<l1

1-r

° Geometric mean G between two numbers a and bis /4 p

° The arithmetic mean A between two numbers a and b is always greater than the
corresponding Geometric mean G i.e.,A>G.

e

SUPPORTIVE WEB SITES

http://www.youtube.com/watch?v=_cooC3yG_p0
http://www.youtube.com/watch?v=pXo0bG4iAyg
http://www.youtube.com/watch?v=dIGLhL.Msy2U
http://www.youtube.com/watch?v=cY w4MFWsB6c

http://www.youtube.com/watch?v=Uy_L8tnihDM

http://www.bbc.co.uk/education/asguru/maths/13pure/03sequences/index.shtml
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Sl TERMINAL EXERCISE

> »

10.
11.

12.

13.

14.

Find the sum of all the natural numbers between 100 and 200 which are divisible by 7.

The sum of the first n terms of two A. P.'s are in the ratio (2n— 1) : (2n + 1). Find the ratio
of their 10" terms.

Ifa, b, care in A. P. then show that b + ¢, ¢ + a, a + b are also in A. P.

Ifa,a, ...,a arein A. P., then prove that

1 1 1 1 n-1
+ + + ..+ =

a,a, a,a, a,a, a,  a a, a,

If (b —c¢)?, (¢ — a)?, (a—b)*are in A. P., then prove that

1 1 1

b b
b—c c—a a-b

, are alsoin A. P.

If the p™ g™ and r" terms are P, Q, R respectively. Prove that
P(O-R)+QR-P)+r(P-0)=0.

1 1 1 3 3 5
If a, b, ¢ are in G. P. then prove that a* b* ¢? F+b_3+c_3 =a +b +c
Ifa, b, ¢, d are in G. P., show that each of the following forma G P. :

1 1 1
@ (@-b?),b*-A), (*-d) (b) b b+t —d?

If x, y, z are the p™, g™ and " terms of a G. P., prove that x4y P zp4= ]
Ifa, b, c are in A. P. and x, y, z are in G. P. then prove that x>€y“? z2° =1
If the sum of the first n terms of a G. P. isrepresented by S , then prove that
Sy (S5, = 55) = (5, =S,

If p, g, rare in A. P. then prove that the p™, g™ and 7" terms of a G. P. are also in G. P.

1 1
IfS = 1+5+2—2 ot find the least value of n such that
2-8, <L
100

If the sum of the first n terms of a G. P. is S and the product of these terms is p and the sum

of their reciprocals is R, then prove that p’= (E)
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AN
&

CHECK YOUR PROGRESS 6.1
1. (a 2n-1 (b) 2n+1
4. no 5. m+n
CHECK YOUR PROGRESS 6.2

1. (a) 435 (b) %[21—5#]

4. 37 5. n*+9n,9
CHECK YOUR PROGRESS 6.3

2.5
CHECK YOUR PROGRESS 6.4

3 3
2’ 16
4. (a) 6 (b) 3
CHECK YOUR PROGRESS 6.5

2 1
w3 (13)

80 ,. 8n
Q(IO -1)- 5

CHECK YOUR PROGRESS 6. 6

1. 3’_

E_E 2 llth
RIS . , NO

1. (a) 6138

4. (@ (b)

13

3
1. (a) B (b) 2

10 20 40

1111 1

TERMINAL EXERCISE
1. 2107 2. 37:39

Sequences and Series

\S]

. 3,5,7,9, ..
10, 6, 2,

3. 20, 16

o

(O8]

36,6,10r1,6, 36

.or——L— .. 7 4 1
or 3 , 8,16
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SOME SPECIAL SEQUENCES

Suppose you are asked to collect pebbles every day in such a way that on the first day if you
collect one pebble, second day you collect double of the pebbles that you have collected on the
first day, third day you collect double of the pebbles that you have collected on the second day,
and so on. Then you write the number of pebbles collected daywise, you will have a sequence,
1,2,2%, 23 ...

From a sequence we derive a series. The series corresponding to the above sequence is
1+2+22+2°+ ...
One well known series is Fibonacciseries 1 + 1 +2+3+5+8 + 13 + ...

In this lesson we shall study some special types of series in detail.

| OBJECTIVES

After studying this lesson, you will be able to :
° define a series;

° calculate the terms of a series for given values of n from t:

2 3 . . .
° evaluate Z”’Z” ,Z” using method of differences and mathematical

induction; and

° evaluate simple series like 1.3+ 3.5+ 5.7 +..... n terms.

EXPECTED BACKGROUND KNOWLEDGE

° Concept of a sequence
° Concept of A. P. and G. P., sum of n terms.

° Knowldge of converting recurring decimals to fractions by using G. P.

7.1 SERIES

An expression of the formu +u,+u,+...+u_+....1is called a series, where u , u, ,u, ..., u

n

.. is a sequence of numbers. The above series is denoted by Z”r. If n is finite

r=1
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SI\:I; (?UEECI;E ;nlii then t‘he series is a finite series, oth?rwise the series is infinite. Thus we find tha‘t a series is
Series zzzﬁiztlzilv ‘fo asequence. Thus a series is a sum of terms arranged in order, according to some
Consider the following sets of numbers :
| Notes (@) 1,6,11, ..., (b) l,l,l,L"'
36912

(©) 48,24,12, ..., (@) 12,22 3%, ...

(), (b), (¢), (d) form sequences, since they are connected by a definite law. The series associated

with them are :

1+6+11+.. —+—+—+i +..,48+24+ 12+ .., 17+ 224+ 32+ .

3 6 9 12 ’ ’

Write the first 6 terms of each of the following sequences, whose n term is

given by

(@T =2n+1, (b)a =n*—n+1 ©f==D"5"

Hence find the series associated to each of the above sequences.

Solution:(a) T =2n+1,Forn=1,T =2.1+1=3,Forn=2,T,=22+1=5
Forn=3,T,=23+1=7,Forn=4,T,=24+1=9
Forn=5,T,=25+1=11,Forn=6,T,=2.6+1=13

Hence the series associated to the above sequenceis 3 +5+7 +9+ 11+ 13 + ...

(b) a=n"-n+1,Forn=1,a=1"-1+1=1
Forn=2,a,=2°-2+1=3,Forn=3,a,=3"-3+1=7
Forn=4,a,=4-4+1=13,Forn=5,a,=5-5+1=21
Forn=6,a,=6"-6+1=31

Hence the series associated to the above sequenceis 1 + 3 +7 + 13 +...

© Heref = (-1)"5"Forn=1,f =(-1)'5'=-5
Forn=2,f, =(-1)"5= 25, Forn=3, f, = (1)’ 5= - 125
Forn=4,f, = (-1)"5'= 625, Forn =35, f, = (1)’ 5°=- 3125
Forn =6, f, = (-1)° 5°= 15625

The corresponding series relative to the sequence
f,=(ED"5"is =5 + 25 - 125 + 625 — 3125 + 15625-

170
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Write the n™ term of each of the following series :
(a)-2+4-6+8—... G1-1+1-1+ ....
() 4+ 16+ 64 +256 + .... (D V2+V3+2+V5+ ...
Solution : (a) The seriesis—2+4-6+8 .......

Here the odd terms are negative and the even terms are positive. The above series is obtained
by multiplying the series. -1 +2-3 +4 —.... by 2

T =2 (-1)"n=(-1)"2n
(b) Theseriesis 1 —1+1—-1+1—......
T = (1)
©) The seriesis 4 + 16 + 64 + 256 + ....
The above series can be writen as 4 + 4> + 43 + 4% + ...
Le., n® term, T =4"

(d) The series is V2 +V3+ 2 + V5 + ...ice., V2 + V3 + V4 + V5 + ...

n® term is T =n+1.

CN
L'L § CHECK YOUR PROGRESS 7.1

1. Write the first 6 terms of each of the following series, whose n™ term s given by
nn+l)(n+2) n’—1
T;l == b a =
(a) 6 ( ) n n—73
An—l
2. IfA,=1andA =2, findA, ifA = 7 (n>2)

An—2

3. Write the n" term of each of the following series:

(a) —lt oo = b  3-6+9-12+...

7.2 SUM OF THE POWERS OF THE FIRST n NATURAL NUMBERS

(a) The series of first n natural numbers is
1+24+3+4+...+n.
Let S =1+2+3+..+n

This is an arithmetic series whose the first termis 1, the common difference is 1 and the number
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oftermsisn. .. S, =g[2.1+(n—1)1]=§[2n—1]

_ n (n + 1)
ie., S
n(n+l1
We can write 2.1 = %
(b) Determine the sum of the squares of the first z natural numbers.

Let S =1P+22+3+...+n’

Consider the identity : > — (n—1)*=3n*-3n+ 1

By giving the values forn =1, 2, 3, ...., n— 1, n in the above identity, we have.

P-0°=3.1"-3.1+1
22-1°=322-32+1
33-23=332-33+1

n-m-1¥=3n"-3n+1

Adding these we get
nP—0=31*+22+32+.+n)-30+2+3+...+n)+

(1+1+1+... ntimes)

=3 Sn_3 l:—n (n+1)j|+n|:zn=—n (n2+ 1):|

or, 5
or, 3Sn=n3+w_n:n(n2_1)+3_n(n+1)
2 2
= n(lfl—l—l)(n_1+§) _ n(n+1)(2n+1)
2 2
Sn:”("+1)6(2”+1) e, T =n(n+1)6(2n+1)

(c) Determine the sum of the cubes of the first » natural numbers.
Here S = 1°+2°+ 3’ + ... +n’

Consider the identity : n*— (n—1)*=4n’ - 6n* + 4n— 1

MATHEMATICS
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Putting successively 1, 2, 3, .... for n we have
*-0*=4.1°-6.1"+4.1 -1
24— 1*=42°-622+42-1
39-29=433-63+43-1

n—m-1)=4n-6n*+4n-1
Adding these, we get

=0t =41P+22+...+n)-6(1°+2*2+...+n)+4(1+2+3+...+n)
— (1 +1+... ntimes)

. n4=4~Sn—6[n(n+1)6(2n+1)} +4nn+1_

= 45, =n*+nn+ 1D Cn+D-2n(n+1)+n
=n*+nQ2n®+3n+1)-2n*-2n+n
=n*+2n*+3n*+n-2n*-2n+n=n*+2n*+n’=n*n*+2n+1)

ie, 4S  =n*(n+1)

S

_nt+1)? n(n+1)}2
4 2

Zn3=|:n(n2+l)} or, Zn3:(zn)2

Note: In problems on finding sum of the series, we shall find the nth term of the
series (t ) and then use S = Ztn .

1D e CWARE  Find the sum of first n terms of the series 1.3 +3.5+5.7 + ...

Solution :
Let S =13+35+57+..
The n™ term of the series
t ={n"termof1,3,5,...} x {n"termof3,5,7,...}

=2n-1)2n+1)=4n>— 1

MODULE - Il

Sequences and
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MODULE - Il 2
Sequences and S, =2, =2, [4n - l]
Series
=42 -2 = 4”("“)6(2"“) —n
Notes 2n(n+1) 2n+1)—-3n

; %[2(2n2+3n+1)—3]

—|4n*> +6n -
’;[4 6n — 1]

I D€l WA Find the sum of first # terms of the series

1.224+2.324+34%+ ... ..
Solution : Here t =n {2+ (n—-1)}>’=n(m+1)’=n. (n*+2n+1)
ie., t =n’+2n°+n
Let S =122+23+23+34+ ... +n (n+ 1)~
S =2t =2 (W +2n*+n)=2n"+22n*+2n.

{n(n+1)}2+2[n(n+1)(2n+1):|+n(n+l)
2 6 2

_ n(n+1)[n(n4+1) +2n3+1+;}

_ n(?;_l) (3n2+11n+]0) :%n(n+l)(n+2)(3n+5)

IDelnJ WA Find the sum of first n terms of the series

2.3.54+3.5.7+4.7.9+ ...
Solution : Let S =2.3.5.+3.5.7+4.7.9+....
n'™ term of the series
t = {n®termof2,3,4,..} x {n®"termof3,5,7,...} x {n"termof5,7,9, ...}
=n+1D)x2n+1)x2n+3)
=(n+ 1D [4n*+8n+3]=4n*+ 12n*+ 11n +3
S, :Ztn:2[4n3+ 12n% + 11n + 3]
=43+ 12210+ 11 2n+203)
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—4

2 2
n-(n+1) +12n(n+1)(2n+1)+11n(n+1)+3n

4 6 2

1lIn(n+1) +

= m+D*+2n(n+D)2n+1D+ 5

=%[2n(n+1)2+4(n+1)(2n+1)+11(n+1)+6]

g[Zn(n2+2n+l)+4(2n2+3n+1)+11n+17]

=%[2n3 +12n7 +25n+21]

ID: el AN Find the sum of first # terms of the following series :

LR
13 35 57
1

fon ° =
Solution : " 2n-1@n+1)

_l 1 B 1
2\ 2n—-1 2n+1

Now putting successively forn=1, 2,3, ....

A I S
" 2|l@n-1) @n+1)

1 1 n
i L+ttt == 1l-—— | =

3n
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1.  Find the sum of first n terms of each of the following series :

(a) 1+0+3)+(1+3+5)+...
Notes

S S E S

®) 14 4.7 7.10

©) MH+A+3)+A+3+3)+A+3+32+3%)+...
2.  Find the sum of n terms of the series. whose n® termis n(n + 1) (n +4)

3.  Find the sumofthe series 1. 2.3 +2.3.4. +3.4.5+... upto nterms

P pe
@/f' LET US SUM UP

° An expression of the form u, + u,+ u, + ..... + u_ + ... is called a series, where
Uy Uy Uy oo Uy e is a sequence of numbers

1 r_n(n+1)
° ] )

\
Il

d rzzn(n+1)(2n+1)

¢ r=1 6
o {n(n+1)}2
° r=
r=1 2
® Sn =Ztn

e SUPPORTIVE WEB SITES

http://en.wikipedia.org/wiki/Sequence_and_series
http://mathworld.wolfram.conv/Series.html

@
Sl TERMINAL EXERCISE

1. Find the sum of each of the following series :

(a) 2+4+6+...upto40 terms.
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()  2+6+18+...upto6 terms. MODULE - I
Sequences and
2. Sumeach of the following series to n terms : Series
(a) 1+3+7+15+31+.....
b 1 + 1 + 1
®) 135 357 579 T Notes
3 5 7 9
© Tt ot aic T ioae
14 49 916 1625

3.  Find the sum of first n terms of the series 12+ 3%+ 5%+ ....

4. Find the sum to n terms of the series 5+ 7 + 13 + 31 +.....

10
5. Find the sum to # terms of the series 1+ g + 5—2 + 5—3 +

6.  Find the sum of 22 + 4 + 6 + ... + (2n)?

7. Show that

IX2%4+2x3"+...... +nx(n+1)>  3n+5
PX2+2>%X34...... +n°x(m+1) 3n+1
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A
@] s

CHECK YOUR PROGRESS 7.1

1.

3. @ (<t
n

(a) 1,4, 10, 20, 35, 56

CHECK YOUR PROGRESS 7.2

1.

(a) %n(n+1) 2n+1)

M[:%nz +23n+34]
12

TERMINAL EXERCISE

1.

(a) 1640

(a) 2™'—n-2

n

™ an® -1

3( n )

5 1_5(1_ 1 )_ 3n-2
47160 1) 4.5

(b)

(b)

(b)

(b)

(b)

Some Special Sequences

03832 » L

7 9 2
(_1)n+13n
n 1

_3n+1_2 _3

3n+1 © 4( n=3)
1
Zn(n+1)(n+2)(n+3)
728
1 1 1
1A (c)l_—z
12 42n+1) (2n+3) (n+1)

1
—(3"+8n—1
2( )

2n(n+1) (2n+1)
3
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Lesson-8: Complex Number

Lesson-9: Quadratic Equations and Linear Inequalities
Lesson-10: Principle of Mathematical Induction
Lesson-11: Permutations and Combinations

Lesson-12: Binomial Theorem

Scope and Approach:

Some equations are not solvable in real number system. Thus, there is a need to extend the
real number system to a larger number system so that we can have the solutions of such
equations. In this module the real number system shall extend to a larger system called complex
number system, so that the solutions of quadratic equations are possible. Induction is the
process of reasoning from particular to general. The principle of Mathematical Induction
helps us in proving some of the tentative conclusions. In daily life you come across many
problems of finding the number of ways of arranging or selecting objects. Under this module
you also learn some basic techniques of counting which will enable us to answer the number
of ways of arranging or selecting objects in a wide variety of situations. Arrangements lead to
Permutations and selection leads to Combinations. The Binomial Theorem enables us to expand
any power of a binomial expression. You will understand the use of Binomial Theorem through
its simple applications. Clarity of concepts of this module will further help you to understand
the concepts given in module VI algebra II of Book II.
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COMPLEX NUMBERS

Notes

We started our study of number systems with the set of natural numbers, then the
number zero was included to form the system of whole numbers; negative of natural
numbers were defined. Thus, we extended our number system to whole numbers and
integers.

To solve the problems of the type p -+ q we included rational numbers in the system of
integers. The system of rational numbers has been extended further to irrational numbers
as all lengths cannot be measured in terms of lengths expressed in rational numbers.
Rational and irrational numbers taken together are termed as real numbers. But the
system of real numbers is not sufficient to solve all algebraic equations. There are no
real numbers which satisfy the equation x*+1 = 0 or x* = — 1. In order to solve such
equations, i.e., to find square roots of negative numbers, we extend the system of real
numbers to a new system of numbers known as complex numbers. In this lesson the
learner will be acquinted with complex numbers, its representation and algebraic
operations on complex numbers.

WZ| oBIECTIVES

After studying this lesson, you will be able to:

e describe the need for extending the set of real numbers to the set of complex
numbers;

e define a complex number and cite examples;
e identify the real and imaginary parts of a complex number;
e state the condition for equality of two complex numbers;

e recognise that there is a unique complex number x + iy associated with the point
P(x, y) in the Argand Plane and vice-versa;

e define and find the conjugate of a complex number;
e define and find the modulus and argument of a complex number;
e represent a complex number in the polar form;

e perform algebraic operations (addition, subtraction, multiplication and division) on
complex numbers;

e state and use the properties of algebraic operations (closure, commutativity,
associativity, identity, inverse and distributivity) of complex numbers; and

MATHEMATICS 181
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Complex Numbers

e state and use the following properties of complex numbers in solving problems:

)] 1zZI=0&< z=0and z, =z, =lz,|=lz,|

@ |z=|-7= (i) 1z, + 2,11z, +lz,|
. a|_ 2l

(iv) |z].22| =|z]|.|z2| v) é _H (z, #0)

e to find the square root of a complex number.

EXPECTED BACKGROUND KNOWLEDGE

e Properties of real numbers.
e Solution of linear and quadratic equations
e Representation of a real number on the number line

e Representation of point in a plane.

8.1 COMPLEX NUMBERS

Consider the equation x* + 1 = 0. ...(A)
This can be written as x*=—-1 or x =4+/—-1

But there is no real number which satisfy x> = —1.In other words, we can say that
there is no real number whose square is — 1.In order to solve such equations, let us
imagine that there exist a number i’ which equal to /_1 .

In 1748, a great mathematician, L. Euler named a number 'i' as lota whose square is
— 1. This lota or 'i' is defined as imaginary unit. With the introduction of the new
symbol ‘i, we can interpret the square root of a negative number as a product of a real
number with i.

Therefore, we can denote the solution of (A) as x = £1i

Thus, —4 = 4(-1)

V=4 = JD@) =+i*2* =i2

Conventionally written as 2i.

So, we have ﬁzzi, \/j:ﬁi
J—4, /=7 are all examples of complex numbers.
Consider another quadratic equation: x*> -6x + 13 =0
This can be solved as under:

(x =3)?>+4=0o0r (x =3)?%=-4

or, X—-—3==+2ior,x=3=*2i

MATHEMATICS



Complex Numbers

We get numbers of the form x + yi where x and y are real numbers and i= ,/_7].

Any number which can be expressed in the form a + bi where a,b are real
numbers and i = ,/_1, is called a complex number.

A complex number is, generally, denoted by the letter z.

i.e. z = a + bi, 'a' is called the real part of z and is written as Re (a+bi) and 'b' is
called the imaginary part of z and is written as Imag (a + bi).

If a =0 and b # 0, then the complex number becomes bi which is a purely imaginary
complex number.

1.
T, 51 . Jf3iand mi are all examples of purely imaginary numbers.
If a#0 and b = 0 then the complex number becomes 'a' which is a real number.
5,2.5 and /7 are all examples of real numbers.

If a =0 and b = 0, then the complex number becomes O (zero). Hence the real
numbers are particular cases of complex numbers.

ID:eln ) BB E Simplify each of the following using .

O 3% @ 5%
Solution: () J36 = /36(=1) = 6i

(i) 25.0/—4 = 5x2i = 10i

8.2 POSITIVE INTEGRAL POWERS OF i

We know that

P=-1,P=i=-1li=-
t=>0)=CD=1,=>0)i=1li=1i

=G =(D=-1,1 = ®30) =, i* = (i»)* =1

Thus, we find that any higher powers of 'i' can be expressed in terms of one of four values
i, -1, -, 1

If n is a positive integer such that n>4, then to find i*, we first divide n by 4.
Let m be the quotient and r be the remainder.

Then n = 4m + r. where 0 < r < 4.

MODULE-III
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Complex Numbers

MODULE-IIl | Thus, ir= i = imir = (ifymir = i (- i‘=1)

Algebra-I
Note: For any two real numbers a and b, .[qx~[b =~[ab is true only when
atleast one of a and b is either O or positive.
If fact J—a x—b
Notes

IJZXIN/E = iz Vab

—Vab where a and b are positive real numbers.

1B ) WA Find the value of 1 + 1'% + i+ i¥

Solution: 1 + i° + i*+ i%*

=1+ @+ @4 @5 =1+ (1) + DO+ (D)
=1+ (D +1+(CD=1-1+1-1=0

Thus, 1 + i + i + i = 0.

I ET N ERIRE Express 8i° + 6i'° — 12i!! in the form of a + bi

Solution: 81 + 6i'° — 12i"' can be written as 8(%).1i + 6(i%)® — 12(i®)°.1

8(=1).i + 6(=1)% — 12(=1)%i = —8i + 6 — 12(=1).i
Bi+ 6+ 12i=6+4i

which is of the form a + bi where 'a' is 6 and 'b' is 4.

r1
A& # CHECK YOUR PROGRESS 8.1

1. Simplify each of the following using 'i'.

(a) =27 (b) —-9  (c) J-13

2. Express each of the following in the form of a + bi
(a) 5 (b) -3i (c) O

3. Simplify 10#* + 6i"? —12i"

4. Show that i™ + i™!' + i™? 4+ i™3 = 0 for all me N -

8.3 CONJUGATE OF A COMPLEX NUMBER

The complex conjugate (or simply conjugate) of a complex number z = a + bi is

defined as the complex number a — bi and is denoted by 7.
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Thus, if z = a + bi then 7 = a — bi.

Note: The conjugate of a complex number is obtained by changing the sing
of the imaginary part.

Following are some examples of complex conjugates:

@ If z=2 + 3i, then z =2 — 3i
(i) If z = 1, then 7 =1 + i
(i) Ifz=-2+ 10i then z = —2-10i

8.3.1 Properties of Complex Conjugates

@d) If z is a real number then z = Z i.e., the conjugate of a real number is the
number itself.

For example, let z = 5
This can be written as z = 5 + 0i
z=5-0i=25, z=5=7.
(i) If zis a purely imaginary number then z=—z
For example, if z = 3i. This can be writtenas Z=0 + 3i

Z7=0-3i =3i=-z

7z = —Z.
(iii) Conjugate of the conjugate of acomplex number is the number itself.
1e., (?) =z

For example, ifz=a + bithen 7 =a—bi

Again B:(a—bi) =a+bi=z

(z)=1z
| 611111 CEEAN Find the conjugate of each of the following complex numbers:
@ 3-4i (i) (2+1)?

Solution : (i) Letz=3 —4ithen z=(3—4i) =3 +4i

Hence, 3 + 4i1is the conjugate of 3 —4i.

MODULE-III
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MODULE-IIl |G)  Let z=(2+1?

Algebra-| ie. 2=+ ()2 +22)() =4—-1+4i =3 +4i
Then Z=(3+4i)=3_4i
.. . o
Notes Hence, 3 —4i is the conjugate of (2 + 1)

8.4 GEOMETRICAL REPRESENTATION OF A COMPLEX NUMBER

Letz=a+bibe acomplex number. Let two mutually perpendicular y
lines xox' and yoy' be taken as x-axis and y-axis respectively, O
being the origin.

Let P be any point whose coordinates are (a,b). We say that the
complex number z =a + biis represented by the point P (a,b)as x”
shownin Fig. 8.1

Fig. 8.1

Ifb=0, thenzisreal and the pointrepresenting complex number y
z=a+0iisdenoted by (a, 0). This point (a, 0) lies on the x-axis.

So, xox' is called the real axis. In the Fig. 8.2 the point
Q (a, 0) represent the complex number z = a + Oi.

If a = 0, then z is purely imaginary and the point representing [0) Q(a,=0) o
complex number z = 0 + bi is denoted by (0, b). The point . Fig 8.2
(0, b) lies on the y-axis. Y
So, yoy'is called the imaginary axis. In Fig.8.3,the point R (0, b) }
represents the complex number z =0 + bi. 1RO, b)
The plane of two axes representing complex numbers as points is 11
called the complex plane or Argand Plane. l
The diagram which represents complex number in the Argand o Fig. 8.3 o
Planeis called Argand Diagram. ,
y
Example 8.5 X
4 =4
Represent complex numbers 2 + 31, —2-31, 2—-3i 3 P(2, 3)
inthe same Argand Plane :
24 |
Solution: (a) 2+3iis represented by the point | :
P(2,3) | l
X' = : —t— ! x
o 1 2 3 4
(b)—2-3iisrepresented by the point Q (-2,-3) I !
I
| 1
(c) 2-3iis represented by the point R (2, -3) a2 '3—) S R R(2,-3)
, . Fig. 8.4
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8.5 MODULUS OF A COMPLEX NUMBER

We have learnt that any complex number z=a

+bi canbe represented by apoint inthe Argand y
Plane. How can we find the distance of the point ‘
from the origin? Let P(a, b) be a point in the ]T“— ---7 P(a, b)
planerepresenting a+ bi. Draw perpendiculars bl - o
PM and PL on x-axis and y-axis respectively. x é_/_ a_: M x
Let OM =a and MP =b. We have to find the
distance of P fromthe origin. ¥
Fig. 8.5

.. OP=+OM? + MP?
=\/a2 +b2

OP s called the modulus or absolute value of the complex number a + bi.

Modulus of any complex number z such that z=a + bi, ac R, be R is denoted by

|zlandis givenby /42 4 p2
lzl=la+ibl= /32 4 p2

8.5.1 Properties of Modulus
(a) lzI=0 < z=0.

Proof: Letz=a+Dbi, acR,beR

then Izl =.324p%.1z=0=a’+b*=0

= a=0and b =0 (since a* and b’ both are positive), < z=0

(b) |zI=IZI

Proof : Let z=a + bi then |Z|=«/a2 +b?2

Now, Z=a-bi .. 1ZI=\Ja> + (=b%) =+/a> + b’

MODULE-III
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MODULE-III
—Ja2 1 h2 _15 .
Algebra-l | Thus, 1z1=+a®+b* =7l (@)
© lzl=1-zl
Proof: Letz=a+bithenlzl= /42 4 p2
Notes

—z=—a—bithen |—Z|=\/(—a)2+(_b)2 = /a2 + b2
Thus, 1z = Va’ +b” —|_z (i)

By (i) and (ii) it can be proved that | z|=1-z|= | Z | ...(iii)

Now, we consider the following examples:

| e i) ) (XN Find the modulus of z, —z and 7 where z=1 + 2i

Solution: z=1+2ithen—z=-1-2iand 7 =1 -2i

IzZl= V12 422 =/5, Fz=+/(=D)? +(=2)* =+/5
and 1ZI= /(D +(=2)? =+/5

Thus, lzl=l—zIl=+/5=1Z]1

| ) ¢11110) R Find the modulus of the complex numbers shown in an Argand Plane (Fig. 8.6)

Solution: (i) P(4, 3) represents the complex number z=4 + 3i

Iz 1=+/4% +3% =425 +

or lzI1=5 Q(~4,2)

(i) Q(—4, 2) represents the complex number
z=-4+2i -4 -3 -2

-+
=

_O
_
o -+
—————
&~

|Z|=m= \/16—+= \/E R(—l,—_S_)_ _________ G739

or |Z| _ 2\/5 ) Fig. 8.6
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(iii) R(-1,-3) represents the complex number z=-1 —3i

1z 1= /(=D + (=3)> =/1+9
or Izl=\/ﬁ

@iv) S(3, —3) represents the complex number z =3 —3i

lz1=+/(3)% +(=3)> =4/9+9
or lzl=+/18=32

- CHECK YOUR PROGRESS 8.2

Find the conjugate ofeach of the following:

(a)-2i (b)-5-3i (©) _ﬁ (d) (-2 +1)?
2. Represent the following complex numbers on Argand Plane :
(@) (1) 2+0i (i) -3+ 01 (i) 0- 01 @{iv) 3-0i
(b) (1) 0+2i (i) 0 —3i (iii) 4i (iv)-5i
(©) @) 2+ 5iand 5 +2i (i) 3 —4iand -4+ 3i
(iii) —7 +2i and 2 -7i (iv) —2—-9iand -9 -2i
(d) @ l+iand -1 -1 (i) 6+ 5iand —6—5i
(i) -3 +4iand 3 4i (iv) 4-iand-4+i
(e) @ I+iand 1 -1 (i) -3 +4iand-3-4i
(iii) 6—7iand 6 + 7i (iv) -5—iand-5+1i
3. (a) Find the modulus of following complex numbers :

@® 3 () (G+DQ2-1 @) 2-31 (v) 4+ .5

MODULE-III
Algebra-I|

(b) For the following complex numbers, verify thatlz|=17 |

@ -6+ 8i (ii) -3-7i

(© For the following complex numbers, verify thatlzl=1-7 |
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@) 14+i (ii) 11-2i
(d For the following complex numbers, verify that | z|=1-z1=1 7 |
@) 2-3i (i) —-6—1 (iii) 7-2i

8.6 EQUALITY OF TWO COMPLEX NUMBERS

Two complex numbers are equalif and only if their real partsand imaginary parts are respectively
equal.

In general a + bi=c + diif and only ifa=c and b=d.

|10 BRI For what value of x and y, 5x + 6yi and 10 + 18i are equal?
Solution : Itis giventhat 5x + 6yi= 10+ 18i

Comparing real and imaginary parts, we have
5x=10 orx=2
and 6y=18 ory=3

For x =2 and y = 3, the given complex numbers are equal.

8.7 ADDITION OF COMPLEX NUMBERS

Ifz, =a+biand z, = c + di are two complex numbers then their sumz, + z, is defined by
z, +z,=(a+c)+(b+di
For example, ile =2+ 3iand z,= —4 + 51,

then z +z =[2+(]+[3+5]i=-2+8i

Example 8.9 ENitils)iiaY%

@) (3 +2i)+ (4-30) (i) Q+5)+(3-TH)+(1 -1)
Solution: (i) B+21)+4-3)=CB+4)+(2-3)i=7-1
(i) Q2+5)+(3-T)+(1-)=2-3+1)+(5-7-1)i=0-3i
or Q+5)+(B-7T)+(1-1)=-3i
8.7.1 Geometrical Represention of Addition of Two Complex Numbers
Let two complex numbers z and z, be represented by the points P(a, b) and Q(c, d).

Their sum, z, +z, is represented by the point R (a + ¢, b + d) in the same Argand Plane.
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Join OP, OQ, OR, PR and QR.

Draw perpendiculars PM, QN,
RL from P, Q, R respectvely on
X-axis.

Draw perpendicular PK to RL

In AQON

ON=c

and QN =d.

InAROL In APOM
RL=b+d PM=b
andOL=a+c OM=a

Also PK =ML =O0OL-OM
=a+c—a =c=0N

RK =RL - KL =RL - PM
=b+d-b=d=QN.

In AQON and ARPK,

ON = PK, QN = RK and ZQNO = ZRKP = 90°
AQON = ARPK
OQ =PR and OQ Il PR

= OPRQis aparallelogramand OR its diagonal.

Therefore, we can say that the sum oftwo complex numbers is represented by the diagonal of

aparallelogram.

Bl NN Prove that |z, +z, 1<z | +1z,|

Solution: We have proved that the sum of
two complex numbers z, and z, represented
by the diagonal of a parallelogram OPRQ
(seefig. 8.8).

In AOPR, OR< OP + PR
or OR < OP + OQ (since OQ =PR)

or lz, +z,1<lz |1+1z,]|

R(a +c¢, b+ d)
Qe d).-~~
K
P(a, b)
O N M L
Fig. 8.7

Y
R(a+ ¢, b+ d)
Qe d). -~~~
K
P(a, b)
(6] N M L
Fig. 8.8
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MODULE-IIl | 2einiulRNE88 [fz =2 +3iand z, =1 +1,

Algebra-| verify that |z, +z,| <lz | +Iz,|

Solution: z, =2 + 3iand z, = 1 + irepresented by the points (2, 3) and (1, 1) respectively.
Their sum (z, + z,) will be represented by the point (2+1, 3+1) i.e. (3,4)

Notes | Verification

|z,| =v2? +3? =13 = 3.6 approx.
|z,| =VI?+1* = J2 =1.41 approx.
2, +2,| =3 +4% =/25 =5

lz 1+1z,1=3.6+1.41=5.01

lz +z,1<lz |I+1z,l
8.7.2 Subtraction of Complex Numbers
Let two complex numbers z =a + biand z, = ¢ + di be represented by the points (a, b) and
(c,d)respectively.

(z,)-(z,)=(a+bi)—(c+di)=(a—c)+(b-d)i

which represents a point (a—c,b—d)

The difference i.e. z —z, is represented by the point (a—c, b—d).

Thus, to subtract acomplex number fromanother, we subtract corresponding
realand imaginary parts separately.

Find z -z, if:
z, =3 -4, z,=-3+7i
Solution: z,-2,=3-4) - (3+7)=3-4)+3-Ti)
=CB+3)+(H4-7i=6+(-11i)) =6-11i
| a1l R What should be added to ito obtain 5 + 4i?
Solution: Let z=a + bibe added to ito obtain 5 + 4i
i+(a+bi)=5+4i

or, a+(Mb+1i=5+4i
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Equating real and imaginary parts, we have MODULE-II
Algebra-I|
a=5andb+1 =4 or b=3, .. z=15 431 is to be added to i to obtain 5 + 4i
8.8 PROPERTIES: WITH RESPECT TO ADDITION OF
COMPLEX NUMBERS.
Notes

1. Closure: The sum of two complex numbers will always be a complex number.

Let z,=a + bli and z,=a,+ bzi, a, bl, a, b2 eR.

Now, z +z,=(a, +a))+ (b, +b,)iwhichis again a complex nu mber.

This proves the closure property of complex numbers.

2. Commutative: Ifz and z, are two complex numbers then
z2,+72,=2,+2

Let z,=a +biandz,=a, +bji

Now z +z,=(a +bi)+(a,+bji)=(a +a)+(b +b)i
=(a,+a)+(b,+b)i [commutative property of real numbers]
=(a,+bj +(a,+bi) =2z, +2

ie. z,+2,=2,+z,Hence, addition of complex numbers is commutative.

3. Associative

Ifz =a +bji, z,=a,+b,iandz,=a,+ b,iare three complex numbers, then
z2,+(z,+2,)=(z,+2) +2,

Now z +(z,+z)=(a +bi)+{(a,+b,i)+(a,+b,i)}
=(a, +bi)+ {(a,+a)+(b,+b)i} ={a+(,+a)}+ {b+b,+b)}i
={(a,+a)+ (b, +b)i} + (a,+ b)) = {(a, + b)) + (a, + b,))} + (a, + b,i)
= (z1 + zz)+z3

Hence, the associativity property holds good in the case of addition of complex numbers.

4. Existence of Additive Identitiy
if z = a + bi is any complex number, then (a + bi) + (0 + 0i) =a + bi

ie. (0+ 01) is called the additive identity for a + ib.

5. Existence of Additive Inverse

For every complex number a + bi there exists a unique complex number —a — bi such that
(a+bi) + (—a—Dbi) =0 + 0i. -a - ib is called the additive inverse of a + ib.
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In general, additive inverse of a complex number is obtained by changing the signs ofreal and

imaginary parts.

N
L' § CHECK YOUR PROGRESS 8.3

1. Simplify:

@ (V2 ++50) + (V5 - 2i) o i, 2o

3 6
(c) (1+1)—(1-61) (d) (\/2_—\/51')—(—2—71')
2. Ifz =(5+1)and z, = (6 + 2i), then:
(a)find z, +z, (b) find z,+2, ©Isz, +z,=2z,+2?
(d) find z,—z, (e)find z,-z, DIsz ~z,=2z,-27
3. Ifz =(1+1),z,=(1 -1) and z, = (2 + 31), then:
(a) find z +(z,+2,) (b) find (z, +2z) + z,
©Isz +(z,+2,)=(z,+2) +2]? (d) findz, —(z,-z,)
(e) find (z,-2z) -z, DIsz, ~(z,-2)=(2,~2)~2.?
4. Find the additive inverse of the following:
(a) 12-T7i (b)4-3i
5. What shoud be added to (—15 + 4i) to obtain (3 —2i)?

6. Showthat {(3+7D) — (5+ 20} = B+ 70) - (5+ 20)

8.9 ARGUMENT OF A COMPLEX NUMBER

Let P(a, b) represent the complex number Y
z=a+bi,ae R,be R, and OP makes an angle
0 with the positive direction of x-axis. Draw

PM L OX, Let OP=r r/il
Inright AOMP, OM =a, MP =b ) % 1l

rcosO=a, rsin@=>b

Then z = a + bi can be written as ¥ Fig. 8.9
z=r1 (cosO +1i5sinB) ..(D)
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b 4 b
where r= /32 4+ p? and tan® = — or 9 = tan l(g)
a

(1) isknown as the polar form of the complex number z, and rand 0 are respectively called
the modulus and argument of the complex number.

8.10 MULTIPLICATION OF TWO COMPLEX NUMBERS

Two complex numbers can be multiplied by the usuallaws of addition and multiplication asis done
inthe case of numbers.

Let z,=(a+bi)and z, = (c + di) then, z .z, = (a + bi).(c + di)

=a(c+di) +bi(c+di)
or = ac + adi + bci + bdi?
or = (ac — bd) + (ad + bo)i. [since # =-1]

If (a+bi) and (c + di) are two complex numbers, their product is defined as the complex

number (ac —bd) + (ad + be)i

I el CRNEN Evaluate: (1 + 2i)(1 — 31),

Solution:

(1 +2))(1-3i)= {1 -(=6)} +(3+2)i=7— i

Prove that | z,.2, | =1 z, [ .1 Z2|

Letz =r (cosO, +isinO ) and z,=r (cosO,+isin®,)

2 - 02
lz I=r, \/cos 0, +sin" 0, =1,

Similarly, lz,|=r,

Now, z z,=r (cosd, +isinb ).r,(cosO,+1isinbd,)
=11, [(cosO,cosB,—sinb, sinb ) + (cosH sinB, + sinB cos6, )]
=rr[cos(B, +6,) +isin(0,+6,)]

[Since cos(B, +6,) =cosB cosB —sinB sinb, and
sin(0, + 6,) = sinB,cosO, + cosO, sin6, ]

lz,.z,|= rllrz\/cosz(e1 +0,)+sin’(0, +0,) =11,

MODULE-III
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|z,.z,|= 1,1, =lz,l.1Z,|

and argumentofz z =0 +0, =arg (z )+arg (z,)

Find the modulus of the complex number (1 + 1) (4 — 31)
Solution: Let z= (1 +1) (4 —3i)

then Izl=1(1+1) (4-30)l

=1 (1+i)l.1(4=3i)I (since lzz)=lzllz))

But  I1+il= /12412 = \2.14-3il= 4> +(-3)* =5
lz1=+25=52

8.11 DIVISION OF TWO COMPLEX NUMBERS

Division of complex numbers involves multiplying both numerator and denominator
with the conjugate of the denominator. We will explain it through an example.

Let 7, =a+biand z,=c+di, then.

z, _a+bi
z, c+di

(c+di+#0)

a+bi _ (a+bi) (c-di)
c+di (c+di)(c—di)

(multiplying numerator and denominator with the conjugate ofthe denominator)

(ac+bd)+(bc—ad)i
c+d’

a+bi _ac+bd bc—adl_
c+di c+d* ’F+d?

D el ) BN Divide 3+i1 by 4-2i

. 341 (3+i)(4+2i)
Solution: E = (4—2i)(4+2i)

Thus,

Multiplying numerator and denominator by the conjugate of (4 —2i) we get
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10+10: 1 1.

= =—+4+—]

20 2 2

- 3+1 1 1i
S, =—+—
42 272

7|l
8.11.1 Prove that z, |22|

Proof: z =r (cosB, +isin® ), z, =r,(cosB, +1sinb,)

lz,|= rl\/cos2 8, +sin’ @, =1,
Similarly, lz,l=r,

and arg(z)=9, andarg(z,)= 0,

MODULE-III
Algebra-I|

z, _ r(cos6, +isinb,)
Then, z, T1,(cosB, +1sinb,)
_ 1, (cos 6, +isin6,)(cos b, —isin8,)
r, (cos@, +isinb,)(cos, —isiné,)
_ 1, (cosB, cosB, —icosB,sinB, +1isin6, cosB, +sin6, sinb,)
I, (cos® 0, +sin” 0,)
= i[(cos 6, cos 6, +sin 6, sin 6, ) +i(sin 6, cos 6, —cos 6, sin 6, ) |
r2
- i—'[cos(el —0,)+isin(®, —6,)]
2
N T werrar s wwencyremra S N |
Thes, =[5 =1 Jcos? (8, —8,)+sin>(6, 92)_r2 o]
4
Argument of 2_2 =6-6, =arg(z)—arg(z,)
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2+1
|61 ) CRNUA Find the modulus of the complex number 3]
—1

2+1
3—-1

Solution : Letz=

8.12PROPERTIES OF MULTIPLICATION OF TWO COMPLEX
NUMBERS

1. Closure: Ifz =a+biand z,= ¢ + dibe two complex numbers then their product z z, is also
acomplex number.

2. Cummutative: If z =a+biand z, = ¢ + di be two complex numbers thenz z,=7,z,.
3. Associativity: If z = (a + bi), z,=c + di and z, = (e + fi) then
2(2,2,)=(2,.2,).2,

4. Existence of Multiplicative Identity: For every non-zero complex number z, =a +bithere
exists a unique complex number (1 + 0i) such that

(a+bi).(1+0i))=(1+0i) (a+bi)=a+bi
Let z =x + yibe the multipicative identity of z=a+biThen z.z =z.
ie. (a+Dbi) (x+yi)=a+bi
or (ax —by) + (ay + bx)i=a+ bi
or ax—by=aanday+bx=b
pr x=1andy=0,1e. z =x+yi=1+0iisthemultiplicative identity.
The complex number 1 + Oiis the identity for multiplication.

5. Existence of Multiplicative inverse: Multiplicative inverse is acomplex number that when
multiplied to a given non-zero complex munber yields one. In other words, for every
non-zero complex number z = a + bi, there exists a unique complex number (x + yi) such that
their productis (1 + 0i). i.e. (a+bi) (x+yi))=1+0ior(ax—by) + (bx +ay)i=1+ 0i

Equating real and imaging parts, we have
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ax—by=1andbx+ay=0

Bycross multiplication
x_Y __ 1 _a _RC(Z) _ —b :_Im(z)
a -b a’+b? - x_a2+b2 B |Z|2 and Y a’+b’ |Z|2

Thus, the multiplicative inverse of anon-zero compelx number z = (a+ bi) is

._(Re(z) Im(z) .J_ z
X+ yi= - i|l=—

e )

B el ) BB Find the multiplication inverse of 2 —4i.
Solution: Let 7 =2—4; Wehave, z=2+4iand |2’ =[2* +(-4)>|=20

z _ 2+4 _ 1,1,
Required multiplicative inverseis | Z|2 20 10 5

6. Distributive Property of Multiplication over Addition
Let z,=a +bi, z=a+bji andz,=a +bii

Then z(z,+z)=2272,+2z2,

N
L'L JCHECK YOUR PROGRESS 8.4

1. Simplify each ofthe following:
@ (1+20(W2-i) ® 2 +1) (©) B+D(1-D(-1+D)
(d 2+31) ~(1-21) e)(1+2D)+(1+1) )1 +01)=@B+70)
2. Compute multiplicative inverse ofeach ofthe following complex numbers:
. 3+ 51
(a) 3 —4i (b) V3 +7i (c) :
2-3i
3. Ifz =4+3i, z,=3-2iandz,=1+35, verifythatz (z,+z,)=2z,+2,z,
4. Ifz =2+i,z,=-2+iand z,= 2 —ithen verify that (z,2)2,=2/(2,2,)
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8.13 SQUARE ROOT OF A COMPLEX NUMBER

Let a + ib be a complex number and x + iy be its square root
ie., Ja+ib = x+ iy
= a+ib= x*>—y*+2xy

Equating real and imaginary parts we have

x> -y =a (D)
and 2xy = b ...(2)
Using the algebraic identity (x> + y%)? = (x* — y*)? + 4x%y?> we get

P +y=a>+ b =P+ = 2 p? -3

From equations (1) and (3), we get

22 = Va? +b? +a:>x=i\/%(1/a2+b2 +a)

(4

and 2y2 =vVa’+b* —a= y=i\/l(1/a2 +b2 —a)

2

Out of these four pairs of values of x and y (given by equation (4) we have to choose the
values which satisfy (1) and (2) both.

From (2) if b is + ve then both x and y should be of same sign and in that case
NJa+ib = \/%(\/az +b° +a) +i\/%(\/a2 +b? —a)
and —\/%(\/aZ +b* +a) —i\/%(\/az +b* —a)

and if b is —ve then x and y should be of opposite sign. Therefore in that case

Ja+i =—\/%(\/a2 +b* +a) +i\/%(x/b2 +b* —a)

1 |1
and \/5(\/a2+b2 +a)_l\/5(\/a2+b2 —a)
Hence a + ib has two square roots in each case and the two square roots just differ in sign.

I el AP Find the square root of 7 + 24
Solution : Let /7424 =a+ib ..(1)

Squaring both sides, we get 7 + 24i = a*> — b> + 2 iab

MATHEMATICS



Complex Numbers

Comparing real and imaginary parts, we have a*> — b*> = 7 (2

and 2 ab =24 = ab = 12 ....(3)

Now (a® +b%)? = (a*> —b*)* + 4a°b?

=  (a®+b*)? =49+4x144

= (a®+b*)* =625

= a>+b>=25 (4

Solving (2) and (4), we get 2a> =32 = a’> =16 => a=+4

and 2> =18 = > =9 = b =23

From (3), ab = 12 which is +ve = a and b should be of same sign
Eithera=4,b=30or=-4,b=-3

Hence, the two square roots of 7 + 24i are 4 + 3i and — 4 -3i

I e ) EWIR Find the square root of — i

Solution : Let \/—j =g +ib

= —i=d®— b +2iab ()
Equating real and imaginary parts of (1), we get a®> — b*> =0 ..(2)
and 2 ab=-1= ab = —% ...(3)

1
Now, (a* + b*)?* = (a* — b?)* + 4a’h* = 0+4[Zj =1
= a+br=1 (4

From (2) and (4), 2b*> =1 = b* = 1 = b T

\}

1
and 2a2=1:>a2=—:>a +—r

Equation (3) suggests; that aandb should be of opposite sign therefore two square roots of
1 i 1 i

—jare —=——= and ——=+—F=
ENCIIN NEING)

’am\
L" § CHECK YOUR PROGRESS 8.5

Find the square root of the following complex numbers :

() —21 —20i (i) —4 — 3i (i) —48 —14i
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Complex Numbers

== )

.

25
s dl LET USs SUM UP

z = a+ biis a complex number in the standard form where a,be Randi= /1.

Any higher powers of'i' can be expressed in terms of one of the four valuesi, -1, —i, 1.

Conjugate of a complex number z = a + biis a— bi and is denoted by .

Modulus of a complex number z=a +biis 4/a? + b? i.e. |zl=la + bil= +/a’ + b>

@lzl=0 <z=0 dlzl=1,1

(©) |z1 +zz| g|zl|+|zz|

z =1 (cosB + i sinB) represents the polar form of a complex number z = a + bi where

afby. .
r=./a2 + p? ismodulusand © = tan 1(;] isits argument.

Z
Multiplicative inverse of a complex number z=a +bi is 1212

Square root of a complex number is also a complex number.

Two square roots of a complex number only differ in sign.

e\ SUPPORTIVE WEB SITES

http://www.youtube.com/watch?v=MEuPzvhOroM
http://www.youtube.com/watch?v=kpywdu1afas
http://www.youtube.com/watch?v=bPqB9aluk_8
http://www.youtube.com/watch?v=Stbjq VyQljk
http://www.youtube.com/watch?v=tvXRaZbljO8
http://www.youtube.com/watch?v=cWn6g8Qqvs4
http://www.youtube.com/watch?v=/8jSRDOibV4
http://www.youtube.com/watch?v=dbxJ61.D0344

Sl TERMINAL EXERCISE

1.

Find real and imaginary parts of each of the following:

1
(@2+71 (b)3+0i (©) —5 (d)51

(e)

2431
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2. Simplifyeachofthe following:
(@) /=3.4/-27 (b) -3J/-4+-72 (€) 3i" =51+ 1
3. Formthe complex numbers whose real and imaginary parts are givenin the formof ordered
pairs.
(@) z(3,-5) (b) z(0, —4) (©) z(8, m)
4. Find the conjugate ofeach ofthe following:
(a)1-2i b)-1-2i (c)6- \/Ei (d4i (e)—4i
5. Find the modulus ofeach ofthe following:
: . 3. :
(@ 1-i (b) 3 +mi (© =i (d) —2++/3i
6. Express 7i'" — 6i° + 3i* — 2i* + 1 in the form of a + bi.
7. Findthe values of x and y if:
(@ x-yD)+7-21=9-1i b)2x+3yi=4-91 (c)x—3yi=7+9i
8. Simplifyeach ofthe following:
D (1 - (1+ij_(2_ij+(i_zl-)
@QC+)-(1-)+(-1+1) (b) 7 7 7
9. Write additive inverse and multiplicative inverse of each of the following:
. . 1+5i
@3-7i  ®11-2  ©3+2 DI-2 ©7
10. Find the modulus ofeach ofthe following complex numbers:
St} (b)i 3420) (11 d) (1-3i) (-2 +1+3
(@) 3 213 ©@G+20d-D  (d)d-3D) (-20+F+3)
11. For the following pairs of complex numbers verify that 1z z, =1z, 11z, |
(@)z,=3-2i,z,=1-5i b z=3-/7i.2,= 3 —i
z,| lzl
12. For the following pairs of complex numbers verify that S m
2 2
(@ z,=1+3i, z,=2+5i (b)z,=-2+5i, z,=3-4
13. Find the square root of 2 + 3i
14. Find the square root of —2 +2+/-3.
15. Find the square root of i.
MATHEMATICS
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@) CHECK YOUR PROGRESS 8.1
I (@ 3\/§i (b)-3i (©) \/ﬁi

Notes
2. (@) 5+0i (b) 0 -3i (c) 0+ 0i

3. 124
CHECK YOUR PROGRESS 8.2

1 (a)2i (b)—-5+3i (©) _ﬁ (d)3+4

2. (@

(3,00 (ol (2.0)(3,0)

/7
X : - X
@)

(0, 4)
(b) ©, 2)
X

O
0,-3)
0,-5)

yl

204

MATHEMATICS



Complex Numbers

= =
w ©
= 5
2 o
8> g
2
=)
= < s
x
A
x
A
1 T
L3
~ < e em—————— ~
o @? +< ¥
o T & 5 y
~ 1 4 ~ O | ] o
— r—- . o ~ )
) T @ 1 ! ~ ----e
) R a ! — [
(\q ||||| “||||n|||||.m||||/H\._ “ — HI “
AR ) A R G » |
_ ! . s P—lt "
- — + T t _ t -~ ! “ k !
! + ! ! ! 1 T |
R IO SO | N !
T 1 T !
0 A >~ &---— i A [
A X o |
~ “ | n/_u —_ T - |
T ~ 0 4 )
N ) = A
a1 U
T T Ir ¢
~ T A/_~ T ~
| 1
J oo
=
N~ A
x
_ ~
© c)

MATHEMATICS



Complex Numbers

MODULE-III
Algebra-I Y
(6, 7)
e ————— = ————— .’I
@ (e) (-3,4) + i
o— !
Notes 1 i
5,1 1 !
( 9——2 ————————— -—-o (1)
X+ x
s e
t a
3.4 T E
+---mm - (6,-7)
N

3. (a (1 3 (i) 10 (i) /13 (iv) /21
CHECK YOUR PROGRESS 8.3

) 1 )
L @ (V2+45)+(V5-+2)i (b) ~(6+1)
(c) 7i ) V2(N2+1)+(7-3)
2. (@) 11 + 3i () 11 +3i  (c) Yes
d) -1 —i () 1 +i () No
3. (a) 4 + 3i (b) 4 + 31 (¢) Yes
d 2+ 5i () —2-i (f) No.

4. (@) —12+ 7i (b) —4 + 3i
5. 18 — 6i
CHECK YOUR PROGRESS 8.4

L@ (V2e2)+(2V2-1)i ) 1a24ai
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1 .

() -2+ 6i (d) E(—4 +71)
l(3+i) i(3—71)

© 3 ® 5

2 @ o(3+40) 0  —GB-70)

' 25 52
i(—9 —19i)

© 3

CHECK YOUR PROGRESS 8.5

1 3 .-1 3.
G) 2 -5i, -2 +5i W G5HGE
(i) 1-7i,~1+7i
TERMINAL EXERCISE
. @ 2,7 b) 3,0
©) —%, 0 @ 0,5
2 3
© 13713
2. (@ -9 (b)  —124/6i
(c) —4— 3i
3. (@ 3-5i (b) 0 — 4i
(©) 8+ i
4. (@ 1+2i b) -1 +2i

©  6++/2i (d) 4

(e) 4i
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5. b 2
Algebra-I| ® V2 ® o+
3
@ © 5 @ 7
~oes| ©- 9 + 4i
7. (@ x=2, y=-1 b) x=2,y=-3

(c) x=7,y=-3

2
8. (@ 1+ 3i (b) =+ 0i

1 . B 1 .
9. (@ -3+7i 58(3+71) (b) 11+ 2i, 125( 11+ 2i)
(©) —\/5—21',%(\/5—21') @  —1+4/2i, %(1+\/§i)

1
2-3i, —(2+3i
(e) 5 (2+3)

1
0. @ 7 (b) é\/145
© J26 (d) 45

13. =*

fos¥es
14, 1++/3i,-1-/3i

I .
+—=1,
2 2

15.

I .
—=1i
V2

-
2l
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QUADRATIC EQUATIONS AND
LINEAR INEQUALITIES

Recall that an algebraic equation of the second degree is written in general form as

ax* +bx+c =0, a#0.Itiscalled a quadratic equation in x. The coefficient ‘a’ is the first or
leading coefficient, ‘b’ is the second or middle coefficient and ‘c’ is the constant term (or third

1
coefficient). For example, 7x>+2x+5 =0, Exz + Ex +1=0,

1
3x2 —x=0, x?+ 5= 0, \/2 x2+ 7x =0, are all quadratic equations.

Some times, it is not possible to translate a word problem in the form of an equation. Let us
consider the following situation:

Alok goes to market with Rs. 30 to buy pencils. The cost of one pencil is Rs. 2.60. If x denotes
the number of pencils which he buys, then he will spend an amount of Rs. 2.60x. This amount
cannot be equal to Rs. 30 as x is a natural number. Thus.

2.60 x < 30 ()

Let us consider one more situation where a person wants to buy chairs and tables with Rs.
50,000 in hand. A table costs Rs. 550 while a chair costs Rs. 450. Let x be the number of
chairs and y be the number of tables he buys, then his total cost =
Rs.(550x +450y)

Thus, in this case we can write, 550x + 450y < 50,000
or 11x+9y < 1000 ... (i)

Statement (i) involves the sign of inequality ‘<’ and statement (ii) consists of two statements:
11x+9y < 1000, 11x+9y = 1000 in which the first one is not an equation: Such statements are
called Inequalities. In this lesson, we will discuss linear inequalities and their solution.

We will also discuss how to solve quadratic equations with real and complex coefficients and
establish relation between roots and coefficients.

r

\Z| OBJECTIVES

After studying this lesson, you will be able to:

e solve a quadratic equation with real coefficients by factorization and by using quadratic
formula;
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ns and Linear Inequalities

find relationship between roots and coefficients;

form a quadratic equation when roots are given;

differentiate between a linear equation and a linear inequality;

state that a planl region represents the solution of a linear inequality;
represent graphically a linear inequality in two variables;

show the solution of an inequality by shading the appropriate region;

solve graphically a system of two or three linear inequalities in two variables;

EXPECTED BACKGROUND KNOWLEDGE

Real numbers
Quadratic Equations with real coefficients.
Solution of linear equations in one or two variables.

Graph of linear equations in one or two variables in a plane.

Graphical solution of a system of linear equations in two variables.

9.1 ROOTS OF A QUADRATIC EQUATION

The value which when substituted for the variable in an equation, satisfies it, is called a root (or
solution) of the equation.

If o be one of the roots of the quadratic equation
ax’* +bx+c=0,a#0 .. (D)

then 4o +ba+c=0

In other words, x — ¢ is a factor of the quadratic equation (i)

In particular, consider a quadratic equation x>+ x—6=0 ...(1)
If we substitute x =2 in (ii), we get LH.S=22+2-6=0
L.H.S=R.H.S.
Again put x = —3 in (ii), we get L.H.S.=(-3)’-3-6=0
L.H.S=R.H.S.

Againput x = —1in(ii) ,we get LH.S=(-1)’+(-1)-6=-6 20 =R.H.S.
-, x=2 and x= —3 are the only values of x which satisty the quadratic equation (ii)

There are no other values which satisty (ii)

.. x=2,x= — 3 are the only two roots of the quadratic equation (ii)
Note: If a, B be two roots of the quadratic equation
ax?’+bx+c=0,a %0 ...(A)

then (x— o) and (x— ) will be the factors of (A). The given quadratic

equation can be written in terms of these factors as (x— o) (x— ) =0

MATHEMATICS
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9.2 SOLVING QUADRATIC EQUATION BY FACTORIZATION

Recall that you have learnt how to factorize quadratic polynomial of the form

p(x)= ax’ +bx+c, a # 0, by splitting the middle term and taking the common factors. Same

method can be applied while solving a quadratic equation by factorization.

MODULE-III
Algebra-|

If x — % and x — % are two factors of the quadratic equation

ax’+bx+c=0,a =0 then (x — g)(x—g )=0

- _Pp _I
either x = q O X=g

The roots of the quadratic equation ax? + bx + ¢ =0 are % , %

IBE1 ) AN Using factorization method, solve the quadratic equation: 6x 2 +5x — 6=0

Solution: The given quadratic equation is 6x?+5x — 6 =0 ()
Splitting the middle term, we have 6x 2 +9x —4x — 6=0
or, 3x(2x+3)-2(2x+3)=0o0r, 2x+3)(3x-2)=0

ISR

3
- Either2x+3=0 = x=— 5 or, 3x-2=0= x=

W N

3
.. Two roots of the given quadratic equation are — 5 s

I el ) BB Using factorization method, solve the quadratic equation:

33X+ Tx = 342 =0

Solution: Splitting the middle term, we have 3,/2 x*+ 9x—2x — 3,/2 =0
or, 3x(J2x+3) — J2(J2x+3)=00r, (/2x+3)3x —./2)=0
V2

3
Either /2 x+3=0 = x=— ﬁorﬂx—ﬁ =0 x=—

3
3 2

.>. Two roots of the given quadratic equation are — _\/5 , —3

Using factorization method, solve the quadratic equation:
(a+b)¥?x*+6(*-bH)x+9(@-b)?*=0

Solution: The given quadratic equationis (a+b)>’x>+ 6 (a> —= b)) x+9 (a—b)>=0

Splitting the middle term, we have

(a+b)?x*+3(@ —-b)x+3@-bHx+9(a-b)*=0

or, (a+b)x{(a+b)x+3(a—-b)}+3(a-b){(a+b)x+3(a-b) }=0

or, {a+b)x+3(@a—-b)} {(a+b)x+3(a-b) }=0
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~3(a—b) 3(b—a)

either (a+b)x+3(a-b)=0 = x= a+b a+b

—3(a—b) 3(b—a)
a+b  a+b

or, (a+b)x+3(a—b)=0 = x=

Notes

3(b—a) 3(b—a)
+b ’ a+b

The equal roots of the given quadratic equation are

Alternative Method
The given quadratic equation is (a + b)> x>+ 6(a> — b’) x + 9(a—b)*=0
This can be rewritten as
{(a+b)x}>’+2.(a+b)x.3(a-b)+ {3(a-b)}>’=0

or, {(@a+b)x+3@-b)>’=0o0r, x= — 3(a—b) _ 3(b—a)

a+b a+b
3(b—a) 3(b—a)
Th drati tion h: Iroot
e quadratic equation has equal roots atb ° athb

Q
\&" § CHECK YOUR PROGRESS 9.1

1. Solve each of the following quadratic equations by factorization method:
() 3 x*+10x+8 /3 =0 (i) x>?=2ax+a’—b=0

ab ¢
(iii)x2+(7_£j x—1=0 (iv) xX*'—4 {2x+6=0

9.3 SOLVING QUADRATIC EQUATION BY QUADRATIC

FORMULA

Recall the solution of a standard quadratic equation

ax’+bx+c=0,a =( by the “Method of Completing Squares”

Roots of the above quadratic equation are given by

—b++/b*—4ac —b—+/b*—4ac
X, = and X )= ————
2a 2a
_ —b+v/D _ —-b—D
- 2a  2a

where D =b”—4ac is called the discriminant of the quadratic equation.

212
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For a quadratic equation qx” + bx +c =0, a # 0 if

@) D>0, the equation will have two real and unequal roots

(ii) D=0, the equation will have two real and equal roots and both roots are
equalto ——
B 2a

(iii) D<0, the equation will have two conjugate complex (imaginary) roots.

I D¢1i1) RN Examine the nature of roots in each of the following quadratic equations and
also verify them by formula.

@ X+9x+10=0 (i) 9y2—63/2y+2=0
(iii) Jot?=3t+3./p =0

Solution:

@ The given quadratic equationis x*+9x+10=0

Here, a=1,b=9and c=10

D =b*-4ac=81-4.1.10=41>0.

The equation will have two real and unequal roots

—9++/41
2

Verification: By quadratic formula, we have x =

—9++/41 —9-+/41

The two roots are > , > which are real and unequal.

(i) The given quadratic equationis 9y*—6./2 y+2=0
Here, D=b’—4ac=(-6,/2)’-49.2 =72-72=0
The equation will have two real and equal roots.

62 +-/0
2.9

V2
Verification: By quadratic formula, we have y= =5

N

The two equal roots are T s T

(iii) The given quadratic equationis /2 t* —3t+3./2 =0
Here, D=(-3)*-4../.3./2 = -15<0

The equation will have two conjugate complex roots.
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Verification: By quadratic formul have t 32415 _3£VISi here ; — ./
erication: yqua ratic rormula, we nave t = 2\/5 2\/5 s W erelZ _1

3+151 3--/15i

WO conjugate complex roots are 2\/5 2\/5

15611 R RN Prove that the quadratic equation x*+ px — 1 =0 has real and distinct roots
for all real values of p.

Solution: Here, D = p? + 4 which is always positive for all real values of p.
The quadratic equation will have real and distinct roots for all real values of p.

| ). é1110) (UKW For what values of k the quadratic equation

(4k+ 1) x>+ (k + 1) x + 1 = 0 will have equal roots ?
Solution: The given quadratic equationis (4k + x>+ (k+ 1) x+1=0
Here, D=(k+1)*—4.(4k + 1).1
For equal roots, D=0 -, (k+1)>’-4(4k+1)=0
= k?2-14k-3=0

144196 +12 14++/208
k= —————ork=———— =7%213 00 7+213.7-213

which are the required values ofk.

Prove that the roots of the equation
x? (a>+ b?) + 2x (ac+ bd) + (c*+ d?) = 0 are imaginary. But if ad = bc,
roots are real and equal.

Solution: The given equation is x*(a? + b?) + 2x (ac + bd) + (¢*+d*) =0

Discriminant = 4 (ac + bd)*—4 (a? + b?) (c* + d?)

8 abcd —4(a®> d®> + b?>c?) = — 4 (=2 abed + a% d* + b* ¢?)

= — 4 (ad-bc) 2, <0foralla,b,c,d

The roots of the given equation are imaginary.

For real and equal roots, discriminant is equal to zero.
= — 4 (ad—bc)> =0or, ad =bc

Hence, if ad=bc, the roots are real and equal.

Fam\
LAA CHECK YOUR PROGRESS 9.2

1. Solve each of the following quadratic equations by quadratic formula:

) 2x2-3x+3=0 (ii) —x2+2x-1=0

MATHEMATICS
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(i)  —4x*+/5x-3=0 V)  3x*+42x+5=0
2. For what values of k will the equation
y*—2 (1 + 2k) y + 3 + 2k = 0 have equal roots ?
3. Show that the roots of the equation

(x—a) (x=b) + (x—b) (x—c) + (x—c) (x—a) = 0 are always real and they can not be equal

MODULE-III
Algebra-|

unlessa=b=c.

9.4 RELATION BETWEEN ROOTS AND COEFFICIENTS OF

A QUADRATIC EQUATION

You have learnt that, the roots of a quadratic equation ax>+bx +c=0,a = ()

—b++b*—4ac and —b—-+b*—4ac

are
2a 2a
—b++/b% -4 —b—b*-4
Let q=_otbimd4ac o nd B= b—/b’—4ac (i)
2a 2a
S .. -2b -b
Adding (i) and (ii)), wehave ¢ + f = (= —
2a a
Sum of the roots = — coeﬁflc.lent of Xz __b ... (ii1)
coefficient of x a

+b” —(b> —4 ac) 3 4 ac C

a f =

4a’ 4a* a

constant term c )
Product of the roots = — 7= ..(iv)
coefficient of x

(iii) and (iv) are the required relationships between roots and coefficients of a given quadratic
equation. These relationships helps to find out a quadratic equation when two roots are given.

I EURE If, o, [ are the roots of the equation 3x? — 5x + 9 = 0 find the value of:

1 1
(@ a’*+ p° b) 2+ g

Solution: (a) It is given that ¢, £ are the roots of the quadratic equation 3x>—5x+9=0.

5 .
a+,8—§ ..()

and aﬁ’=§=3 ... (ii)
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. 5V
Algebra - | Now, o’+p° =(a+p) -2 = (?J — 23  [By(iand (ii)]
_
T 9
Notes 1 1 CZ2+,32 _929 . )
(b) Now, ?+ 2= 2B = 79 [By (i) and (ii)]
29
81

I EV IR [f r, § are the roots of the equation 3y* + 4y + 1 = 0, form a quadratic
equation whose roots are 2, 2

Solution: It is given that ¢r, § are two roots of the quadratic equation 3y* + 4y + 1 =0.

Sum of the roots
. 8 coefficient of y 4 0
ie., + f=- — = —
© @ coefficient of y’ 3 !
. constant term 1 .
Product of the rootsie., ¢ S = == ... (i)

coefficient of y* 3

Now, a’*+ f*=(a+ )y -2a f

_(_4j2 1 A
=173 - 2. 3 [ By (i) and (i1)]
6 2 10
T 9 3 79
1
and a’zﬁz:(aﬁ)z:g [By () ]

The required quadratic equationis y*— (a*+ B)y+ o *=0

10 1

or, y2—3y+§:00r, 9y’ -~ 10y +1=0

I D111 AL If one root of the equation gx? + bx + ¢ =0, a # 0be the square of the other,
prove that b’ + ac? + a’c = 3abc

Solution: Let ¢, a? be two roots of the equation ax*> + bx + ¢ =0.

216
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b
a+ at=— — .. (D)
a

a
c
e, a’=—. ... (i)
a
. b
From (i) we have (o +1) = — "
3 b3 3
or, {0!(06+1)}3=(_a)=—ag or, a3(a3+3a2+3a+1)=—§
c ¢ b b’
— =3+l = - = ; -
or, a {a ( a) }— e ... [By (1) and (i1)]
2 3b 3
or, C_z— QC +C—=—7 or, ac>—3abc + a’c= — b’
a a a a

or, b®+ ac?+ a’c = 3abc, which is the required result.

1B eV EAIR Find the condition that the roots of the equation ax* + bx + ¢ =0 are in the
ratiom:n

Solution: Let m¢ and n be the roots of the equation ax? +bx + ¢ =0

b
Now, mg +ng =— — ... (1)
a
c
and mng? = N ... (i)
b 2
From (i) we have, a(m+n)=——or, g*(m+n)’=—
a a
c 2
or, — (m+n)’=mn — [ By (ii)]
a a
or, ac (m+n)? = mn b? , which is the required condition
L@ & CHECK YOUR PROGRESS 9.3
1. If «, B are the roots of the equation ay® + by + ¢ = 0 then find the value of :
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N A B
O 2+ p (i) ++ gt

2. If &, B are the roots of the equation 5x* — 6x + 3 = 0, form a quadratic equation
whose roots are:
0 a B (i) o*B. a

3. If the roots of the equation ay* + by + ¢ = 0 be in the ratio 3:4, prove that
12b* =49 ac

4. Find the condition that one root of the quadratic equation px* —gqx + p = 0

may be 1 more than the other.

9.5 SOLUTION OF A QUADRATIC EQUATION WHEN D < 0

Let us consider the following quadratic equation:
(@ Solvefort: t?+3t+4=0

-3%£9-16 -3+~-7
2 - 2
Here, D=-7<0

“3+3=7 =37

The roots are nd
2 2
—3++/71 -3-4/7i
or, 5
2 2

Thus, the roots are complex and conjugate.
(b) Solve fory:

-3y"+ 5y-2=0

| —V5£5-4(-3).(-2) —J5+/-19

y= 2(-3) oY= ¢

Here, D= -19<0

The roots are

—5+419i /519
-6 6

Here, also roots are complex and conjugate. From the above examples , we can make the
following conclusions:

) D < 0 in both the cases
(i) Roots are complex and conjugate to each other.
Is it always true that complex roots occur in conjugate pairs ?

Let us form a quadratic equation whose roots are 2 + 3iand 4 — 51

MATHEMATICS
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The equation willbe {x— (2 +31)} {x—(4-51)} =0
or, X—Q2+3D)x-4-5Dx+2+3) 4-5)=0
or, x? + (=6 + 21)x + 23 + 2i = 0, which is an equation with complex coefficients.

Note: If the quadratic equation has two complex roots, which are not conjugate of
each other; the quadratic equation is an equation with complex coefficients.

9.6 Fundamental Theorem of Algebra

You may be interested to know as to how many roots does an equation have? In this regard the
following theorem known as fundamental theorem of algebra, is stated (without proof). ‘A
polynomial equation has at least one root’.

As aconsequence of this theorem, the following result, which is of immense importance is arrived
at.

‘A polynomial equation of degree » has exactly n roots’

N
L'L § CHECK YOUR PROGRESS 9.4

Solve each of the following equations.

1
L —¥+x+2=0 2. B =2x+33=0 3. x2+$x+1=0

4. \/§x2+x+\/§=0 5 X2+3.x+5=0

LA 1Y O(0 10N BN ONRE NI D0V ELONRIN Now we will discuss about linear inequalities
and their applications from daily life. A statement involving a sign of equality (=) is an equation.
Similarly, a statement involving a sign of inequality, <, >, <, or > is called an inequalities.

Some examples of inequalities are:

DH2x+5>0 (i) 3x—-7<0
(i) ax+b > 0,a = 0 (ivyax+b <c,a = 0
(V) 3x+4y < 12 (vi) x> =5x+6<0

(vi)ax+by+c>0
(v) and (vii) are inequalities in two variables and all other inequalities are in one variable. (i) to (v)
and (vii) are linear inequalities and (vi) is a quadratic inequalities.

In this lesson, we shall study about linear inequalities in one or two variables only.

9.8 SOLUTIONS OF LINEAR INEQUALITIES IN ONE/TWO VARIABLES

Solving an inequalities means to find the value (or values) of the variable (s), which when substituted
in the inequalities, satisfies it.
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For example, for the inequalities 2.60x<30 (statement) (i) all values of x< 11 are the solutions.
(x is a whole number)

For the inequalities 2x + 16>0, where x is a real number, all values of x which are >— 8 are the
solutions.

For the linear inequation in two variables, like ax + by + ¢ > 0, we shall have to find the pairs of
values of x and y which make the given inequalities true.

Let us consider the following situation :

Anil has Rs. 60 and wants to buy pens and pencils from a shop. The cost of a penis Rs. 5 and
that of a pencil is Rs. 3 If x denotes the number of pens and y, the number of pencils which Anil
buys, then we have the inequality 5 x+ 3y < 60 (@

Here, x =6, y = 10 is one of the solutions of the inequalities (i). Similarly x =5, y=11; x =4,

y=13;x=10, y =3 are some more solutions of the inequalities.

In solving inequalities, we follow the rules which are as follows :

1. Equal numbers may be added (or subtracted) from both sides of an inequalities.
Thus (i) ifa>bthena+c>b+canda—c>b—c
and (il)) ifa < bthena+d < b+danda—-d < b—d

2. Bothssides of an inequalities can be multiplied (or divided) by the same positive number.

a b
Thus (i) if a > b and ¢ > 0 then ac > bc and ;>;

a _b
and (ii) if a < b and ¢ > 0 then ac < bc and ;S;

3.  When both sides of an inequalities are multiplied by the same negative number, the sign
of inequality gets reversed.

b
Thus(i)ifa>bandd<0thenad<bdand§<E

a_b
and (ii) if a < b and ¢ < 0 then ac > bc and ;Z;

3x—4 _ x+1 ) )
Example 9.12 [SU\E > 2 4 —1. Show the graph of the solutions on number line.

Solution: We have

3x—4 > x+3

2 4

3x—4 _ x+1
>—1
> 1 or

or 2(3x—4)=(x—3) or 6x—8>x—3 or5x>5o0r x>1

MATHEMATICS
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The graphical representation of solutions is given in Fig.

0 1

I el EURNEN The marks obtained by a student of Class XI in first and second terminal

MODULE-III
Algebra-I

examination are 62 and 48, respectively. Find the minimum marks he should get in the annual
examination to have an average of at least 60 marks.

Solution: Let x be the marks obtained by student in the annual examination. Then

62+48+x
—— 260 or 110+x>180 or x>70

Thus, the student must obtain a minimum of 70 marks to get an average of at least 60 marks.

| B ) ) VB ER A manufacturer has 600 litres of a 12% solution of acid. How many litres of a
30% acid solution must be added to it so that acid content in the resulting mixture will be more
than 15% but less than 18%?

Solution: Let x litres of 30% acid solution is required to be added. Then
Total mixture = (x + 600) litres
Therefore 30% x + 12% of 600 > 15% of (x + 600)

and 30% x + 12% of 600 < 18% of (x + 600)
30x 12 15
—+——(600) > —(x+600

or 100 100 (000)> 75g (x+600)
30x 12 18
—+—(600) <—(x+600

and 100 " 100 (000) < 7og (x+600)

or 30 x + 7200 > 15 x + 9000

and 30x + 7200 < 18 x + 10800

or 15 x> 1800 and 12 x < 3600

or x> 120 and x < 300,

ie. 120 < x < 300

Thus, the number of litres of the 30% solution of acid will have to be more than 120 litres but less
than 300 litres.

6.3 GRAPHICAL REPRESENTATION OF LINEAR INEQUALITIES IN ONE
ORTWO VARIABLES.

In Section 6.2, while translating word problem of purchasing pens and pencils, we obtained the
following linear inequalities in two variables x and y :

Sx+3y<60 ..l (1)
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Let us now find all solutions of this inequation, keeping in mind that x and y here can be only
whole numbers.

To start with, let x=0.
Thus, we have 3y < 60 or y < 20, i,e the values of y corresponding to

x=0canbe0,1,2,3............ , 20 only Thus, the solutions with x =0 are
(0,0), (0,1), (0,2) ceeeererrnrinrirerreerreenee (0, 20)

Similarly the other solutions of the inequalities, when x= 1,2, ...12 are
(1,0) (L) (L,2) e, (1,18)
(2,0) 2,1)  (2,2) e, (2,16)

(10,0) (10,1) (10,2), (10,3)
(11,0) (11,1
(12,0)

You may note that out of the above ordered pairs, some
pairs such as (0,20), (3, 15), (6, 10), (9, 5), (12,0) satisfy
the equation 5x + 3y = 60 which is a part of the given
inequation and all other possible solutions lie on one of
the two half planes in which the line 5x + 3y = 60,
divides the xy - plane.

If we now extend the domain of x and y from whole
numbers to real numbers, the inequation 5x + 3y <60
will represent one of the two half planes in which the line
5x + 3y =60, divides the xy-plane.

Thus we can generalize as follows :

If a,b,c, are real numbers, then ax + by + ¢ = 0 is

called a linear equalities in two variables x and y, where A
asax+by+c<Qorax+by+c > 0,ax+ by +c>0
and ax + by + ¢ < 0 are called linear inequations in two
variables x and y. 2.

The equation ax + by + ¢ = 0 is a straight line which
divides the xy plane into two half planes which are
ted by ax+ by +c¢>0 and ax + by + 0. «x

represented by ax+ by +c>0and ax+ by + ¢ < T I 4\
For example 3x + 4y — 12 = 0 can be represented by 11 B™
line AB, in the xy - plane as shown in Fig. 9.2 P
The line AB divides the cordinate plane into two half - v,
plane regions :

@

half plane region I above the line AB

MATHEMATICS
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(i) half plane region II below the line AB. One of the above region represents the inequality
3x+4y —12 <0 ...(1) and the other region will be represented by 3x + 4y — 12 > 0. ... (i)

To identify the half plane represented by inequation (i), we take any arbitrary point, preferably
origin, if it does not lie on AB. If the point satisfies the inequation (i), then the half plane in which
the arbitrary point lies, is the desired half plane. In this case, taking origin as the arbitrary point
we have

0+0-12<01i.e —12<0. Thus origin satisfies the inequalities 3x + 4y — 12 < 0. Now, origin lies in
half plane region II. Hence the inequalty 3x + 4y —12 < O represents half plane II and the
inequality 3x + 4y — 12 >0 will represent the half plane I

ID I ERAEN Show on graph the region represented by the inequalities x + 2y > 5.
Solution : The given inequalities is x + 2y > 5

Let us first take the corresponding linear equation x + 2y = 5 and draw its graph with the help of
the following table :

X 1 3 5
y 2 1 0

Since (0,0) does not lie on the line AB, so we can select (0,0) as the arbitrary point. Since
0+ 0> 51s not true

The desired half plane is one, in which origin does not lie

The desired half plane is the shaded one (See Fig. 9.3)

y
5_
4_/ Ty
\<£/ efA
S
27 B
1_
x C’\6<X/
T T T T T
Ol 1 2 345
y’
Fig. 9.3

Before taking more examples, it is important to define the following :

(i) Closed Half Plane: A half plane is said to be closed half plane if all points on the line
separating the two half planes are also included in the solution of the inequation. The Half
plane in Example 6.1 is a closed half plane.

(ii) An Open Half Plane : Ahalf plane in the xy plane is said to be an open half plane if the
points on the line separting the planes are not included in the half plane.
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MODULE-III I el EUREN Draw the graph of inequation x — 5y >0

Algebra -
Solution : The given inequationis x—5y>0
The corresponding linear equation is 5+
x —5y =0 we have the following table.
Notes X 0 5 -5

y 0 1 -1

The line AOB divides xy - plane into two half
planes I and II. As the line AOB passes through
origin, we consider any other arbitrary point
(say) P (3,4) whichis in half plane I. Let us see
whether it satisfies the given inequation
x—5y>0
Then 3 -5@)>0o0r3-20>0, or

—17 > 0 which is not true Ry
.. The desired half plane is 11 s*
Again the inequation is a strict inequation x —
5y>0

Line AOB is not a part of the graph and I

hence has been shown as a dotted line.

<

Hence, the graph of the given inequation is the o[ " " / *
shaded region half plane II excluding the line
AOB.

11¢C
I el EUNUA Represent graphically the =

inequlities 3 x— 12 >0 Fig. 9.5

Solution : Given inequationis 3x—12>0 y

and the corresponding linear equation is

3x—12 =0 or x — 4 =0 or x = 4 which is 2y+420

represented by the line ABC on the xy - I

plane (See Fig. 9.5). Taking (0,0) as the

arbitrary point, we can say that 0 + 4 and NG x

s0, half plane II represents the inequation \\ &\\\\

3x-12 >0 _ o y=-2
B C

IH el ERAER Solve graphically the il

inequation2y +4 > 0

Fig. 9.6

Solution : Here the inequation is
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2 y+4 > 0 and the corresponding equationis 2y +4=0ory=—-2

The line ABC represents the line
y =—2 which divides the xy - plane into two half planes and the inequation
2y + 4 > O is represented by the half ~ plane I.

MODULE-III
Algebra-|
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Represent the solution of each of the following inequations graphically in two dimensional plane:

1. 2x+y>8 2.x-2y<0
3. 3x+6>0 4.8-2y>2
5. 3y>6-2x 6.3x>0

7. y<4 8.y>2x-8
9. —y<x-5 10. 2y < 8 —4x

6.4 GRAPHICAL SOLUTION OFA SYSTEM OF LINEAR INEQUATIONS IN
TWO VARIABLES.

You already know how to solve a system of linear equations in two variables.

Now, you have also learnt how to solve linear inequations in two variables graphically. We
will now discuss the technique of finding the solutions of a system of simultaneous linear inequations.
By the term solution of a system of simultaneons linear inequations we mean, finding all ordered
pairs (x,y) for which each linear inequation of the system is satisfied.

A system of simultaneous inequations may have no solution or an infinite number of solutions
represented by the region bounded or unbounded by straight lines corresponding to linear
inequations.

We take the following example to explain the technique.

| D611 CR AN Solve the following system of inequations graphically:

X+y>6; 2x—-y>0.

Solution : Given inequations are

and

We draw the graphs of the lines x + y = 6 and
2x —y =0 (Fig. 9.7)

The inequation (i) represent the shaded region

Y C
B
above the line x + y = 6 and inequations (ii)
7\2‘-\
2x — y= 0 .</ \ -+ $J)
The common region represented by the double 1 § S6

represents the region on the right of the line
shade in Fig. 9.7 represents the solution of the
given system of linear inequations.

MATHEMATICS

Notes



and Linear Inequalities

vl | ool o.20 {
| )¢ 111 ) (R WA N Find graphically the solution _
Algebra -| ° SHPEEY xed
of the following system of linear inequations :
x+y <5, dx+y > 4, 4
x+5y > 5, x<4, y<3. Z\A E y=3
Solution : Given inequations are )
\ 5 . X+ 5y =5 D
Notes X+y<o ... (1 —_ E\‘
dx+y>4 ... (i) 5 b : i
x+5y>5 .. (iii) I 32 S SR
x<4 L (iv) x RO
andy <3 ... v) N
We draw the graphs of the lines ¥
x+y=5, 4x+y=4, x+5y=5, Fig. 9.8

x=4and y =3 (Fig. 9.8)

The inequlities (i) represents the region below the line x +y = 5. The inequations (ii) represents
the region on the right of equation 4x + y =4 and the region above the line x + S5y =5
represents the inequation (iii). Similarly after shading the regions for inequations (iv) and (v) we
get the common region as the bounded region ABCDE as shown in (Fig. 9.8) The co-ordinates
of the points of the shaded region satisfy the given system of inequations and therefore all these
points represent solution of the given system.

IDEINIERIPAR Solve graphically the y
following system of inequations : 7

4] 3x+4y=>12
x+2y<3,3x+4y>12, x>0,y > 0. x>0
Solution : We represent the inequations \5> y20
x+2y<3,3x+4y >12,x >0,y > O by 5
shading the corresponding regions on the graph ~
as shown in Fig. 9.9 1
Here we find that there is no common region 0
represented by these inequations. i i 3\4\§ 3,

We thus conclude that there is no solution of tro, < * N
the given system of linear inequations. Fig. 9.9 7 °

I el RPN Solve the following system X
y

of linear inequations graphically : N N C
xX—y<2, 2x+y<6;x >0,y >0. 5_\\9 .
Solution : The given inequations are B -7
4 -
x—y<2 .. (D) N N\ oL
2x+y<6 ... (i) ok =
x>0:y>0 -.. (i) >
. . . 1y
After representing the inequations o . .
x—y<2,2x+y<6,x>0andy>0 on the graph 1L-"2A 3 4
we find the common region which is the bounded -7 R .
region OABC as shownin Fig. 9.10 ;2“" Fig.9.10
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N MODULE-II
L@ § CHECK YOUR PROGRESS 9.6 Algebra-I
Solve each of the follwing systems of linear inequations in two variables graphically :
1. x>3,y>1.
2. y>2x,y<?2. Notes
3. 2x+y-3>0,x-2y+1<0O.
4. 3x+4y < 12, 4x+3y<12, x>0, y=>0
5. 2x+3y>3,3x+4y <18, 7Tx—4y+142>20, x—-6y<3, x20,y=>0
6. x+y>93x+y>12,x>0, y>0
7. x+y>1;2x+3y<6, x>0,y >0.
8. x+3y>10;x+2y <3, x-2y<2,x>0;y>0
A%
)
e dl LrT Us sum up

° Roots of the quadratic equation ax* + bx + ¢ = 0 are complex and conjugate of each

other, whenD < 0. and a,b,ce R.
° If ar, f be the roots of the quadratic equation

b c
ax’+bx+c=0then g+ f=——and a S = N
a

° If ¢and S are the roots of a quadratic equation. then the equation is:

x*—(a+p)x+af=0
° The maximum number of roots of an equation is equal to the degree of the equation.

A statement involving a sign of inequality like, <, >, <, >, is called an inequation.
° The equation ax + by + ¢ =0 is a straight line which divides the xy-plane into two half

planes which are represented by ax + by + c>0and ax+by+c<0
° By the term, solution of a system of simultaneous linear inequalities we mean, finding all

e\ SUPPORTIVE WEB SITES

http://www.youtube.com/watch?v=EoCelL4ASPIcA
http://www.youtube.com/watch?v=FnrqBgot3jM
http://www.youtube.com/watch?v=-aTyl ED 1m5I
http://www.youtube.com/watch?v=YB Yu5aZPLeg
http://www.youtube.com/watch?v=20GsLdAWxlk

values of the ordered pairs (x,y) for which each linear inequalities of the system are satisfied.
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Algebra -| qil TERMINAL EXERCISE
1. Show that the roots of the equation
2(a’+ b? )x*+ 2(a + b)x + 1=0 are imaginary,when a # b
2. Show that the roots of the equation
Notes bx*+ (b —c)x = c + a-b are always real if those of
ax?+ b(2x + 1) =0 are imaginary.
3. If o, f be the roots of the equation 2x*> — 6x + 5 =0, find the equation whose
roots are:
a1 L T L
(1) B8 a (11)a'+'5,ﬁ+a (111)a'+ﬂ,a2+ 2
Solve the following inequalities graphically.
4. x>-2 5. y<2. 6. x<3 7. y>-13
X Y
8. 5-3y>-4 0. 2x-5<3. 10. 3x-2y< 12 11. §+§21-
12. 2x—-3y>0 13. x+2y<0.
Solve each of the following systems of linear inequalities in two variables graphically.
14. -1<x<3,1<y<4. 15.2x+3y <6, 3x+2y<6.

16. 6x + 5y < 150,
x+4y <80

17.3x+2y<24, x+2y< 16
x+y<10,x>0,y>0

x<15,x>0,y>0.
18. xX+y>3,7x+6y<42
x <5, y<4
x>0, y>0
Solve that inequalities:
3(x—=2) 5(2—x
19. ( 5 )S ( 3 ) 20. 37—(3x+5)29x—8(x—3)
(2x—1) (3x—2) (2—x)
2 - 22. Sx+1>-24,5x—-1<24
3 4 5
23. 3x—-7>2(x—6),6—x>11-2x 24. 5(2x—7)—3(2x+3)<0,2x+19< 6x+47.
25. A solution of 8% boric acid is to be diluted by adding a 2% boric acid solution to it. The
resulting mixture is to be move than 4% but less than 6% boric acid. If we have 640
litres of the 8% solution, how many litres of the 2% solution will have to be added?
26. How many litres of water will have to be added to 1125 litres of the 45% solution of
acid so that the resulting mixture will contain more than 25% but less than 30% acid
content?
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CHECK YOUR PROGRESS 9.1

—4
N 243, —
1. ) N

CHECK YOUR PROGRESS 9.2

. 3+-15i .
L. 1 T4 (i1)
2 1 l
. - P 2
CHECK YOUR PROGRESS 9.3
. b’ —2ac
TR ) J
c
2. ) 25x2-6x+9=0
4. q*-5p*=0
CHECK YOUR PROGRESS 94
—1+/7i
1. 1_—\/71 2.
2
—1+/7i A
22 '
5 —3+J11i
' 2

CHECK YOUR PROGRESS 9.5

8\ 2x+y=8

b
() g b, a+b Gi) =0

1+ 1

— (iv) 342, V2
i A5 £4/43i0 i —2+-/58i
2 t 8 v 6
B (b*> —2ac)* —2a’c?
(i) 2
C
(i) 625x>—-90x + 81 =0
J2 +/34i
2
—1+£19i
2
Q
2 qﬁ//, ¥
ﬁ/
8] Q
67 v
3 »
= g
%
Or T T 1 X
2 4 6 8
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MODULE-III
Algebra -1 |5 34650 4 y3 ¢ 2
orx=2
/S
/7 /7
Notes y Il |2 x 8-2y=22

3x+6=0
5. 6. i//////3x20
//////
X O .
/
3x=0
orx=0
7 y 8
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2 RN Notes
14 S
T 1 |\|\< 7 X .
1 2345 L NS
W\
P
\
z
CHECK YOUR PROGRESS 9.6
1 y x23 2 Y
§§ y=1 Y 3
\ \:\ y=2
X
—4 9)
of 12 ¥ y=2
y=2
x=3
3 © 4
e \
kz’\ y 4'
Ui\ 3
o o
_9Q
NT 1¥
N ,w i
- ' 1 1
AKXXXD o \
74' ":::::::::::::.::20 b2 N« 3x+dy=12
) QLA VAVAVAY
~10 ‘5)‘%'0‘0‘0‘0‘0 dx+3y=12 x<0,y20
RS
K 2x +y—320
'0‘ x—-2y+1<0
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3
6_
Not: 3 4,0
otes B
o[ 3N\ \LK *
x+y=9
3X+y:12 xZO,yZO
; y
. [}
e ——————— -i- ———————— > y:S 8-
- i
3 !
T
N |
o o o )
X+y= 2x+3y=6,
x=20,y=20
TERMINAL EXERCISE
3. @ 5x2—8x+5=0 (i) 10x*—42x+49=0 () 25x>-116x+64=0
y
4 b ) 5. y
//XZ_
//
// /2/ y:2
T X .
2 O .
// /@ y<2
//
/
x=-2
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x+2y=0

w
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14. Y
b
/‘{ y=1
— X
-1 O 1 2
x=-1 x=3
16. Y 17.
80+
w.
X+ 4y =80 >N .
O] [20N\40 60 80
x=15 @XQ}
\\/%
y
18. N
6 T x=5
5 -4
N i
3 -
2 -
1 -
ob 1 2 .+ o~
x+y=3 Tx+6y=24
19, (=o0.2] 20, (=w0,2]
21, (—=,2] 22.  (-5,5) 23.  (5,) 24, [-7,11]
25. More then 320 litre but less then 1280 litres
26. More then 562.5 litres but less then 900 litres
MATHEMATICS
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PRINCIPLE OF MATHEMATICAL

INDUCTION

In your daily life, you must be using various kinds of reasoning depending on the situation you
are faced with. For instance, if you are told that your friend just has a child, you would know
that it is either a girl or a boy. In this case, you would be applying general principles to a
particular case. This form of reasoning is an example of deductive logic.

Now let us consider another situation. When you look around, you find students who study
regularly, do well in examinations, you may formulate the general rule (rightly or wrongly) that
“any one who studies regularly will do well in examinations’. In this case, you would be formulating
a general principle (or rule) based on several particular instances. Such reasoning is inductive, a
process of reasoning by which general rules are discovered by the observation and consideration
of several individual cases. Such reasoning is used in all the sciences, as well as in Mathematics.

Mathematical induction is a more precise form of this process. This precision is required because
a statement is accepted to be true mathematically only if it can be shown to be true for each and
every case that it refers to.

In the present chapter, first of all we shall introduce you with a statement and then we shall
introduce the concept of principale of Mathematical induction, which we shall be using in proving
some statements.

\Z| OBJECTIVES

After studying this lesson, you will be able to:

° To check whether the given sentence is a statement or not.
° state the Principle of Mathematical Induction;

° verify the truth or otherwise of the statement P(n) forn=1;
°® verify P(k+1) is true, assuming that P(k) is true;

° use principle of mathematical induction to establish the truth or otherwise of mathematical
statements;

EXPECTED BACKGROUND KNOWLEDGE

° Number System

° Four fundamental operations on numbers and expressions.
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10.1 WHAT IS A STATEMENT ?

In your daily interactions, you must have made several assertions in the form of sentences. Of
these assertions, the ones that are either true or false are called statement or propositions.
For instance,

“Tam 20 years old” and “If x= 3, then x* = 9” are statements, but “When will you leave ?” And
‘How wonderful!” are not statements.

Notice that a statement has to be a definite assertion which can be true or false, but not both.
For example, ‘x - 5 =7’ is not a statement, because we don't know what x, is. [f x =12, it is
true, but if x =5, ‘it is not true. Therefore, ‘x —5 =7’ is not accepted by mathematicians as a
statement.

Butboth ‘x—5=7 = x=12" and x— 5 =7 for any real number x’ are statements, the first one
true and the second one false.
1.1 BB E Which of the following sentences is a statement ?

(i) India has never had a woman President. , (ii) 5 is an even number.

(iii) x"> 1, (iv) (a + b)*= a*+ 2ab + b*

Solution : (i) and (ii) are statements, (i) being true and (ii) being false. (iii) is not a statement,
since we can not determine whether it is true or false, unless we know the range of values that
x and n can take.

Now look at (iv). At first glance , you may say that it is not a statement, for the very same
reasons that (iii) is not. But look at (iv) carefully. It is true for any value of a and b. It is an
identity. Therefore, in this case, even though we have not specified the range of values for a and
b, (iv) is a statement.

Some statements, like the one given below are about natural numbers in general. Let us look at
the statement :

+1
1424, 4n = M2+ D

This involves a general natural number 7. Let us call this statement P (n) [P stands for proposition].

10+1)
Then P (1) wouldbe 1= —
o 2(2+1)
Similarly, P (2) would be the statement , 1+2 = and so on.

Let us look at some examples to help you get used to this notation.

1B el ) ERUPA P (n) denotes 27 >n—1, write P (1), P (k) and P (k+1), where ¢ N .
Solution : Replacing n by 1, kand &k + 1, respectively in P (n), we get

MATHEMATICS
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P(1):2'>2-1,ie,2>1,P(k):2*>k-1
Phk+1):2+1>(k+1)-1,1e.,2¢* 1 >k

e IR LR 16 P () is the statement , ‘1 +4+7 + (3n—2) = @

write P (1), P(k) and P(k+1).

Solution : To write P(1), the terms on the left hand side (LHS) of P(n) continue till
3x1-2, i.e., 1.So, P (1) will have only one term in its LHS, i.e., the first term.

) ) I1x(3x1-1) .
Also, the right hand side (RHS)of P(1) = 5 =1, Therefore, P(1)is 1 = 1.
Replacing n by 2, we get
2x(3x2-1) |
P2):1 +4=#, ie.,5=5.

Replacing n by kand &+ 1, respectively, we get

k(3k—1)

Pk)y:1+4+7+....+CBk-2)= >

(k+D[3k+1)—1]
2

Pk+1):1+4+7+....+Bk-2)+[3(k+1)-2]=

(k+D[(3Bk+2)
2

e\
L" § CHECK YOUR PROGRESS 10.1

1.  Determine which of the following are statements :

@l+2+4 ... +2">20 D)1 +2+3+....... +10=99

ie.,1+4+7+...+Q@Bk+1)=

(c) Chennai is much nicer than Mumbai. (d) Where is Timbuktu ?

1 1 n
+...+ = _
© 1x2 nn+1) n+l forn=5 () cosech < 1

2. Given that P(n) : 6 is a factor of n? + 5n, write P(1), P(2), P(k) and P(k+1) where k is

anatural number.
3. Write P(1), P(k) and P(k + 1), if P(n)is:
(@)2'>n+1 b)) A+x)">1+nx

(c)n(n+1) (n+2)isdivisible by 6. (d) (x"—y") is divisible by (x—y).

MATHEMATICS 237

MODULE-III
Algebra-|

Notes



MODULE-I
Algebra-|

Notes

athematical Induction

(e) (ab)'=a" b" (f) is a natural number.
4.  Write P(1), P(2), P(k) and P(k +1), if P(n) is :

1 | n
+...+ = 2
() %2 nn+l) 1 ®1+3+5+. +Q2n—-1)=n
© (1%2) + (2 X 3)+...4n(n + 1) < n(n+1)>
1 + 1 N 1 _n
“ Ix3 3x5 T @2n-1@2n+1) 2n+1

Now ,when you are given a statement like the ones given in Examples 10.2 and 10.3, how
would you check whether it is true or false ? One effective method is mathematical induction,
which we shall now discuss.

10.2 THE PRINCIPLE OF MATHEMATICAL INDUCTION
Let P(n) be a statement involving a natural number 7. If
(1 itistrue forn = 1,i.e., P(1)istrue; and
(i) assuming k> 1 and P(k) to be true, it can be proved that P(k+ 1) is true; then P(n)
must be true for every natural number 7.
Note that condition (ii) above does not say that P(k) is true. It says that whenever P(k)
is true, then P(k + 1) is true’.

Let us see, for example, how the principle of mathematical induction allows us to conclude that
P(n)istruefor n=11.

By (i) P(1)is true. As P(1) is true, we can put k = 1 in (ii), So P(1 + 1), i.e., P(2) is true. As
P(2) is true, we can put k = 2 in (ii)) and conclude that
P2+ 1),i.e., P(3)istrue. Now put £ =3 in (ii), so we get that P(4) is true. It is now clear that
if we continue like this, we shall get that P(11) is true.

It is also clear that in the above argument, 11 does not play any special role. We can prove that
P(137) is true in the same way. Indeed, it is clear that P(n) is true for alln > 1.

n

106110 (MW Prove that, | +2+3+---+n= > (n+1), where n is a natural number.
n

Solution: Wehave ,P(n): 1 +2+3+..+n= E(n +1)

1
Therefore, P(1)is ‘1 = B (1+1)’, which is true,. Therefore, P(1) is true.

Let us now see, is P(k + 1) true whenever P(k) is true.

MATHEMATICS
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k
Let us, therefore, assume that P(k) is true, i.e., 1 +2+3 ...+ k= 5(k+ 1 .00

(k + 1)(k +2)

Now, P(k+ 1)is1+2+3+ ... +k+(k+1)= )

It will be true, if we can show that LHS = RHS
k .
The LHS of Plk+ 1)=(1+2+3...+k+(k+1) = E(k+1) +(k+1) ....[From (i)]

k k+1D(k+2
= (k+ 1)(5“) = (+) =RHS of P (k +1)
So, P(k + 1) is true, if we assume that P(k) is true.

Since P(1) is also true, both the conditions of the principle of mathematical induction are fulfilled,
we conclude that the given statement is true for every natural number 7.

As you can see, we have proved the result in three steps — the basic step [i.e., checking (1)],
the Induction step [i.e., checking (ii)], and hence arriving at the end result.

| 1110 LN (N For every natural number n, prove that (xz’H +y>! ) is divisible by (x+y),

where x, y ¢ N.

Solution: Let us see if we can apply the principle of induction here. Let us call P(n)the

2n-1

statement ° (x + y>! )is divisible by (x +y)’,

Then P(1)is (x> + y*™' ) is divisible by (x+y), i.e., ‘(x +y) is divisible by (x+ ), whichis true.

Therefore, P(1) is true.

Let us now assume that P(k) is true for some natural number k, i.e., (x>~ + y**™") is divisible

by (x + ).

This means that for some natural number z, x> + y*™' = (x + y)¢
Then, ka*l — (x+ y)t_ y2k71

We wish to prove that P (k +1) is true, i.e., ¢ [x**™D™" 4 y***D71]is divisible by (x+y)’is true.

Now,

x2(k+1)—1 + y2(k+1)—1 — x2k+l + y2k+1

_ 2k-142

=x + y2k+1

2. 2k-1 2k+1
=x"x +y"t
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2k-1

=x"[(x+t—y*+y

:x2(x+y)t_x2y2k—l + y2k+1

2 2k-1 2 2k-1

=X (x+)t=x"y* +y%y

2k-1 2 2
(

X =y)

2k-1
]

=x"(x+ y)t—y
=(x+y)[xt—(x—y)y

which is divisible by (x + ).
Thus, P (k+1) is true.

Hence, by the principle of mathematical induction, the given statement is true for every natural
number 7.

| B e IR Prove that 2" > n for every natural number 7.

Solution: We have P(n) : 2" > n.
Therefore, P(1) :2!>1,1.e.,2> 1, which is true.

We assume P(k) to be true, that is,
2>k ... (1)

We wish to prove that P(k + 1) is true, i.e. 2** !>k + 1.
Now, multiplying both sides of (i) by 2, we get, 2**'> 2k
= 2k+1> [+ 1, since k > 1. Therefore, P(k + 1) is true.

Hence, by the principle of mathematical induction, the given statement is true for every natural
number 7.

Sometimes, we need to prove a statement for all natural numbers greater than a particular
natural number, say a (as in Example 10.7 below). In such a situation, we replace P(1) by
P(a + 1) in the statement of the principle.

1€ CRLDYA Prove that

n?*>2(n + 1) for all n > 3, where n is a natural number.

Solution: For n > 3, let us call the given statement, P(n) : n?>2 (n+ 1)
Since we have to prove the given statement for n > 3, the first relevant statement is P(3).
We, therefore, see whether P(3) is true.
P(3):3*>2 x 4,i.e.9>8. So, P (3)is true.

Let us assume that P(k) is true, where k >3, thatis , k*>2(k+1)  ....... (1)
‘We wish to prove that P (k + 1) is true.

Pk+1):(k+1)>2(k+2)

LHSof P(k+ 1)=(k+ 1) =k +2k+ 1

MATHEMATICS
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>2(k+1D)+2k+1 -[By(@®]
>3+ 2k+1,since2 (k+1)>3.=2k+2),
Thus, (k + 1)>>2(k + 2). Therefore, P(k + 1) is true.

Hence, by the principle of mathematical induction, the given statement is true for every natural

number n > 3.

I el ) RN Using principle of mathematical induction, prove that

n n In
5 3 15 is a natural number for all natural numbers #.

n n In

Solution : Let P(n) : (_ Tt _J be a natural number.

.‘.P(l):(
1.1
b 5737

Let P(k) :

Now

5 3 15
L7,
573715 is a natural number.

7 3+5+7 15 L .
— =——"——=—_=1, whichis a natural number P(1) s true.

5 15 15

>k Tk
(? + 3 + E] is a natural number be true ... (i)

(k+1° | (k+D)° TG+

=%[k5 +5k* +10k* +10k> +5k+1]+%[k3 +3k* +3k+1]+(%k+—j

kS

5 3 15

7
15

315

5 3
_ (k—+k—+%]+(k4+2k3+3k2+2k)+(%+l+ ! ]

Kok Tk 4 3 2
_ [_+_+g]+(k +2k” +3k +2k)+1 ..(i)

k3

By (), 5 +—+— is a natural number.

3 15

also k* +2k3 +3k? + 2k is anatural number and 1 is also a natural number.

(i) being sum of natural numbers is a natural number.
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le of Mathematical Induction

P(k + 1) is true, whenever P(k) is true.

P(n) is true for all natural numbers 7.

5 3
n n Tn
Hence, (? + ? + EJ is a natural number for all natural numbers 7.

>
L' § CHECK YOUR PROGRESS 10.2

1. Using the principle of mathematical induction, prove that the following statements hold for
any natural number #:
(@) P+22 434, +n2=%(n+1)(2n+1)
(b) P+2°+3 +........ +n° =(1+2+....4n)°
©) 1+3+5+........ +(2n—-1) =n?
) 14447 4o, +(3n—2)=§(3n—1)
2. Using principle of mathematical induction, prove the following equalities for any natural
number 7:
1 1 1 n
(a) + +o+ =
1x2 2x3 nn+l) n+l1
1 1 1 1 n
(b) —t—t—t...+ =
1.3 35 5.7 2n-1D2n+1) 2n+1
© (IX2)+(2x3)+ ...+ n(n+1) = D0 +2)

3
3. For every natural number n, prove that

() i+ 5n is divisibleby 6. (b) (x"—1) is divisible by (x—1).
(¢c) (n® +2n) isdivisible by 3.  (d) 4 divides (n*+ 2n*+ n?).

4. Prove the following inequalities for any natural number 7:

1
(@)3"=2n+ 1 (b) 4 > 15n (c)1+2+....+n<§(2n+1)2

5. Prove the following statements using induction:

(a) 2"> n*for n > 5, where n is any natural number.
b LDy tural numb ter than 1
(b) i1 ga T, ” 5y forany natural number n greater than 1.
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6.  Prove that n(n>— 1) is divisible by 3 for every natural number n greater than 1.

To prove that a statement P(n) is true for every n € N, both the basic as well as the induction
steps must hold.

If even one of these conditions does not hold, then the proof is invalid. For instance, if P(7) is'
(a+b)" <a”" +b"' for allreals a and b, then P(1) is certainly true. But, P(k) being true does
not imply the truth of P (k + 1). So, the statement is not true for every natural number z. (For

instance, (2 +3)*< 2% +3?).
n
As another example, take P(n) to be n > 2 +20,

In this case, P(1) is not true. But the induction step is true. Since P(k) being true.

— k> §+20 :>k+1>§+20+1>§+20+%=%+20 — P(k+1) is true.

<)

Ta R
@2 £ Us suM UP

° Sentences which are either true or false are called statement or propasitions.

° The word induction means, formulating a general principle (or rule) based on several
particular instances.

° The statement of the principle of mathematical indction.

P (n), a statement involving a natural number n, is true for all ; >1, where nis a fixed
natural number, if

@) P (1) is true, and

(i1) whenever P (k) is true, then P (K+1) is true for ke n

e\ SUPPORTIVE WEB SITES

http://www.bbc.co.uk/education/asguru/maths/13pure/01proof/01proof/0Sinduction/index.shtml
www.mathguru.com/result/principle-of-mathematical-induction.aspx
http://en.wikipedia.org/wiki/Mathematical_induction

@
Sl TERMINAL EXERCISE

1. Verify each of the following statements, using the principle of mathematical induction :

(D) The number of subsets of a set with n elements is 2".

2) (a+b)'>a"+b" ¥Yn =2, where a and b are positive real numbers.
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ple of Mathematical Induction
a(r"—1)

a+ar+ar +...+art! =—1 ,where r > 1 and a is a real number.
r—

(" —1) is divisible by (x +1) Vxe N .
(10°*! + 1) is amultiple of 11, where e N
(4.10*" + 9.10%>"' +5) is a multiple of 99. where e N

(1 4+x)" > 1+ nx, where x> 0and e N

1.2+22°4+3.2° +4.2" +---+n.2" =(n—1).2"", where e N

2
3 A3, A3 3 _ n(n+l)
P+2° 43+ +n —[ 5 e N

LR R EUURDR B

1
+—-+ 4.4
35 57 79 (2n+1)(2n+3)  3(2n+3) Where ne N

244
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2N
K2l ANSWERS

CHECK YOUR PROGRESS 10.1

1. (b), (e) and (f) are statements; (a) is not, since we have not given the range of values of nz,
and therefore we are not in a position to decide, if it is true or not. (c) is subjective and

hence not

Note that

a mathematical statement. (d) is a question, not a statement.

(His universally false.

2. P(1):6isafactorof 1>+ 5.1, P(2): 6is afactor of 2°+5.2

P(k) : 6 is a factor of &>+ 5k, P(k+1): 61is afactor of (k+ 1)*+5(k+1)

3. (a

(b)

©

(€Y

®)

®

P(1):2>2,Pk):2*>k+1,Pk+1):2" > k+2
PD:1+x>1+x Pk):(1+x*>1+kx
Pk+1):(1+x)f!'> 1+ k+ 1x

P(1): 6 is divisible by 6. P(k) : k(k + 1)(k + 2) is divisible by 6.

Pk + 1): (k + 1) (k+2) (k + 3) is divisible by 6

P(1): (x—y) is divisible by (x — y). P(k): (x*—y*) is divisible by (x —y)
Pk + 1): (x**!' —y** 1) is divisible by (x —y)

P(1): ab = ab, P(k): (abY'=a*b*

P(k+1): (ab)*' =a*'. b *!

5 3

7
P(1): 5 + 3 + G is a natural number. P(k): S5 + EY + s is a natural number.

Pl 1 (k+1° | (k+1° TG+

1s a natural number.

5 3 15
11 1 1 2
. —=— PQ)i—+——==
P 5= PO 3 5573
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(b)

(©

(d

le of Mathematical Induction

P(k):L+L+...+ ! = k
1x2 2x%3 k(k+1) k+1

Pltl):—— Ly L _ K+l
1x2 kk+1)  (k+D(k+2) k+2

P(): 1=1, P(2): 1+3=27

P(k): 143+5+...+(2k-1) =k’

Pk+1): 143+5+...+ k=D +[2(k +1)—1] = (k +1)?
P(D):1x2<1(2)%, P(2): (1x2)+(2x3)<2(3)*

P(k): (1x2)+ (2X3)+...+ k(k+1) < k(k +1)>.

P(x+1D: (Ax2)+2x3) +...4+ (k+D(k+2) < (k+1)(k +2)°

P(): Lzl, P2y 4 1 2
1x3 3 1x3 3%x5 5

1 1 1 k

Pk)y: —+—+...+ =
1x3 3x5 Qk-DQR2k+1) 2k+1

P(k+1): ! + ! +...+ ! _ K+l
Ix3 3x%5 2k+1D)(2k+3) 2k+3
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PERMUTATIONS AND COMBINATIONS

One day, [ wanted to travel from Bangalore to Allahabad by train. There is no direct train from
Bangalore to Allahabad, but there are trains from Bangalore to Itarsi and from Itarsi to Allahabad.
From the railway timetable I found that there are two trains from Bangalore to Itarsi and three
trains from Itarsi to Allahabad. Now, in how many ways can I travel from Bangalore to Allahabad?

There are counting problems which come under the branch of Mathematics called
combinatorics.

Suppose you have five jars of spices that you want to arrange on a shelf in your kitchen. You
would like to arrange the jars, say three of them, that you will be using often in a more accessible
position and the remaining two jars in a less accessible position. In this situation the order of jars
is important. In how many ways can you do it?

In another situation suppose you are painting your house. If a particular shade or colour is not
available, you may be able to create it by mixing different colours and shades. While creating
new colours this way, the order of mixing is not important. It is the combination or choice of
colours that determine the new colours; but not the order of mixing.

To give another similar example, when you go for a journey, you may not take all your dresses
with you. You may have 4 sets of shirts and trousers, but you may take only 2 sets. Insuch a
case you are choosing 2 out of 4 sets and the order of choosing the sets doesn’t matter. In these
examples, we need to find out the number of choices in which it can be done.

In this lesson we shall consider simple counting methods and use them in solving such simple
counting problems.

\&Z| OBJECTIVES

After studying this lesson, you will be able to :

° find out the number of ways in which a given number of objects can be arranged;
° state the Fundamental Principle of Counting;

° define n! and evaluate it for defferent values of n;

° state that permutation is an arrangement and write the meaning of " P ;

state that  F) =

n!
; and apply this to solve problems;

(n—r)
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ations And Combinations

show that (i) (n+1)"P, =""P (i) "P,,=(n—r)"P,;

n

state that a combination is a selection and write the meaning of "C ;

distinguish between permutations and combinations;

" n!
derive C, = W and apply the result to solve problems;

derive therelation "P. =r!"C;

verify that "C_ ="C,_, and give its interpretation; and

° derive "C, +"C, , ="*"'C, and apply the result to solve problems.

EXPECTED BACKGROUND KNOWLEDGE

° Number Systems

° Four Fundamental Operations

11.1 FUNDAMENTAL PRINCIPLE OF COUNTING

Let us now solve the problem mentioned in the introduction. We will write t,t,to denote trains
from Bangalore to Itarsiand 7', T, T, for the trains from Itarsi to Allahabad. Suppose I take
£, to travel from Bangalore to Itarsi. Then from Itarsi I can take 7 or 7, or T',. So the possibilities
are 1, T, 1,T,and 1, T, where 1 T, denotes travel from Bangalore to Itarsi by 7, and travel from

Itarsi to Allahabad by T',. Similarly, if I take 7, to travel from Bangalore to Itarsi, then the
possibilities are £,T, £,T, and £,T. Thus, in all there are 6(2x 3) possible ways of travelling

271

from Bangalore to Allahabad.

Here we had a small number of trains and thus could list all possibilities. Had there been 10
trains from Bangalore to Itarsi and 15 trains from Itarsito Allahabad, the task would have been
very tedious. Here the Fundamental Principle of Counting or simply the Counting Principle
comes inuse :

If any event can occur in m ways and after it happens in any one of these ways, a
second event can occur in n ways, then both the events together can occur in mxn
ways.

1>€1111) G B How many multiples of 5 are there from 10 to 95 ?

Solution : As you know, multiples of 5 are integers having O or 5 in the digit to the extreme right
(i.e. the unit’s place).

The first digit from the right can be chosen in 2 ways.
The second digit can be any one of 1,2,3,4,5,6,7,8.9.
i.e. There are 9 choices for the second digit.

Thus, there are 2x9 =18 multiples of 5 from 10 to 95.

MATHEMATICS
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I €111 RN [n a city, the bus route numbers consist of a natural number less than 100,

followed by one of the letters A, B, C, D, E and F. How many different bus routes are possible?

Solution : The number can be any one of the natural numbers from 1 to 99.
There are 99 choices for the number.

The letter can be chosen in 6 ways.

-, Number of possible bus routes are 99x 6 = 594 .

N
Ll CHECK YOUR PROGRESS 11.1

1. (a) How many 3 digit numbers are multiples of 57
(b) Acoin is tossed thrice. How many possible outcomes are there?

(c) If you have 3 shirts and 4 trousers and any shirt can be worn with any of trousers, in
how many ways can you wear your shirts and trousers?

2. (a) In how many ways can two vacancies be filled from among 4 men and 12 women if
one vacancy is filled by a man and the other by a woman?

(b) Atourist wants to go to another country by ship and return by air. She has a choice of
5 different ships to go by and 4 airlines to return by. In how many ways can she
performthe journey?

So far, we have applied the counting principle for two events. But it can be extended to
three or more, as you can see from the following examples :

1D e CRIRE There are 3 questions in a question paper. If the questions have 4,3 and 2

solutions respectively, find the total number of solutions.

Solution : Here question 1 has 4 solutions, question 2 has 3 solutions and question 3 has 2
solutions.

By the multiplication (counting) rule,
total number of solutions = 4x3x?2 = 24
| el CERE Consider the word ROTOR. Whichever way you read it, from left to right or

from right to left, you get the same word. Such a word is known as palindrome. Find the

maximum possible number of 5-letter palindromes.

Solution : The first letter from the right can be chosen in 26 ways because there are 26 alphabets.
Having chosen this, the second letter can be chosen in 26 ways

.. The first two letters can be chosenin 26x26 = 676 ways

Having chosen the first two letters, the third letter can be chosen in 26 ways.
.. All the three letters can be chosen in 676x26 =17576 ways.
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It implies that the maximum possible number of five letter palindromes is 17576 because the
fourth letter is the same as the second letter and the fifth letter is the same as the first letter.

Note: In Example 11.4 we found the maximum possible number of five letter
palindromes. There cannot be more than 17576. But this does not mean that there
are 17576 palindromes. Because some of the choices like CCCCC may not be
meaningful words in the English language.

How many 3-digit numbers can be formed with the digits 1,4,7,8 and 9 if the
digits are not repeated.

Solution : Three digit number will have unit’s, ten’s and hundred’s place.

Out of 5 given digits any one can take the unit’s place.

This can be done in 5 ways. ()

After filli ng the unit’s place, any of the four remaining digits can take the ten’s place.

This can be done in 4 ways. ... (i)

After filling in ten’s place, hundred’s place can be filled from any of the three remaining digits.
This can be done in 3 ways. ... (i)

.. By counting principle, the number of 3 digit numbers = 5x4x3 = 60

Let us now state the General Counting Principle

If there are n events and if the first event can occur in », ways, the second event can

occur in m, ways after the first event has occured, the third event can occur in m,
ways after the second event has ocurred, and so on, then all the z events can occur in

mXm, X ...Xm,_ Xm, ways.

Suppose you can travel from a place A to a place B by 3 buses, from place B
to place C by 4 buses, from place C to place D by 2 buses and from place D to place E by 3
buses. In how many ways can you travel fromA to E?

Solution : The bus from A to B can be selected in 3 ways.

The bus from B to C can be selected in 4 ways.

The bus from C to D can be selected in 2 ways.

The bus from D to E canbe selected in 3 ways.

So, by the General Counting Principle, one can travel from A to E'in 3x4x2x3 ways="72
ways.
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(a) What is the maximum number of 6-letter palindromes?

[a—

(b) What is the number of 6-digit palindromic numbers which do not have 0 in the first
digit?

N

(a) Ina school there are 5 English teachers, 7 Hindi teachers and 3 French teachers. A
three member commiittee is to be formed with one teacher representing each language. In
how many ways can this be done?

(b) In a college students union election, 4 students are contesting for the post of President.
5 students are contesting for the post of Vice-president and 3 students are contesting for
the post of Secretary. Find the number of possible results.

hed

(a) How many three digit numbers greater than 600 can be formed using the digits 1,2,5,6,8
without repeating the digits?

(b) Aperson wants to make a time table for 4 periods. He has to fix one period each for
English, Mathematics, Economics and Commerce. How many different time tables can
he make?

11.2 PERMUTATIONS

Suppose you want to arrange your books on a shelf. If you have only one book, there is only
one way of arranging it. Suppose you have two books, one of History and one of Geography.

You can arrange the Geography and History books in two ways. Geography book first and the
History book next, GH or History book first and Geography book next; HG. In other words,
there are two arrangements of the two books.

Now, suppose you want to add a Mathematics book also to the shelf. After arranging History
and Geography books in one of the two ways, say GH, you can put Mathematics book in one
of the following ways: MGH, GMH or GHM. Similarly, corresponding to HG, you have three
other ways of arranging the books. So, by the Counting Principle, you can arrange Mathematics,
Geography and History books in 3x 2 ways =6 ways.

By permutation we mean an arrangement of objects in a particular order. In the above example,
we were discussing the number of permutations of one book or two books.

In general, if you want to find the number of permutations of z objects 5 > 1, how can you do
it? Let us see if we can find an answer to this.

Similar to what we saw in the case of books, there is one permutation of 1 object, 2x1
permutations of two objects and 3x 2 x 1 permutations of 3 objects. It may be that, there are
nX(n—1)x(n—2)x...x2x1 permutations of n objects. In fact, it is so, as you will see when
we prove the following result.
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Vi I The total number of permutations of n objectsisn (n—1) ....2.1.
Proof : We have to find the number of possible arrangements of n different objects.

The first place in an arrangement can be filled in 7 different ways. Once it has been done, the
second place can be filled by any of the remaining (n—1) objects and so this can be done in
(n—1) ways. Similarly, once the first two places have been filled, the third can be filled in (n—2)
ways and so on. The last place in the arrangement can be filled only in one way, because in this
case we are left with only one object.

Using the counting principle, the total number of arrangements of n different objects is
n(n-1)(n-2)........ 2.1, e (11.1)

The product n (n — 1) ... 2.1 occurs so often in Mathematics that it deserves a name and

notation. It is usually denoted by n! (or by |n read as n factorial).
nl=nm-1)...3.2.1

Here is an example to help you familiarise yourself with this notation.

1€l i) ) (NI Evaluate (a) 3! (b) 2!+ 4! (c) 2!%x3!

Solution : (a) 3!1=3x2x1=6
(b) 2!=2x1=2,4!'=4x3x2x1=24

Therefore, 20+ 41=2+24 =26
(©) 21x31=2%x6 =12
Notice that n! satisfies the relation, n! = nx(n—1) ! .. (11.2)

Thisis because,n(n— 1) =n[(n-1).(n—-2)... 2.1]
=n.(n-1).(n-2)..2.1=n!

Of course, the above relation is valid only for 5 > 2 because 0! has not been defined so far. Let
us see if we can define 0! to be consistent with the relation. In fact, if we define

0'=1

then the relation 11.2 holds for n =1 also.

Suppose you want to arrange your English, Hindi, Mathematics, History,
Geography and Science books on a shelf. In how many ways can you do it?

Solution : We have to arrange 6 books.

The number of permutations of n objectsisn!=n.(n—1) . n—2) ... 2.1

Here n = 6 and therefore, number of permutations is 6.5.4.3.2.1 =720
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5!
I (Evaluate: (6! ()7 (i) 7!+3! (V)6!x4l )3

(b) Which of the following statements are true?
@ 2!1x3!=6! (i) 21 +4!1=6!
(iii) 3!divides4! (iv) 41-21=21

N

(a) 5 students are staying in a dormitory. In how many ways can you allot 5 beds to
them?

(b) In how many ways can the letters of the word “TRIANGLE’ be arranged?

(c) How many four digit numbers can be formed with digits 1, 2, 3 and 4 and with distinct
digits?

11.3 PERMUTATION OF r OBJECTS OUT OF r OBJECTS

Suppose you have five story books and you want to distribute one each to Asha, Akhtar and
Jasvinder. Inhow many ways can you do it? You can give any one of the five books to Asha
and after that you can give any one of the remaining four books to Akhtar. After that, you can
give one of the remaining three books to Jasvinder. So, by the Counting Principle, you can
distribute the books in 5x4x3 ie.60 ways.

More generally, suppose you have to arrange r objects out of n objects. In how many ways
can you do it? Let us view this in the following way. Suppose you have n objects and you have
to arrange r of these in » boxes, one object in each box.

r boxes

Fig. 11.1

Suppose there is one box. r = 1. You can put any of the n objects in it and this can be done in
n ways. Suppose there are two boxes. 7 =2. You can put any of the objects in the first box and
after that the second box can be filled with any of the remaining n — 1 objects. So, by the
counting principle, the two boxes can be filled in z (n — 1) ways. Similarly, 3 boxes can be filled
inn(mn-1) (n-2)ways.

In general, we have the following theorem.

1N D 0 EA The number of permutations of r objects out of n objects is
nmn-1)---(n—r+1).

The number of permutations of r objects out of n objects is usually denoted by " P, .

Thus, "P. =n(n—-1)n-2).(n—r+1) .. (11.3)
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Proof : Suppose we have to arrange r objects out of n different objects. In fact it is equivalent
to filling r places, each with one of the objects out of the given n objects.

The first place can be filled in  different ways. Once this has been done, the second place can
be filled by any one of the remaining (n—1) objects, in (n—1) ways. Similarly, the third place
can be filled in (n —2) ways and so on. The last place, the rth place can be filled in [n—(r—1)] i.e.
(n—r+1) different ways. You may easily see, as to why this is so.

Using the Counting Principle, we get the required number of arrangements of r out of n objects
sn(n—-1D@n-2)............ (n—r+1

4

P,
1D E1 IR Evaluate : (a) *P, (b) °P, (c) # (d) °P,x"P,
2

Solution : (a) ‘P =4(4-1)=4x3=12.

(b) °P,=6(6—1) (6—2)=6x5x4=120.

‘P 4(4-1D(4-2)  4x3x2

©  Sp T T 33-) 2

(d) ‘Px P, =6 (6-1) (6-2)x5 (5-1), =6x5x4x5x4 = 2400
I E1 ) CHIW N [f you have 6 New Year greeting cards and you want to send them to 4 of
your friends, in how many ways can this be done?

Solution : We have to find number of permutations of 4 objects out of 6 objects.

This number is 6P4 =6(6-1)(6—-2)(6-3)=6.5.4.3=360
Therefore, cards can be sent in 360 ways.

Consider the formula for "P , namely, "P =n (n—1) ... (n —r + 1). This can be obtained by
removing the terms n—r,n—r—1,...,2, 1 from the product for n!. The product of these terms
is(n—-r(n-r-1)..2.1,1e., (n—r).

n! nn—-1D)(n-2)..(n—-r+H)(n—-r)...2.1
(n—r)! ~ (n—r) (n—r—=1..2.1

Now,
= nn—-Dm-2)..(n—-r+1) = "P

So, using the factorial notation, this formula can be written as follows : P, = m ..... (11.4)

|9 €111 (W] Find the value of "F,.
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!

Solution : Here r = 0. Using relation 11.4, we get "F, = % =1
1D ETTI BN PA Show that (n + 1) "P, = ™pP
n! (n+1n!
i . n = (n+1 -
Solution: (n+ 1)"P, = (n+D — = (o)
(n+1)! N
= [(n+1)—(r+1)] | [writingn—ras[(n+1)—(r+ 1)]
= mp (By definition)
r 1
L"A CHECK YOUR PROGRESS 114
4
1. (a Evaluate : (i) ‘P, (i) °P, (i) 3_Pz (iv) °P,x°P, (v) "P,
(b) Verify each of the following statements :
@) 6x°P, = °P, (i) 4x'pP,="P,
(i) Px P, = "P, ) °P+°P="P

2. (a) (i) What is the maximum possible number of 3- letter words in English that do not
contain any vowel?

(ii) What is the maximum possible number of 3- letter words in English which do not have
any vowel other than ‘a’?

(b) Suppose you have 2 cots and 5 bedspreads in your house. In how many ways can
you put the bedspreads on your cots?

(c) You want to send Diwali Greetings to 4 friends and you have 7 greeting cards with
you. In how many ways can you do it?

3. Show that "P,_, ="P,.

n

4. Showthat (n—r)"P.="P

r+l°

11.4 PERMUTATIONS UNDER SOME CONDITIONS

We will now see examples involving permutations with some extra conditions.

I e W RN Suppose 7 students are staying in a hall in a hostel and they are allotted 7
beds. Among them, Parvin does not want a bed next to Anju because Anju snores. Then, in

how many ways can you allot the beds?
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Solution : Let the beds be numbered 1 to 7.

Case 1 : Suppose Anju is allotted bed number 1.

Then, Parvin cannot be allotted bed number 2.

So Parvin can be allotted a bed in 5 ways.

After alloting a bed to Parvin, the remaining 5 students can be allotted beds in 5! ways.
So, in this case the beds can be allotted in 5x5!ways= 600 ways.

Case 2 : Anju is allotted bed number 7.

Then, Parvin cannot be allotted bed number 6

Asin Case 1, the beds can be allotted in 600 ways.

Case 3 : Anju s allotted one of the beds numbered 2,3,4,5 or 6.

Parvin cannot be allotted the beds on the right hand side and left hand side of Anju’s bed. For
example, if Anju is allotted bed number 2, beds numbered 1 or 3 cannot be allotted to Parvin.

Therefore, Parvin can be allotted a bed in 4 ways in all these cases.

After allotting a bed to Parvin, the other 5 can be allotted a bed in 5! ways.
Therefore, in each of these cases, the beds can be allotted in 4 x5! = 480 ways.
The beds can be allotted in
(2x600+5x480) ways = (1200 + 2400) ways = 3600 ways.

1D 1) EBIRER [n how many ways can an animal trainer arrange 5 lions and 4 tigers in a row

so that no two lions are together?

Solution : They have to be arranged in the following way :

L T L T L T L T L

The 5 lions should be arranged in the 5 places marked ‘L. This can be done in 5! ways.

The 4 tigers should be in the 4 places marked ‘T’.This can be done in 4! ways.

Therefore, the lions and the tigers can be arranged in 5! x 4! ways= 2880 ways.

There are 4 books on fairy tales, 5 novels and 3 plays. In how many ways
can you arrange these so that books on fairy tales are together, novels are together and plays
are together and in the order, books on fairytales, novels and plays.

Solution : There are 4 books on fairy tales and they have to be put together.
They can be arranged in 4! ways. Similarly, there are 5 novels.
They can be arranged in 5! ways. And there are 3 plays.

They can be arranged in 3! ways.

So, by the counting principle all of them together can be arranged in 4!x5!x3! ways= 17280
ways.
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Suppose there are 4 books on fairy tales, 5 novels and 3 plays as in Example
11.15. They have to be arranged so that the books on fairy tales are together, novels are
together and plays are together, but we no longer require that they should be in a specific order.
In how many ways can this be done?

Solution : First, we consider the books on fairy tales, novels and plays as single objects.
These three objects can be arranged in 3 !ways = 6 ways.

Let us fix one of these 6 arrangements.

This may give us a specific order, say, novels — fairy tales — plays.

Given this order, the books on the same subject can be arranged as follows.

The 4 books on fairy tales can be arranged among themselves in 4! =24 ways.

The 5 novels can be arranged in 5! = 120 ways.

The 3 plays can be arranged in 3! = 6 ways.

For a given order, the books can be arranged in 24x120x6 =17280 ways.

Therefore, for all the 6 possible orders the books can be arranged in 6x17280 =103680
ways.

|11 BN E WA In how many ways can 4 girls and 5 boys be arranged in a row so that all the

four girls are together?
Solution : Let 4 girls be one unit and now there are 6 units in all.
They can be arranged in 6! ways.
In each of these arrangements 4 girls can be arranged in 4! ways.
Total number of arrangements in which girls are always together
=6! x 4! =720 x 24 =17280
How many arrangements of the letters of the word ‘BENGALI’ can be

made if the vowels are always together.

Solution : There are 7 letters in the word ‘Bengali; of these 3 are vowels and 4 consonants.
Considering vowels a, e, i as one letter, we can arrange 4+1 letters in 5! ways in each of
which vowels are together. These 3 vowels can be arranged among themselves in 3!
ways.

Total number of words = 5!'x 3!'=120 x 6 =720

N
L' § CHECK YOUR PROGRESS 11.5

1. Mr. Gupta with Ms. Gupta and their four children are travelling by train. Two lower
berths, two middle berths and 2 upper berths have been allotted to them. Mr. Gupta has
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undergone a knee surgery and needs a lower berth while Ms. Gupta wants to rest during
the journey and needs an upper berth. In how many ways can the berths be shared by the
family?

2. Consider the word UNBIASED. How many words can be formed with the letters of the

word in which no two vowels are together?

3. There are 4 books on Mathematics, 5 books on English and 6 books on Science. In how
many ways can you arrange them so that books on the same subject are together and
they are arranged in the order Mathematics — English — Science.

4.  There are 3 Physics books, 4 Chemistry books, 5 Botany books and 3 Zoology books.
In how many ways can you arrange them so that the books on the same subject are
together?

5.  4boysand 3 girls are to be seated in 7 chairs such that no two boys are together. In how
many ways can this be done?

6.  Find the number of permutations of the letters of the word “TENDULKAR’, in each of
the following cases :

(1) beginning with T and ending with R. (ii) vowels are always together.

(iii) vowels are never together.

11.5 COMBINATIONS

Let us consider the example of shirts and trousers as stated in the introduction. There you have
4 sets of shirts and trousers and you want to take 2 sets with you while going on a trip. In how
many ways can you do it?

Let us denote the sets by S|, S, S,, S,. Then you can choose two pairs in the following ways :

1' {Sl’SZ} 2' {SI’SS} 3' {SI’S4}
4. {8,.5:} 5. {s,.5,} 6. {5.5,}

[Observe that {S,, S, } is the same as {S,, S, }1. So, there are 6 ways of choosing the two sets

that you want to take with you. Of course, if you had 10 pairs and you wanted to take 7 pairs,
it will be much more difficult to work out the number of pairs in this way.

Now as you may want to know the number of ways of wearing 2 out of 4 sets for two days, say
Monday and Tuesday, and the order of wearing is also important to you. We know from

section 11.3, that it can be done in *P, =12 ways. But note that each choice of 2 sets gives us
two ways of wearing 2 sets out of 4 sets as shown below :

L. {$,,5,} — S, onMondayandS,onTuesday or S, on Monday and S, on Tuesday
2. {§,5,} — § onMonday and S, on Tuesday or S, on Monday and S, on Tuesday
3. {$,.S,} — §, onMonday and S, on Tuesday or S, on Monday and S, on Tuesday
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4. {S,.S,} — §,onMonday and S, on Tuesday or S, on Monday and S, on Tuesday
5. {S,.S,} — §,onMonday and S, on Tuesday or S, on Monday and S, on Tuesday
6. {S,,S,} — S, onMonday and S, on Tuesday or S, on Monday and S, on Tuesday
Thus, there are 12 ways of wearing 2 out of 4 pairs.

This argument holds good in general as we can see from the following theorem.

N HBEBRE [ et 5 >1 be an integer and r < 5. Let us denote the number of ways of
choosing r objects out of n objects by "C . Then
"P

"C,=—" . (11.5)
r!

Proof : We can choose r objects out of n objects in "C, ways. Each of the r objects chosen

can be arranged in ! ways. The number of ways of arranging r objects is r!. Thus, by the
counting principle, the number of ways of choosing r objects and arranging the r objects chosen

can be done in "C r! ways. But, this is precisely " P.. In other words, we have
"P=rl"C, ... (11.6)
Dividing both sides by 7!, we get the result in the theorem.

Here is an example to help you to familiarise yourself with "C .

I eI ENINEE Evaluate each of the following :

(@) °C, (b) °C, () “C,+*C, Ckers
5 5
NN SR i S L s P 543
SOlutlon.(a) CQ—F—E—lo (b) C3—?—m—10

4 4
(© ‘Co+ic,=Dp B 332,83 4.6 9
- 32 12301

6
. P, 654 . 43
C. =222 _s c,=22_¢
@ &= =103 and ¢2 =1
°C, _20_10
‘c, 6 3
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161111 CR W) Find the number of subsets of the set {1,2,3,4,5,6,7,8,9,10,11} having 4
elements.

Solution : Here the order of choosing the elements doesn’t matter and this is a problem in
combinations.

‘We have to find the number of ways of choosing 4 elements of this set which has 11 elements.

11.10.9.8

—1330
1234 ways.

By relation (11.5), this can be done in e, =
1D:e1 1) CRIPAN 12 points lie on a circle. How many cyclic quadrilaterals can be drawn by
using these points?

Solution : For any set of 4 points we get a cyclic quadrilateral. Number of ways of choosing 4

points out of 12 points is '*C, = 495 . Therefore, we can draw 495 quadrilaterals.

| €111 BN PR Tn a box, there are 5 black pens, 3 white pens and 4 red pens. In how many

ways can 2 black pens, 2 white pens and 2 red pens can be chosen?

Solution : Number of ways of choosing 2 black pens from 5 black pens

5
=°C, =£=ﬁ=1o.
21 1.2
. , , ; P, 32
Number of ways of choosing 2 white pens from 3 white pens , = C, = Yl 12 =3.
. s ‘P, 43
Number of ways of choosing 2 red pens from 4 red pens, = C, = =T = 15 =6.

By the Counting Principle, 2 black pens, 2 white pens, and 2 red pens can be chosen in
10x3x6 =180 ways.

Aquestion paper consists of 10 questions divided into two parts A and B.
Each part contains five questions. A candidate is required to attempt six questions in all of
which at least 2 should be from part A and at least 2 from part B. In how many ways can the
candidate select the questions if he can answer all questions equally well?

Solution : The candidate has to select six questions in all of which at least two should be from
Part A and two should be from Part B. He can select questions in any of the following ways :

Part A Part B
a) 2 4
(i) 3 3
Gi) 4 2
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If the candidate follows choice (i), the number of ways in which he can do so is
°C,x°C, =10x5=50

If the candidate follows choice (ii), the number of ways in which he can do so is
°C,x°C, =10x10=100.

Similarly, if the candidate follows choice (iii), then the number of ways in which he can do so is
°C,x°C,=50.

Therefore, the candidate can select the question in 50 + 100 + 50 =200 ways.

A committee of 5 persons is to be formed from 6 men and 4 women. In

how many ways can this be done when
(1) at least 2 women are included?
(ii ) atmost 2 women are included?
Solution : (i) When at least 2 women are included.

The committee may consist of

2 women, 3 men : It can be done in *C, x °C; ways.
or, 3 women,2men:Itcanbedonein *C,x °C, ways.

or, 4 women, 1 man: It canbe donein *C,x °C, ways.
Total number of ways of forming the committee
=C,°C,+'C,.°C,+*C,.°C, =6x20 + 4x15 +1x6 =120 + 60 + 6 =186
(i1 ) When atmost 2 women are included

The committee may consist of

2 women, 3 men : It can be done in *C,.°C; ways
or, 1woman,4 men:Itcanbedonein *C,.°C, ways

of, 5 men:Itcanbedonein °C S ways

Total number of ways of forming the committee
=1C,.°C,+*C,.°C,+°C, =6x20 + 4x15+6 =120+ 60+ 6 =186

ID: e IWE The Indian Cricket team consists of 16 players. It includes 2 wicket keepers
and 5 bowlers. In how many ways can a cricket eleven be selected if we have to select 1

wicket keeper and atleast 4 bowlers?
Solution : We are to choose 11 players including 1 wicket keeper and 4 bowlers

or, 1 wicket keeper and 5 bowlers.
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Number of ways of selecting 1 wicket keeper, 4 bowlers and 6 other players

=°C,’C,’C,

Sx4x3x2.1 9xX8XTX6x5%x4 Ox8x7
2% X =2X5x% =
432.1. 6X5x4%x3%x2x1 Ix2x1

840

Number of ways of selecting 1 wicket keeper, 5 bowlers and 5 other players

1.

9><8><7><6><5_2 | IX8XTx6

= XIX— =
S5x4x3x2x1 4x3x2x%x1 252

=°C,’C,°Ccy =2x1Ix

Total number of ways of selecting the team = 840 + 252 = 1092

1

G
A\ & @ CHECK YOUR PROGRESS 11.6

-

(a) Evaluate :
9
(i) °C, (ii) °C, (i) °C, + °C, (V) o
3
(b) Verity each of the following statement :
@) °C,="C, (i) ‘C,xC,="C,
(iii) ‘c,+'C,="C (v) c,+"°c,=""c,

Find the number of subsets of the set {1, 3, 5, 7, 9, 11, 13, ..., 23}each having 3
elements.

There are 14 points lying on a circle. How many pentagons can be drawn using these
points?

In a fruit basket there are 5 apples, 7 plums and 11 oranges. You have to pick 3 fruits of
each type. In how many ways can you make your choice?

A question paper consists of 12 questions divided into two parts A and B, containing 5
and 7 questions repectively. A student is required to attempt 6 questions in all, selecting at
least 2 from each part. In how many ways can a student select the questions?

Out of 5 men and 3 women, a committee of 3 persons is to be formed. In how many
ways can it be formed selecting (i) exactly 1 woman. (ii) atleast 1 woman.

A cricket team consists of 17 players. It includes 2 wicket keepers and 4 bowlers. In
how many ways can a playing eleven be selected if we have to select 1 wicket keeper
and atleast 3 bowlers?

To fill up 5 vacancies, 25 applications were recieved. There were 7 S.C. and 8 O.B.C.
candidates among the applicants. If 2 posts were reserved for S.C. and 1 for O.B.C.
candidates, find the number of ways in which selection could be made?

MATHEMATICS
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11.6 SOME SIMPLE PROPERTIES OF "C,

In this section we will prove some simple properties of "C, which will make the computations
of these coefficients simpler. Let us go back again to Theorem 11.3. Using relation 11.6 we can

n!
: n 'Co =
rewrite the formula for "C as: & A(n—r)! «..(11.7)
|0 ¢ (R E A Find the value of "C|
. " n! 1
Solution : Here » =0. Therefore, "Cy = —=—=1,
O'n! 0!

since we have defined 0! = 1.

The formula given in Theorem 11.3 was used in the previous section. As we will see shortly, the

formula given in Equation 11.7 will be useful for proving certain properties of "C, .

"C, ="C ..(1L.8)

n—r

This means just that the number of ways of choosing r objects out of n objects is the same as
the number of ways of not choosing (n — r) objects out of n objects. In the example described
in the introduction, it just means that the number of ways of selecting 2 sets of dresses is the
same as the number of ways of rejecting 4 — 2 = 2 dresses. In Example 11.20, this means that
the number of ways of choosing subsets with 4 elements is the same as the number of ways of
rejecting 8 elements since choosing a particular subset of 4 elements is equivalent to rejecting
its complement, which has 8 elements.

Let us now prove this relation using Equation 11.7. The denominator of the right hand side of
this equation is r! (n — r)!. This does not change when we replace r by n—r.

n—-rn—-(n-r)'=n-r)l.r!
The numerator is independent of r. Therefore, replacing r by n—r in Equation 11.7 we get result.

How is the relation 11.8 useful? Using this formula, we get, for example, 100C98 1s the same as
100C2. The second value is much more easier to calculate than the first one.

Example 11.27 EINEITH

(@ 'C, (b) "C, (© "C, d "G,

Solution : (a) Fromrelation 11.8, we have

'c,=7C, ,='C,=—>=21

7.6
1.2

(b) Similarly ~ '°C,=""C,, ,="C, =10
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11.10 _

(C) 11C9=11C11_9=11C2 ZT 55
12.11
(d) 2Cy="Cp, p="C, = 12 =66

There is another relation satisfied by "C, which is also useful. We have the following relation:

"iC_+"'C,="C, w..(11.9)
. . (=Dt (=D
c+¢C = (n—M(r-D! (m—-r-=-D'r!
(n—1)! N (n—1)!
T m=-r)(n—-r=DIr=D! r(n—-r=D!(r-1!
) (n—1)! ! +l}
n—r-DI(r-D!ln—r r
(n—1)! [ n
T (n—r=D!(r=D! (n—r)r
n(n—1)!

T (m=rm=-r=D!r(r=1!

n!
= -t TG
Example 11.28 BSAZINEITH
@ °C,+°c, (b *C,+°C, (©) ’C,+°C, (d) "°C,+"°Cy

Solution : (a) Let us use relation (11.9) withn =7, r = 2. So, 6C2 +6(j1 :7(}2 =21

(b) Here n =9, r = 2. Therefore, *C, + °C, = °C, =36
(c) Here n = 6, r = 3. Therefore, °C,+°C,=°C, =20

(d) Here n = 11, r = 3. Therefore, '°C, +'° C, ="'C, =165

IR If “C, ="C|, findn,

Solution : Using "C,="C,

weget n—10=12 or, n=12+10=22

-r
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1. (a) Find the value of "C_ . 1s "C,_="C, ? (b) Show that "C, ="C,

1

2. Evaluate:
(a) °C, (b) C,
() "¢, @ “c,
3.  Evaluate:
(@ 'C,+'C, (b) *C, + *C;
(©) °C,+°C, (d) ¢, + *C,

4. If °c,="C,,,,, find the value of . 5.If ®c =", find "C;

11.7 PROBLEMS INVOLVING BOTH PERMUTATIONS AND COMBINATIONS

So far, we have studied problems that involve either permutation alone or combination alone.
In this section, we will consider some examples that need both of these concepts.

|11 CIEBRIIN There are 5 novels and 4 biographies. In how many ways can 4 novels and
2 biographies can be arranged on a shelf ?
Soluton : 4 novels can be selected out of 5 in °C, ways. 2 biographies can be selected out of

4in *C, ways.
Number of ways of arranging novels and biographies= °C, x *C, =5x6 =30

After selecting any 6 books (4 novels and 2 biographies) in one of the 30 ways, they can be
arranged on the shelfin 6! =720 ways.

By the Counting Principle, the total number of arrangements = 30x 720 = 21600
I D e BBRIE From 5 consonants and 4 vowels, how many words can be formed using 3
consonants and 2 vowels ?

Solution : From 5 consonants, 3 consonants can be selected in ° C, ways.
From 4 vowels, 2 vowels can be selected in 4C2 ways.
Now with every selection, number of ways of arranging 5 letters is * P,

5x4 4x3
_s 4 Sp = 2 x— = x5l
Total number of words CX"C, X7 Py 2%l 2x1

10x6Xx5x4x3x2x1= 7200
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1

G
\ & @ CHECK YOUR PROGRESS 11.8

1.

-

There are 5 Mathematics, 4 Physics and 5 Chemistry books. In how many ways can you
arrange 4 Mathematics, 3 Physics and 4 Chemistry books.

(a) if the books on the same subjects are arranged together, but the order in which the
books are arranged within a subject doesn’t matter ?

(b) it books on the same subjects are arranged together and the order in which books are
arranged within subject matters ?

There are 9 consonants and 5 vowels. How many words of 7 letters can be formed using
4 consonents and 3 vowels ?

In how many ways can you invite at least one of your six friends to a dinner?

In an examination, an examinee is required to pass in four different subjects. In how many
ways can he fail?

7.

lQ

)
@/f' LET US SUM UP

Fundamental principle of counting states.

If there are n events and if the first event can occur in m, ways, the second event can
occur in m, ways after the first event has occurred, the third event can occur in m, ways
after the second event has occurred and so on, then all the » events can occur in

M, X M, X M, X ........ X m__ X m ways.

The number of permutations of n objects taken all at a time is 7!

"p = n!
(n—nr)!
"P =n!
" n!
The number of ways of selecting r objects out of n objects is C = m

"C ="C

n—r

nCr+nCr_1 — n+1Cr

e\ SUPPORTIVE WEB SITES

http://www.youtube.com/watch?v=XqQTXW7XfYA
http://www.youtube.com/watch?v=bCxMhncR7PU

www.mathsisfun.com/combinatorics/combinations-permutations.html
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Sl TERMINAL EXERCISE

N =

o

10.

11.

12.

13.

14.
15.

16.

17.

18.

There are 8 true - false questions in an examination. How many responses are possible ?

The six faces of a die are numbered 1,2,3,4,5 and 6. Two such dice are thrown
simultaneously. In how many ways can they turn up ?

A restaurant has 3 vegetables, 2 salads and 2 types of bread. If a customer wants 1
vegetable, 1 salad and 1 bread, how many choices does he have ?

Suppose you want to paper your walls. Wall papers are available in 4 diffrent backgrounds
colours with 7 different designs of 5 different colours on them. In how many ways can
you select your wall paper ?

In how many ways can 7 students be seated in arow on 7 seats ?

Determine the number of 8 letter words that can be formed from the letters of the word
ALTRUISM.

If you have 5 windows and 8 curtains in your house, in how many ways can you put the
curtains on the windows ?

Determine the maximum number of 3- letter words that can be formed from the letters of
the word POLICY.

There are 10 athletes participating in a race and there are three prizes, 1st, 2nd and 3rd
to be awarded. In how many ways can these be awarded ?

In how many ways can you arrange the letters of the word ATTAIN so that the 7s and
As are together?

A group of 12 friends meet at a party. Each person shake hands once with all others.
How many hand shakes will be there. ?

Suppose that you own a shop which sells televisions. You are selling 5 different kinds of
television sets, but your show case has enough space for display of 3 televison sets only.
In how many ways can you select the television sets for the display ?

A contractor needs 4 carpenters. Five equally qualified carpenters apply for the job. In
how many ways can the contractor make the selection ?

In how many ways can a committe of 9 can be selected from a group of 13?

In how many ways can a committee of 3 men and 2 women be selected from a group of
15 men and 12 women ?

In how ways can 6 persons be selected from 4 grade 1 and 7 grade II officers, so as to
include at least two officers from each category ?

Out of 6 boys and 4 girls, a committee of 5 has to be formed. In how many ways can this
be done if we take :
(a) 2 girls. (b) atleast 2 girls.

The English alphabet has 5 vowels and 21 consonants. What is the maximum number of
words, that can be formed from the alphabet with 2 different vowels and 2 different
consonants?
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19.

20.

ions And Combinations

From 5 consonants and 5 vowels, how many words can be formed using 3 consonants
and 2 vowels?

In a school annual day function a variety programme was organised. It was planned that
there would be 3 short plays, 6 recitals and 4 dance programmes. However, the chief
guest invited for the function took much longer time than expected to finish his speech. To
finish in time, it was decided that only 2 short plays, 4 recitals and 3 dance programmes
would be perfomed, How many choices were available to them ?

(a) if the programmes can be perfomed in any order ?
(b) ifthe programmes of the same kind were perfomed at a stretch?

(c) if the programmes of the same kind were perfomed at a strech and considering the
order of performance of the programmes of the same kind ?
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CHECK YOURPROGRESS 11.1
1. (a)180 (b) 8 (c) 12

Notes
2. (a) 48 (b) 20

CHECK YOUR PROGRESS 11.2

1. (2 17576 ) 900
2. (@ 105 b 60
3. (a) 24 (b) 24

CHECK YOUR PROGRESS 11.3

1.  (a)() 720 (1) 5040 (iii) 5046 (iv) 17280 (v) 10
(b) (1) False (i1) False (ii1) True (iv) False
2. (a)l120 (b) 40320 (c)24

CHECK YOUR PROGRESS 11.4

1. (a)@12 (>i) 120 (i) 4 >iv) 7200 W) n!
(b) () False (i) True (iii) False (iv) False
2. (a) (1) 7980 (ii) 9240 (b) 20 (c) 840

CHECK YOURPROGRESS 11.5
1. 96 2.1152 3.2073600  4.2488320
5. 144 6. (1) 5040 (i1) 30240 (iii) 332640

CHECK YOUR PROGRESS 11.6

1. (@ (1) 286 (i) 126 (iii) 84 @iv) %
(b) (1) True (i) False (iii) False (iv) True

2. 1771 3.2002 4. 57750 5. 805

6. (@) 30 (i) 46

7. 3564 8.7560
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CHECK YOUR PROGRESS 11.7

1. (a) n, No

2. (a) 126 (b) 1001
3. (a) 56 (b) 126
4. 3 5. 56

CHECK YOUR PROGRESS 11.8

1 (a)600 (b) 207 3600
2. 6350400

3. 63 4.15
TERMINAL EXERCISE

1. 256 2. 36
5. 5040 6. 40320
9. 720 10. 24
13. 5 14. 715
17. (a) 120 (b) 186

18. 50400 19. 12000
20. (3 65318400  (b) 1080

Permutations And Combinations

(c) 715 (d) 455
(c) 120 (d) 286

3. 12 4. 140
7. 6720 8. 120
11. 66 12. 10
15. 30030 16. 371
(c) 311040

MATHEMATICS



BINOMIAL THEOREM

Suppose you need to calculate the amount of interest you will get after 5 years on a sum of
money that you have invested at the rate of 15% compound interest per year. Or suppose we
need to find the size of the population of a country after 10 years if we know the annual growth
rate. Aresult that will help in finding these quantities is the binomial theorem. This theorem, as
you will see, helps us to calculate positive integral powers of any real binomial expression, that
is, any expression involving two terms.

The binomial theorem, was known to Indian and Greek mathematicians in the 3rd century B.C.
for some cases. The credit for the result for natural exponents goes to the Arab poet and
mathematician Omar Khayyam (A.D. 1048-1122). Further generalisation to rational exponents
was done by the British mathematician Newton (A.D. 1642-1727).

There was areason for looking for further generalisation, apart from mathematical interest. The
reason was its many applications. Apart from the ones we mentioned at the beginning, the
binomial theorem has several applications in probability theory, calculus, and in approximating
numbers like (1.02)7, etc. We shall discuss them in this lesson.

r

\Z| OBIECTIVES

After studying this lesson, you will be able to:

° state the binomial theorem for a positive integral index and prove it using the principle of
mathematical induction;

write the binomial expansion for expressions like (x+ y)”" for different values of xand y
using binomial theorem;
° write the general term and middle term (s) of a binomial expansion;

EXPECTED BACKGROUND KNOWLEDGE

Number System
Four fundamental operations on numbers and expressions.

Algebraic expressions and their simplifications.

° Indices and exponents.

12.1 THE BINOMIAL THEOREM FOR A NATURAL EXPONENT

You must have multiplied a binomial by itself, or by another binomial. Let us use this knowledge
to do some expansions. Consider the binomial (x + y). Now,
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inomial Theorem

x+y' =x+y

(x + y)? x+y)(x+y)= X*+2xy+)°

x+y)? =@+y (x+y?> = 2+3x% + 3xy*+ y*

x+y?* =(x+y) (x+y)P= x*+4° + 67 + dxy* + y*

(x+y)P=x+y (x+y)i= X+ 5x% + 103>+ 10x%*y* + 5xy*+ y’and so on.

In each of the equations above, the right hand side is called the binomial expansion of the left
hand side.

Note that in each of the above expansions, we have written the power of a binomial in the
expanded form in such a way that the terms are in descending powers of the first term of the
binomial (which is x in the above examples). If you look closely at these expansions, you would
also observe the following:

1. The number of terms in the expansion is one more than the exponent of the binomial. For
example, in the expansion of (x + y)*, the number of terms is 5.

2. The exponent of x in the first term is the same as the exponent of the binomial, and the
exponent decreases by 1 in each successive term of the expansion.

3. Theexponent of yin the first termis zero (as y= 1). The exponent of y in the second term
is 1, and it increases by 1 in each successive term till it becomes the exponent of the
binomial in the last term of the expansion.

4.  The sum of the exponents of x and y in each term is equal to the exponent of the binomial.
For example, in the expansion of (x + y)°, the sum of the exponents of x and y in each
termis 5.

If we use the combinatorial co-efficients, we can write the expansion as

(x +y)P=>C, ¥ +°Cx’y +°Cx y* + °C,y’

(x + ) ="Cx* + *Cxy + *Cx°y* + *Cxy’ + *C, y*

(x +y)’ =°Cx’ +°Cx'y + °Cx’y* + °Cx’y* + °C xy* + °C, ), and so on.

More generally, we can write the binomial expansion of (x + y)", where 7 is a positive
integer, as given in the following theorem. This statement is called the binomial theorem
for a natural (or positive integral) exponent.

x+W"="Cyx"+"Cx"'y'+"Cx"?y*+...+"C_xy"'+"C y"..(A)
where e N andx, y € R.

Proof : Let us try to prove this theorem, using the principle of mathematical induction.
Let statement (A) be denoted by P(n), i.e.,

P(n): (x + y)"="Cx "+ "Cx "'y + "Cx "2y >+ "Cx "7y’ +...

MATHEMATICS



+'C  xy"'+"C y" ()
Let us examine whether P(1) is true or not.
From (i), we have P(1) : (x + y)' = 'Cx + 'C, y = Ixx+1xy
i.e., (x + y)' =x + y Thus, P(1) holds.

Now, let us assume that P(k) is true, i.e.,

Pk): (x + ) =*Cx *+*Cx 'y +Cx “?y? + Cx "y’ + ..

‘C o xy T +AC yt (i)

Assuming that P(k) is true, if we prove that P(k + 1) is true, then P(n) holds, for all n. Now,

(x+3)"" = ot M ) = (et ) (Ot + Gty + 40,0y 4
et kaflxyk‘l + % kyk)

=Cx™ +C X y+ Oty +5C Ty + O Ty O Ty
ey e oyt + eyt + eyt

ie. (x+y)k+l= ‘ Cokarl +(k CO + kC1)xky +(kC1+ kCz)xk71y2 +

wtC eyt +FC Yyt ... (i)
From Lesson 11, you know that *C =1 = "“CQ and“C,=1=*'C,_, (1)
Also, ‘CH+C _ ="C

Therefore, ‘c,+fc, =" L fe e, = e, L fe,+ e, = ey v)

........................ and so on

Using (iv) and (v), we can write (iii) as
k+1 _
(x+ y) — k+1C0xk+l + k+1C1xky+ k+1C2xk 1y2 + , L+ k+1Ckxyk + k+1Ck+1yk+1

which shows that P(k +1) is true.

Thus, we have shown that (a) P(1) is true, and (b) if P(k) is true, then P(k+1) is also true.

Therefore, by the principle of mathematical induction, P(n) holds for any value of . So,

we have proved the binomial theorem for any natural exponent.

This result is supported to have been proved first by the famous Arab poet Omar Khayyam,

though no one has been able to trace his proof so far.
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Binomial Theorem

‘We will now take some examples to illustrate the theorem.

IBE1 I IPAR Write the binomial expansion of (x + 3y)°.

Solution : Here the first term in the binomial is x and the second term s 3y. Using the binomial
theorem, we have

(x+3y)’ = 5Cox5 + 5C1x4(3y)1 + 5CZXS(?)y)2 + 5C3962(3y)3 + 5C4x(3y)4 + 5C5 (?ay)5

Ixx* +5x* x3y+10x’ x (9y*) +10x> X (27 y*) + 5xx (81y*) +1x 243y’

x> +15x*y+90x°y* +270x%y® +405xy* +243y°
Thus, (x+3y)°= x* +15x*y +90x’ y*> + 270x°y’ + 405xy* + 243y’

Expand (1+a)" in terms of powers of a, where a is a real number.

Solution : Taking x = 1 and y = a in the statement of the binomial theorem, we have
(I+ar="Cc,()"+"C,(D)""'a+"C,1)"*a’+...+"C, ,(Da"" +"C,a"
ie., (I1+a)'=1+"Ca+"C,a*+..+"C,_a""'+"C,a" ...(B)

(B) is another form of the statement of the binomial theorem.

The theorem can also be used in obtaining the expansions of expressions of the type

5 5 5 6
( 1) y 1 (a 2} (2r 3)
X+— | | =+— |, |-t~ |,|5—=|,etc
X Xy 4 a 3 2t

Let us illustrate it through an example.

4
1
I €11 R PARE Write the expansion of (%4? ;) , wherex, y = 0.

Solution : We have :

1Y ‘ (1 2(1Y 1Y 1Y
R [CRe QR R
Xy X X y X y XY y

4 3 2
= 1><y—4+4><y—3><l+ 6><y—2><L2+4><[Zj><i3+1><L
X Xy X y

4 2
y y 6 4 1
=gt gt ot o+

X X xT oxyty

I €111 LR PR N The population of a city grows at the annual rate of 3%. What percentage
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increase is expected in 5 years ? Give the answer up to 2 decimal places.

Solution : Suppose the population is a at present. After 1 year it will be
3 3
at——a=all+——
100 100

wi al 142 |+ 2| a1+
After 2 years, it will be 100 )" 100 100

2
= a 1+i 1+i =a 1+i
100 100 100

3 5
Similarly, after 5 years, it willbe @ (1 + ﬁ)
Using the binomial theorem, and ignoring terms involving more than 3 decimal places,
3 2
we get, al 1+ | = all +5(0.03)+10(0.03)*] = 4x1.159

So, the increase is 0.159x100% = %xlOGxL =15.9% in5 years.

100

Using binomial theorem, evaluate , (i) 102* (ii) 97°

Solution: (i) 102 = (100 +2)*
= 4C, (100)* + “C,(100)°.2 + *C(100)2.2* + *C, (100).2° + *C, .2*
— 100000000 + 8000000 + 240000 + 3200 + 16 = 108243216

() (97  =(100—3) = >C,(100)* — *C,(100)>.3+°C,(100).3> - *C, .3’
— 1000000 — 90000 + 2700 — 27 = 1002700 — 90027 = 912673

N
L'L § CHECK YOUR PROGRESS 12.1

1. Write the expansion of each of the following :
(a) 2a + b)? (b) (x*-3y)¢  (¢) 4a—-5b)* (d) (ax + by)"

2. Write the expansions of :

(@ d-x)7 (b) (Hij (c) (1 +2x)°

3. Write the expansions of :
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5 7 4 5
()(3+2j (b) (3x—3j ()(x+l) | =+
4 3 2 x’ ¢ X y X

4. Suppose linvest Rs. 1 lakh at 18% per year compound interest. What sum will I get
back after 10 years? Give your answer up to 2 decimal places.

5.  The population of bacteria increases at the rate of 2% per hour. If the count of bacteria
at9a.m.is 1.5x10°, find the number at 1 p.m. on the same day.

6.  Using binomial theorem, evaluate each of the following :

(i) (101)* (ii) (99 (i) (1.02)°  (iv) (0.98)}

12.2 GENERALTERM IN A BINOMIAL EXPANSION

Let us examine various terms in the expansion (A) of (x + y)", i.e., in

(x+y)" ="Cox"+"Cx"'y+"Cx"?y? + "Cox" Y+ 4+ "C_xy" T +"Cy"
We observe that , the first termis "Cyx",i.e., "C_x" y° :

the second termis "C,x" 'y, i.e., "C, x""'y';

the third termis "C,x"2y?,ie., "C,_,x"*y*;and so on.

From the above, we can generalise that

the (r+ )" termis "C,,,, ,x"'y",ie, "C x""y".

If we denote this termby T, wehave , T ="C x""y"

T, is generally referred to as the general term of the binomial expansion.

r+

Let us now consider some examples and find the general terms of some expansions.

1 n
|11 (W PAN Find the (r + 1)'" term in the expansion of (xz + ;) , where n is a natural

number. Verify your answer for the first term of the expansion.

Solution : The general term of the expansion is given by :

—r

X

1
n 2n-2r - 2n-3 «
= Cr.x xr = nCr_x n=or ...(l)
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Hence, the (r + 1)th term in the expansion is "C x*"~".

On expanding (X 2+ ;j , we note that the first term is (x?)" or x>".

Using (i), we find the first term by putting » = 0.
Since T] = T0+1 - Ti — nCOXZn—O — x2n

This verifies that the expression for 7', is correct forr + 1 = 1.

|10 PR Find the fifth term in the expansion of
6
3
3

Solution : Using here T =T, whichgives r+1=35,i.e.,r=4.

1
-2
Also n =6 and let x=1and y = ?x?

4
16
-2 =] <k K,

80
Thus, the fifth term in the expansion is 27 x'?

N
L' § CHECK YOUR PROGRESS 12.2

1. Foranatural number n, write the ( + 1)™ term in the expansion of each of the following:
n 2 n n 1 !
@ (2x+y)" ® (2a>-1)" (© (1-a)" (@ 3+7
2. Find the specified terms in each of the following expansions:

(@) (1+2y)*; 6thterm (b) (2x+3)";4thterm (¢) (2a—b)'";7thterm

1y 1y
@ [x+;) :4thterm (&) (x3—7j : Sth term

12.3 MIDDLE TERMS IN A BINOMIAL EXPANSION

Now you are familiar with the general term of an expansion, let us see how we can obtain the
middle term (or terms) of a binomial expansion. Recall that the number of terms in a binomial
expansion is always one more than the exponent of the binomial. This implies that if the exponent
is even, the number of terms is odd, and if the exponent is odd, the number of terms is even.
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Thus, while finding the middle term in a binomial expansion, we come across two cases:

Case 1 : When nis even. To study such a situation, let us look at a particular value of n, say n
= 6. Then the number of terms in the expansion will be 7. From Fig. 12.1, you can see
that there are three terms on either side of the fourth term.

middle term

000,060,000
| |

3 terms 3 terms

Fig. 12.1

n
In general, when the exponent # of the binomial is even, there are B terms on either side of the

n n
(E + 1} th term. Therefore, the (5 + lj th termis the middle term.

Case 2: When nis odd, Let us take n = 7 as an example to see what happens in this case. The
number of terms in the expansion will be 8. Looking at Fig. 12.2, do you find any one
middle term in it? There is not. But we can partition the terms into two equal parts by a
line as shown in the figure. We call the terms on either side of the partitioning line taken
together, the middle terms. This is because there are an equal number of terms on either
side of the two, taken together.

— 3 terms

—— middle terms

00, 000

— 3 terms

000

Fig. 12.2
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Thus, in this case, there are two middle terms, namely, the fourth,

7+1 743
1e., T and the fifth, i.e., T terms

13+1 13+3
Similarly, if n = 13, then the ) th and the ) th terms, i.e., the 7th and 8th terms

are two middle terms, as is evident from Fig. 12.3.

From the above, we conclude that
OHOROHNONORONOHONORORONONORG

Fig. 12.3

n+1
2

When the exponent z of a binomial is an odd natural number, then the ( j th and

n+3
( 2 jth terms are two middle terms in the corresponding binomial expansion.

Let us now consider some examples.

1€V PR Find the middle term in the expansion of (x*+ y*)*

Solutuion : Here n = 8 (an even number).

8
Therefore, the (5 + 1) th, i.e., the 5th termis the middle term.

Putting r = 4 in the general term 7, = *C (x*)*"y", T =C,(x) T () =70x" Y

1 9
Example 12.9 Find the middle term(s) in the expansion of (216 2+ ;) .

9+3

9+1
Solution : Here n = 9 (an odd number). Therefore, the (Tj th and (T) th are middle

terms. i.e. T5 and T o are middle terms.

1
For finding 7;and 7, putting r = 4 and 7=5 in the generalterm , 7 =°C (2x?)*" (;)6 s

1j4 _ 9x8XTx6

T,="C,(2x*)""| —
5= C.(2x7) 4x3%2

4
><(32x1°)><(1) = 4032 x6
X X
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AS

1.

Binomial Theorem

1 5
and T, = °C, (2 1)°* (—) =2016 »°
X

Thus, the two middle terms are 4032 x°and 2016 x°.

1

‘4 CHECK YOUR PROGRESS 12.3

-

Find the middle term(s) in the expansion of each of the following :

2 5Y) 1)’ .
@ 2x+y)° (b) (H;x} © (x+;) @ (1-27)

Find the middle term(s) in the expansion of each of the following :

7 b 9 (3_x_4_yj7 d (x+ijll
@ (a+b) (0) 2a=bY (© |~ | @ |*+

T4
®sZdl1.xT US sum P

For a natural number n,
(x+ y)" ="C, x"+"C,x"'y+"C, x"? y ... +"C, , xy"" +"C, y"
This is called the Binomial Theorem for a positive integral (or natural) exponent.

Another form of the Binomical Theorem for a positive integral exponent is
(I+ay="C +"C,a+"C,a>+ ... +"C_ a'+"C a

The general term in the expansion of (x + y)"is "C x "y "and in the expansion of (1 + a)"
is "C a’, where n isanaturalnumber andO0 < r <pn.

If n is an even natural number, there is only one middle term in the expansion of

(x+y)".If nisodd, there are two middle trems in the expansion.

The formula for the general term can be used for finding the middle term(s) and some
other specific terms in an expansion.

e SUPPORTIVE WEB SITES

http://www.youtube.com/watch?v=Cv4YhIMfbeM
http://www.youtube.com/watch?v=-{FWWt1m9k0

http://www.youtube.com/watch?v=xF_hJaXUNfE
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Sl TERMINAL EXERCISE

—

Write the expansion of each of the following :

(@ Bx+2y (b @E-9° () 1A-x°
1 2 ¥ 1 0 )
@ |3~ (@ x5 (H)(3x=y?)

2 2Y 1Y 1Y 1 !
(g)KT_F;j (h) [xz —?j (i)(x3 +?j (j)(F_X3)

Write the (r + 1)th term in the expansion of each of the following, where ne N :

s, 1Y
(@) Bx—y?" (b) (x +;)

Find the specified terms in the expansion of each of the following :

1 6
(a) (1 —2x)7: 3rd term [Hint : Here r=2] (b) (X + Z_xJ : middle term (s)
1 11
(c) Bx—4y)®: 4th term (d) ()’2 - ;J : middle term (s)
(e) (x*—y*)'2:4th term ® (1 =3x*)': middle term (s)
(g2) (-3x—4y)°: Sthterm (h) Write the rth term in the expansion of (x —2y)®.

If T , denotes the rth term in the expansion of (1 + x)" in ascending powers of x (n being
a natural number) , prove that

rr+ DT ,=(n—r+1)(n-r)x*T [Hint:T="C_x~'andT _,="C  x"']

2 2
k is the coefficient of x "' in the expansion of (1 + 2x)'? in ascending powers of x and

k =4k . Find the value of r. [Hint : k ='°C_ 2""and k, , ="°C 2]

r+. r+l

The coefficients of the 5th, 6th and 7th terms in the expansion of (1+a)"  (n being a
natural number) are in A.P. Find n. [Hint : "C, - "C, = "C, — "C ]

Expand (1 +y + y»)*. [Hint: (1+ y+ y2)4 = {(1+ )+ y2}4J
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CHECK YOUR PROGRESS 12.1

L. (@) 84®+12a°b + 6ab* +b°

Notes
(b) x> —18x"y+135x*y> —540x°y” +1215x" y* —1458x>y’ +729y°

(©) 256a* —1280a°b +2400a*b*> —2000ab’ + 625b*

n(n—1) a"fzxnfzbzy

(d) a"x" +na""'x""'by + T +D"y"

2. (@ 1-7x+21x2 =35> +35x" = 21x° +7x° — x’

®) 1+E+21x2 35x°  35x* 21x°  7x® +i
y oy oy oyt oy oy Yy

(©) 1+10x+40x> +80x> +80x* +32x°

a’ 5a*b 5a’b* 54*b° Sab* b’
+ + + + +—

3,
@ 23 62 T sa T3 T ag T3

354375 590625 590625

2 5 8
X X X

(b) 2187x" —25515x* +127575x —

328125 78125

11 14

X X
4 1 x x X y y oy
(c) x“+4x2+6+—2+7 (d) ?+5?+1O;+10;+5?+7
4. Rs4.96 lakh 5. 162360
6. (@ 104060401 (i) 96059601
(iii) 1.061208 Gv)  0.941192

CHECK YOUR PROGRESS 12.2
1. ( G2 XY (b "C.2" > (=1

(C) nC, (_l)rar (d) nC, 3n—r‘x—2r
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2.

(a) 1792y° (b) 15120x*
© 14784a°b°® (d) 20
(e) 35x

CHECK YOUR PROGRESS 12.3

S s 1120 2
1. (a) 8064 x>y (b) —8 1
© 20 d)  —252x1
2. (a) 35a*b3, 35a°b*
(b) 4032a°b*,-2016a*b>
_105 4 3 140 3 4
x*y’, X
© 4 YL Xy
462 462
@
TERMINAL EXERCISE
1. (a) 243x° +810x*y +1080x’ y* +720x° y” +240xy* +32y°
(b) p*—8p’q+28p°q* —56p°q’ +70p*q* —56p°q” +28p°q° —8pq’ +4°
(©) 1-8x+28x> —56x> +70x* —56x° +28x°—8x" + x*
(d) 1+4x+£x2 ﬁLlG;Ox3 +&x4 +6—4x5 +6—4x6
3 27 27 81 729
15 5 15 3 1
X0 4+3x =P+ =+ + +
©) 47 T2 16x%  16x*  64x°
(® 243x° —405x*y*> +270x y* —90x” y° +15xy% — y'°
(2) X +x—5+§x2 L8106
%68 27 T4
35 35 21 7 1
(h) x14—7x9+21x4—7+F—F F—F
G) x” +5x"° +10x° +10+%+F
1 4
i ———+6x" —4x" +x"
(]) xS x3
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MODULE-Nl |2 @  Ciyrcamrary

Algebra-| ®) i
3. (@ 84x?
(b) 2
Notes 2
(©) -34560 x*y’
) _462y7, 462y
(e) —220x%"y°
® -61236 x'
() 34560x%y*
) (2 C xTry
5. 5
6. 7, 14
7. 1 +4y + 10y2+16y* +19y*+ 16y° +10y° + 4y" + y®
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MODULE-IV:

Co-ordinate Geometry

Lesson-13: Cartesian system of rectangular co-ordinates
Lesson-14: Straight Lines
Lesson-15: Circles

Lesson-16: Conic Sections

Scope and Approach:

Coordinate Geometry is that branch of Mathematics which deals with the study of geometry
by means of algebra. You will know that a straight line or a curve in a plane can be represented
by an algebraic equation. In coordinate geometry, you can represent a point in a plane by an
ordered pair of real numbers, called coordinates of the point, and a straight line or a curve by
an algebraic equation with real coefficients. You can use algebra advantageously to the study
of straight lines and geometric curves which reveal their nature and properties. The curves
known as conics were named after their historical discovery as the intersection of a plane with
aright circular cone. In this module you will learn the intersection of a plane with a double
napped right circular cone results in different types of curves. You will also understand the
standard equations of parabola, ellipse and hyperbola and circle and will study their simple
properties.







MODULE-IV
Co-ordinate
Geometry
CARTESIAN SYSTEM OF RECTANGULAR
Notes

CO-ORDINATES

You must have searched for your seat in a cinema hall, a stadium, or a train. For example, seat
H-4 means the fourth seat in the H" row. In other words, H and 4 are the coordinates of your
seat. Thus, the geometrical concept of location is represented by numbers and alphabets (an
algebraic concept).

Also aroad map gives us the location of various houses (again numbered in a particular se-
quence), roads and parks in a colony, thus representing algebraic concepts by geometrical
figures like straight lines, circles and polygons.

The study of that branch of Mathematics which deals with the interrelationship between geo-
metrical and algebraic concepts is called Coordinate Geometry or Cartesian Geometry in honour
of the famous French mathematician Rene Descartes.

In this lesson we shall study the basics of coordinate geometry and relationship between con-
cept of straight line in geometry and its algebraic representation.

\ZJ oBJECTIVES

After studying this lesson, you will be able to:

° define Cartesian System of Coordinates including the origin, coordinate axes,
quadrants, etc;

° derive distance formula and section formula;

° derive the formula for area of a triangle with given vertices;

° verify the collinearity of three given points;

° state the meaning of the terms : inclination and slope of a line;

° find the formula for the slope of a line through two given points;

° state the condition for parallelism and perpendicularity of lines with given slopes;
° find the intercepts made by a line on coordinate axes;

° find the angle between two lines when their slopes are given;

° find the coordinates of a point when origin is shifted to some other point;

° find transformed equation of curve when oregin is shifted to another point.
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f Rectangular Co-ordinates
USRS EXPECTED BACKGROUND KNOWLEDGE
Co-ordinate

Geometry o Number system .
° Plotting of points in a coordinate plane.

° Drawing graphs of linear equations .

Notes | o Solving systems of linear equations .

13.1 RECTANGULAR COORDINATE AXES

Recall that in previous classes, you have learnt
to fix the position of a point in a plane by draw- y
ing two mutually perpendicular lines. The fixed 4
point O,where these lines intersect each other is +
called the origin O as shown in Fig. 13.1 These -
mutually perpencular lines are called the

coordinate axes. The horizontal line XOX'is

the x-axis or axis of x and the vertical line YOY'
is the y- axis or axis of'y. 0)

13.1.1 Cartesian Coordinates of a Point T

To find the coordinates of a point we proceed i '
as follows. Take X'OX and YOY" as coordinate | Fig. 13.1
axes. Let P be any point in this plane. From point

Pdraw pA | xox and pp | yOoY . Thenthe ,
distance OA = x measured along x-axis and the

distance OB = y measured along y-axis

determine the position of the point P with y
reference to these axes. The distance OA
measured along the axis of x is called the
abscissa or x-coordinate and the distance OB
(=PA) measured along y—axis is called the B P(x, y)
ordinate or y-coordinate of the point P. The
abscissa and the ordinate taken together are X x
called the coordinates of the point P. Thus, the
coordinates of the point P are (x and y) which
represent the position of the point P point in a
plane. These two numbers are to form an
ordered pair beacuse the order in which we

write these numbers is important. ,
Y Fig.13.2
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In Fig. 13.3 you may note that the position of y
the ordered pair (3,2) is different from that of T
(2,3). Thus, we can say that (x,y) and (y,x) 1

MODULE-IV

Co-ordinate
Geometry

are two different ordered pairs representing
two different points in a plane.

Notes

Fig.13.3

13.1.2 Quardrants

We know that coordinate axes XOX' and Ny |[-==mmmmmm -
YOY' divide the region of the plane into four
regions. These regions are called the quardrants
as shown in Fig. 13.4. In accordance with the
convention of signs, for a point P (x,y) in Ny |-+
different quadrants, we have , | PCxy, y1)

Q(x2, ¥2)

I quadrant : x>0,y>0

I  quadrant : x<0,y>0 Y Fig.13.4
I quadrant : x<0,y<0
IV quadrant : x>0,y<0

13.2 DISTANCE BETWEEN TWO POINTS

Recall that you have derived the distance y
formula between two points P (x,y,) and Q
(x,,y,) in the following manner: Q(x2, ¥2)

Let us draw a line / || XX through P. Let R be m2

the point of intersection of the perpendicular R ) T
from Q to the line /. Then A PQR is aright- ml
angled triangle. Vv

P(xy, yg S

~

Also PR = MM,

I
:
|
I
|
:
M N

o| ™\

|

|

|

|
L

=

= OM,—-OM, 0(0,0
= XH X Fig.13.5

and OR = OM, —RM,
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= OM,—-PM,
—ON, - ON,
= Y=Y

Now PQ? = PR*+ QOR’ (Pythagoras theorem)

= (x, _xl)z +(y, — y1)2

L PO = (- x) (3,9

Note: This formula holds for points in all quadrants.

Also the distance of a point P(x,y) from the origin O(0,0)

is OP = 1[x2+y2 o
Let us illustrate the use of these formulae with some examples.
| )11 (58 BB B Find the distance between the following pairs of points :
@ A(14,3) and B(10,6) (@) M(-1,2) and N(0,-6)

Solution :

(i) Distance between two points = \/ (x,—x ) +(y,—y)

Here X, = 14, Y, =3, X, = 10, y,= 6

-. Distance betweenAand B = \/ (10-14)’ +(6-3)

= (4P +@) =1649 =25=5

Distance between A and B is 5 units.

(@) Herex =-1,y =2,x,=0andy, =-6

Distance between A and B = \/(() —(=D) +(=6-2) = {1+(-8)
=J1+64 = /65
Distance between M and N =./g5 units

1B el CIRPA Show that the points P(—1, —1), O(2, 3) and R (-2, 6) are the vertices of a
right-angled triangle.

Solution: PQ*> = (2 + 1+ (3 +1%= 3 +4= 9+ 16= 25

MATHEMATICS
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OR*=(-4)*+(3)*=16+9=25 MODULE-IV
Co-ordinate
and  RP* =1+ (=7 =1+49=50 Geometry

PQ? + OR? = 25+25=50= RP*?
= A POR is aright-angled triangle (by converse of Pythagoras Theorem)

Notes

I e11i1 ) CHRRE Show that the points A(1, 2), B(4, 5) and C(—1, 0) lie on a straight line.

Solution: Here,

AB = \/(4 —1) +(5—2)* units= /18 units= 3,/7 units

BC= \/(—1_4)2+(0—5)2 units = /50 units = 5./2 units

and AC = \/(_1_1)2 +(0_2)2 units = /4 4+ 4 units = 2\/5 units

Now AB +AC = (32 +2v2 ) units = 52 units =BC

ie. BA + AC=BC
Hence, A, B, Clie on a straight line. In other words, A,B,C are collinear.

| 11110 N RR N Prove that the points (2a, 4a), (2a, 6a) and (261 + \/§a, 561) are the vertices of

an equilateral triangle whose side is 2a.

Solution: Let the points be A (2a, 4a), B (2a, 6a) and C (Za + \/ga, 561)

AB=,/0+ (2a)*> =2aunits

BC z\/(\/gcl)2 +(—a)? units =,/342 4 4> =2aunits

and AC = \/(\/551)2 +(+a)* =2aunits

= AB + BC>AC, BC+AC>AB and
AB +AC>BCand AB=BC=AC=2a

= A, B, C form the vertices of an equilateral triangle of side 2a.

O
A\ & @ CHECK YOUR PROGRESS 13.1

1. Find the distance between the following pairs of points.

(a) (5,4) and (2,-3) (b) (a, —a) and (b, b)
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2. Prove that each of the following sets of points are the vertices of aright angled-trangle.
(@) (4,4),(3,5), =1,-1 () (2, 1), (0,3),(=2, 1)

3. Show that the following sets of points form the vertices of a triangle:
(a) (3,3),(-3,3)and (0, 0) (b) (0, a), (a, b) and (0, 0) (if ab=0)

4. Show that the following sets of points are collinear :
(a) (3,-6),(2,—4) and (-4,8) (b) (0,3), (0,—4) and (0, 6)

5. (a) Show that the points (0, —1), (-2, 3), (6, 7) and (8, 3) are the vertices of a rectangle.
(b) Show that the points (3, -2), (6, 1), (3, 4) and (0, 1) are the vertices of a square.

13.3 SECTION FORMULA

13.3.1 Internal Division

Let P(x,,y,) and Q(x,, y,) be two given points on a line /and R(x, y) divide PQ internally
in the ratiom, : m,

To find : The coordinates x and y of point R.

Construction : Draw PL, ON and RM perpendiculars to XX' from P, Q and R respectively
and L, M and N lie on XX'. Also draw RT1QON and PVLON .

Method : R divides PQ internally in the ratio m, : m.,.

PR _m;

= Rlieson PO and R_Q = m,

Also, in triangles, RPS and QRT,

ZRPS = ZQRT (Corresponding angles as PS || RT)
and ZRSP = ZQTR =90’ y
ARPS ~ AQRT (AAA similarity) Rey) A
PR RS PS Q(x2, y2) -
= on_ AT o ... (D) |
RQ QT RT :
Also, PS =LM =OM —OL=x~x, Y S
RT =MN =ON —OM = x, — x v /| : : .
OlL N M
RS=RM —-SM =y-y,
¥ Fig.13.6

QT=QN-TN=y,~y.
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From (i), we have

. ﬁzx_xl — YN
m, X=X y,—)Y

= m(x, —x)=m,(x—x,)
and  m,(y,—y)=my(y=y)

x:m1x2+m2x1 _my,+m,y,

and Y=

= m, +m, m, +m,

Thus, the coordinates of R are:

(mlxz tmy,x, my,+m,y J
m, +m, m, +m,

Coordinates of the mid-point of a line segment

If R is the mid point of PQ, then,

m, =m, =1 (as Rdivides PQ intheratio 1:1

X +x +
Coordinates of the mid point are ( : 5 2, 2 ) = j

13.3.2 External Division
Let R divide PQ externally in the ratio m :m,
To find : The coordinates of R.

Construction : Draw PL, ON and RM perpendiculars to XX' from P, Q and R respectively
and PS | RM and QT | RM.

Clearly, A RPS ~ A RQT. y
kP _Ps_Rs
""RQ QT RT

m,_ X=X _ Y=
or - -
m, X=X, Y=Y,

= m(x—x,)=m,(x—x,) ,

and m (y—y,)=m,(y—y,)
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These give:
m, X, — m,x my,—m
=0 TN gy = 1Y2 ~1h )
m, —m, m, —m,

Hence, the coordinates of the point of external division are

b

(mIXZ —nmyx, nmyy,—m,Yy, j
m—m, my—m,

Let us now take some examples.

| )&11110) R Find the coordinates of the point which divides the line segment joining the
points (4, —2) and (-3, 5) internally and externally in the ratio 2:3.

Solution:

(i) Let P (x y) be the point of internal division.

2(-3)+34) 6 2(5)+3(-2) 4
X=—"—T""T—"—"—"=—and y=—"—"——"=—
243 5 243 5

. 64
P has coordinates 575

If Q (x', y") is the point of external division, then

Pl DEDBG L @032
2-3 4 2-3

-16
Thus, the coordinates of the point of external division are (18, —16).

| 'e11110) (38 RXY In what ratio does the point (3, -2) divide the line segment joining the points
(1,4)and (-3, 16) ?

Solution : Let the point P(3, —2) divide the line segement in the ratio k - 1.

=3k+1 16k + 4}

Then the coordinates of P are ( 1 kil

But the given coordinates of P are (3, —2)

-3k +1 1

=3 _ — =>k=——
1 = -3k+1=3k+3 3

— P divides the line segement externally in the ratio 1:3.
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I D:é101) ) BN RWA The vertices of a quadrilateral ABCD are respectively (1, 4), (—2,1), (0,—1)
and (3, 2). If E, E G, H are respectively the midpoints of AB, BC, CD and DA, prove that the

quadrilateral EFGH is a parallelogram.

Solution : Since E, F, G, and H, are the midpoints of the sides AB, BC, CD and DA, therefore,
the coordinates of E, F, G and H respectively are :

1-2 441\ (=240 1-1) (043 —-1+2 und 1+3 4+2
272 )0 2 T2 )0 27 2 27 2

-15 31
= E(?’Ej’ F (—1,0)»G(5,5j and H (2, 3) are the required points.

Also, the mid point of diagonal EG has coordinates

1,351
2 22 2|_(13
2 72 272

. o -1+2 0+3) (1 3
Coordinates of midpoint of FH are > o 2
Since, the midpoints of the diagonals are the same, therefore, the diagonals bisect each

other.

Hence EFGH is a parallelogram.

r1
\ & § CHECK YOUR PROGRESS 13.2

1. Find the midpoint of each of the line segements whose end points are given below:
(a) (-2,3)and (3,5) (b) (6,0) and (-2,10)
2. Find the coordinates of the point dividing the line segment joining
(-5, -2) and (3, 6) internally in the ratio 3:1.
3. (a) Three vertices of a parallelogram are (0,3), (0,6) and (2,9). Find the fourth vertex.

(b) (4,0), (—4,0),(0,—4) and (0, 4) are the vertices of a square. Show that the quadrilateral
formed by joining the midpoints of the sides is also a square.

4. The line segement joining (2, 3) and (5, —1) is trisected. Find the points of trisection.

5.  Show that the figure formed by joining the midpoints of the sides of a rectangle is a
rhombus.
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LleDIVESIARE 13 4 AREA OF A TRIANGLE A
X1, )1

Co-ordinate y
Geometry Let us find the area of a triangle whose )

vertices are A(x,,y,), B(x,,y,) and C(x;,y,) = L-——-ev C(x3, y3)

Draw AL, BM and CN perpendiculars to XX

Notes

area of A ABC ¥

= Area of trapzium. BMLA + Area of trapzium. y’ )
ALNC — Area of trapzium. BMNC Fig.1

=%(BM +AL)ML+%(AL+CN)LN—%(BM +CN)MN
1 1 1
:E(J’2+)’1)(x1_x2)+5(y1+J’3)(x3_x1)_5()’2+y3)(x3_x2)

[(xlyz —X,¥) + (5, =X, ¥,) + (x5, _x3y3)]

|-

1
5[x1(y2 _y3)+-x2(y3 _y1)+x3(y1 - yz)]

This can be stated in the determinant form as follows :

| x ooy 1
Areaof AABC= 52 2 !
Xy 1
IDeln) KRR Find the area of the triangle whose vertices are A(3, 4), B(6, —2) and
C(-4,-5).

3 4 1

AABC=% 6 21

4 -5 1

Solution: The area of

[3(=2+5)—4(6+4)+1(-30-8)] = %[9—40—38]:‘769

N | -

As the area is to be positive

69
- Areaof AABC = — square units
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I e CN KRR [f the vertices of a triangle are (1, k), (4, —3) and (-9, 7) and its area is 15
square units, find the value(s) of k.

| 1 k1
Solution : Areaoftriangle = 5 4 31
-9 7 1

= %[—3—7—k(4+9)+l(28—27)] - %[—10—13k+1] = %[—9—13](]

Since the area ofthe triangle is given to bel5,

-9-13k
———=15or, -9-13k=30, -13k=39, or, k=-3

>
L'L § CHECK YOUR PROGRESS 13.3

1.  Find the area of each of the following triangles whose vertices are given below :
(1) (O’ 5)’ (5’ _5)’ and (0’0) (b) (25 3)5 (_25_3) and (_29 3)
(C) (a’ O)’ (O’ - a) and (O’ O)

5
2. The area of a triangle ABC, whose vertices are A (2, —3), B(3, —2) and C(E’kj is

3
584 unit. Find the value of k
3.  Find the area of a rectangle whose vertices are (5, 4), (5,—4),(-5,4) and (-5,-4)

4. Find the area of a quadrilateral whose vertices are (5, -2), (4,-7), (1, 1) and (3, 4)

13.5 CONDITION FOR COLLINEARITY OF THREE POINTS

The three points A(x,, y,), B(x,,y,) and C(x,, y,) are collinear if and only if the area of the
triangle ABC becomes zero.

1
ie. E[xlyz_xzyl+x2y3_x3y2+x3y1_x1y3]=0

Le. XYy =X Y X, Y3 — X3V, Xy — Xy =0

In short, we can write this result as
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MODULE-IV
Co-ordinate x|l
Geometry x, ¥y, =0
xyoyy 1
Let us illustrate this with the help of examples:
Notes

| ):'e1i110) W RA (LN Show that the points A(a, b+ c¢), B(b,c+a)and C(c,a+ b) are collinear.

a b+c 1
—lb + 1
Solution : Area of triangle ABC E cra (Applying C, - C,+C,)
c a+b 1
1a+b+c b+c 1 | 1 b+c 1
=Ea+b+c c+a 1| =—(a+b+c))l c+a 1=0
a+b+c a+b 1 1 a+b 1

Hence the points are collinear.

ID el JENRBEN For what value of k, are the points (1, 5), (k, 1) and (4, 11) collinear ?

Solution : Area of the triangle formed by the given points is

1 5 1
=5k 11 — Ll 10-5k+20+11k—4] :1[6k+6]=3k+3
4 11 1 2

Since the given points are collinear, therefore
3k+3=0=k=-1

Hence, for k=-1, the given points are collinear.

O
A\ & @ CHECK YOUR PROGRESS 13.4

1. Show that the points (—1,-1), (5,7) and (8, 11) are collinear.
2. Show that the points (3, 1), (5, 3) and (6, 4) are collinear.

1 1
3. Prove that the points (a, 0), (0, ») and (1, 1) are collinear if o + A =1,

4. Ifthe points (a, b),(a,,b,) and (a—a,, b—Db,) are collinear, show that a,b = ab,
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5.  Find the value of k for which the points (5, 7), (k, 5) and (0, 2) are collinear.

6.  Find the values of k for which the point (k, 2-2k), (— k+1, 2k) and (—4 — k, 6 —2k) are
collinear.

13.6 INCLINATION AND SLOPE OF A LINE

Look at the Fig. 13.9. The line AB makes an angle or wt+ o with the x-axis (measured in
anticlockwise direction).

The inclination of the given line is represented by the measure of angle made by the line with
the positive direction of x-axis (measured in anticlockwise direction)

In a special case when the line is parallel to x-axis or it coincides with the x-axis, the inclination
of the line is defined to be 0°.

(@) (b)
Fig. 13.9

Again look at the pictures of two mountains given below. Here we notice that the mountain in
Fig. 13.10 (a) is more steep compaired to mountain in Fig. 13.10 (b).

b
@ Fig.13.10 ®

How can we quantify this steepness ? Here we say that the angle of inclination of mountain (a)
is more than the angle of inclination of mountain (b) with the ground.

Try to see the difference between the ratios of the maximum height from the ground to the base
in each case.
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N::ODLLI_'E;IV Naturally, you will find that the ratio in case (a) is more as compaired to the ratio in case (b).
g::;nler;?ye That means we are concerned with height and base and their ratio is linked with tangent of an

angle, so mathematically this ratio or the tangent of the inclination is termed as slope. We define
the slope as tangent of an angle.

The slope of a line is the the tangent of the angle @ (say) which the line makes with the positive

Notes | direction of x-axis. Generally, it is denotedbym (=tan @)

Note : If a line makes an angle of 90° or 270° with the x—axis, the slope of the
line can not be defined.

1€ CHRAPA In Fig. 13.9 find the slope of lines AB and BA.
Solution : Slope of line AB = tan o

Slope of line BA = tan (T+ Q) =tan .

Note : From this example, we can observe that ''slope is independent of the
direction of the line segement''.

y
IDelnJENRERE  Find the slope of a line 4

which makes an angle of 30° with the negative

direction of x-axis.

B
i : = 0_ 300 = 0
Solution : Here 9= 180°-30° =150 \\ggoo
“* m=slope of the line = tan (180°-30°) xa—3Y . X
=—tan 30°
1
= i Fig. 13.11

1D e ENRBER Find the slope of a line Y
y

which makes an angle of 60° with the positive I
direction of y-axis. B60°
Solution : Here =90°+ 60°
“* m=slope of the line ) 90°+60°
X X
= tan (90°+ 60°) o A
=— cot 60°
300 1 Fig. 13.12
= —tan = =
V3 |
y/
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ID: e RN EN I a line is equally inclined to the axes, show that its slopeis +1.

Solution : Let a line AB be equally inclined to the axes and meeting axes at points A and B as
shown in the Fig. 13.13

Y 4
B
7B
, 45° , 135°
X / O X X O A\ X
Fig. 13.13

In Fig 13.13(a), inclination of line AB= /XAB = 45°
Slope of the line AB = tan 45°= 1
In Fig. 13.13 (b) inclination of ine AB = /XAB =180° —45° =135°
.. Slope of the line AB = tan135° = tan (180°-45°) = — tan 45° = -1
Thus, if a line is equally inclined to the axes, then the slope of the line will be 4 1.

71
\ & § CHECK YOUR PROGRESS 13.5

1. Find the Slope of a line which makes an angle of (i) 60* (ii) 150° with the positive direction
of x-axis.

2. Find the slope of a line which makes an angle of 30° with the positive direction of y-axis.

3. Find the slope of a line which makes an angle of 60° with the negative direction of x-axis.

13.7 SLOPE OF A LINE JOINING TWO DISTINCT POINTS

Let A(x,,y,) and B(x,,y,) be two distinct points. Draw a line through A and B and let the

inclination of this line be @ . Let the point of intersection of a horizontal line through A and a
vertical line through B be M, then the coordinates of M are as shown in the Fig. 13.14
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B(xz, y7) B(xa, y2)

p&‘\’ﬂ (%2, ¥1) Alxy, yp)

M
i (x2, ¥1) 0
X X X
0 0 \
/ g (@) , (b)

y Fig.13.14 y

(A) InFig 13.14 (a), angle of inclination MAB is equal to @ (acute). Consequently.

tan 0 = tan(LMAB) = MB =27 N

AM  x,—x

(B) In Fig. 13.14 (b), angle of inclination @ is obtuse, and since @ and /jfAB are
supplementary, consequently,

MB - -
tan @ = —tan(LMAB) = ——— = - 22" - Ja TN
MA

X=X XX
Hence in both the cases, the slope m of a line through A(x, , y,) and B(x,,y,) is given by

Yo = Wi

- A — X

m

Note : if x, = x,, then m is not defined. In that case the line is parallel to y-axis.

Is there a line whose slope is 1? Yes, when a line is inclined at 45° with the positive direction of
X-axis.

Is there a line whose slope is /3 ? Yes, when a line is inclined at 60° with the positive direction
of x-axis.

From the answers to these questions, you must have realised that given any real number m,

there will be a line whose slope is m (because we can always find an angle o such that
tan o0 =m).

IDe1111) I RB LY Find the slope of the line joining the points A(6, 3) and B(4, 10).

. . . . _Y2=N
Solution : The slope of the line passing through the points (x,, y,) and (%, ¥,) = e —x
2 1
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Here, x, =6, y,=3; x, =4, y, =10.

10-3 7
Now substituting these values, we have slope = T-6 2

I el EIRBUA Determine x, so that the slope of the line passing through the points (3, 6)
and (x, 4) is 2.

Solution :

Yo = Wi 4_6_ -2

x,—x, x-=3 x-3

Slope =

N
L'L § CHECK YOUR PROGRESS 13.6

1. What is the slope of the line joining the points A(6, 8) and B(4, 14) ?
2. Determine x so that 4 is the slope of the line through the points A(6,12) and B(x, 8).

4
3.  Determine y, if the slope of the line joining the pointsA(—38, 11) and B(2, y)is — 3

4.  A(2,3) B(0,4)and C(-5, 0) are the vertices of a triangle ABC. Find the slope of the
line passing through the point B and the mid point of AC

5. A(-2,-1),B(1,0),C4, 3) and D(1, 2) are the vertices of a quadrilateral ABCD . Show
that

(1) slope of AB = slope of CD  (ii) slope of BC = slope of AD

13.8 CONDITIONS FOR PARALLELISM AND PERPENDI
CULARITY OF LINES.

13.8.1 Slope of Parallel Lines

Let [, L, be two (non-vertical) lines with their slopes m, and m, respectively.
Let 6, and 0, be the angles of inclination of these lines respectively
Case I : Let the lines [, and 1, be parallel

Then 6, = 6, = tan 6, =tan6,
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y

= m, =m, I
Thus, if two lines are parallel then their slopes
are equal. b
Case II : Let the lines /,, and [, have equal

slopes.

ie. m =m, = tan0, =tano, 7 ! % x

o . O
=6,=6,(0<6<180) /
Fig.13.15

=14
Hence, two (non-vertical) lines are parallel if and only if m, =m,

13.8.2 Slopes of Perpendicular Lines

Let /, and [, be two (non-vertical)lines with their slopes m and m, respectively. Also let

6, and 0, be their inclinations respectively.

304

y y
A
b L
9, 9, 0, o1
ol / N ol / N
A\
@ Fig.13.16 ®
Case-I: Let [ 11,
= 0,=90"+86, or 0,=90"+0,
= tan6, = tan(900 + 61) or tan 0, = tan(90° + 92)
= tan®, =—cot(6,) or tan®, = —cot(8, )
1 1
:>tan62=— or :tanelz—
tan 0, tan 0,

— Inboth the cases, we have
tan g tan @, = —1

or m.m,= -1

MATHEMATICS
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Thus, if two lines are perpendicular then the product of their slopes is equal to —1. NCI:ODL:’I_'E;IV
o-ordinate
Case Il : Let the two lines /, and /, be such that the product of their slopes is —1. Geometry
ie. m.m, = -1
= tang, tang, = -1
1 Notes
= tan 6, =— =—cot 8, =tan (90° +6, )
tan @,
or

tan 8, = _16 =—cotd =tan(90+6,)

= Either §, =90° +6, or 6, =90°+6, = Inbothcases/ | I.

Hence, two (non-vertical) lines are perpendicular if and only if m,.m, =—1

IH el BIRAEN Show that the line passing through the points A(5,6) and B(2,3) is parallel
to the line passing, through the points C(9,—2) and D(6,-5).

. . 3-6 -3
Solution : Slope of the line AB = > 52_—321
d slope of the line CD = —+= = >

and slope of the line CD = — ===

Astheslopesareequal .. AB || CD.

I el CNRBEN Show that the line passing through the points A(2,—5) and B(-2,5) is
perpendicular to the line passing through the points L(6,3) and M(1,1).

Solution : Here

545 10 -5

m_ = slope of the line AB = 5 54 2

. 1-3 2
and m, = slope of the line LM = —6 s
-5_2 |

Now m .m, = TXE__

Hence, the lines are perpendicular to each other.
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ID:e101 ) BIEPIR Using the concept of slope, show that A(4.,4), B(3,5) and C (-1,-1) are the

vertices of aright triangle.

5-4
Solution : Slope of line AB =m, = 34 =-1
) -1-5 3
Slope of line BC =m, = 1.3 >
) -1-4
and  slope ofline AC=m, = =1

-1-4
Now mxm;=—-1 = ABL1AC
= /\ABC s aright-angled triangle.
Hence, A(4,4), B(3,5) and C(—1,—1) are the vertices of right triangle.

I )61 ) CRPA B What is the value of y so that the line passing through the points A(3,y) and
B(2,7) is perpendicular to the line passing through the point C (—1,4) and D (0,6)?

7_
Solution : Slope of the line AB = 1=T§=y—7
Slope of the line CD 6-4_,
ope of the line =m,=

Since the lines are perpendicular,

somyXm, =—1 or (y—7)><2=—1

13
or 2y—14=—-1or 2y=13 or y=?

r1
\ & § CHECK YOUR PROGRESS 13.7

1. Show that the line joining the points (2,—3) and (—4,1) is
(i) parallel to the line joining the points (7,—1) and (0,3).
(ii) perpendicular to the line joining the points (4,5) and (0,-2).
2. Find the slope of a line parallel to the line joining the points (—4,1) and (2,3).

3. Theline joining the points (—5,7) and (0,—2) is perpendicular to the line joining the points
(1,3) and (4,x). Find x.

4. A(-2,7),B(1,0),C(4,3) and D(1,2) are the vertices of quadrilateral ABCD. Show that
the sides of ABCD are parallel.
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5. Using the concept of the slope of a line, show that the points A(6,—1), B(5,0) and
C(2,3) are collinear.[Hint: slopes of AB, BC and CA must be equal. ]

6.  Find £ so that line passing through the points (k,9) and (2,7) is parallel to the line passing
through the points (2,-2) and (6,4).

7. Using the concept of slope of a line, show that the points (—4,-1), (-2—4), (4,0) and
(2,3) taken in the given order are the vertices of a rectangle.

8.  The vertices of a triangle ABC are A(-3.3), B(-1,—4) and C(5,-2). M and N are the

1
midpoints of AB and AC. Show that MN is parallel to BC and MN = — BC.

2
13.9 INTERCEPTS MADE BY A LINE ON AXES

If a line / (not passing through the Origin) meets x-axis at A and y-axis at B as shown in
Fig. 13.17, then

(i  OAis called the x-intercept or the intercept made by the line on x-axis.

A

@) OB is called y-intercept or the intercept
made by the line on y-axis.

(i) OA and OB taken together in this order !
are called the intercepts made by the line / B
on the axes.

(iv) AB is called the portion of the line
intercepted between the axes.

(v)  The coordinates of the point A on x-axis
are (a,0) and those of point B are (0,b)

v A
To find the intercept of a line in a given plane on o= =

x-axis, we put y = 0 in the given equation of a Faig. 13.17
line and the value of x so obtained is called the x
intercept.

To find the intercept of a line on y-axis we put x = 0 and the value of y so obtained is called the
y intercept.

Note: 1. A line which passes through origin makes no intercepts on axes.
2. A horizontal line has no x-intercept and vertical line has no y-intercept.

3. The intercepts on x- axis and y-axis are usually denoted by a and b respectively.
But if only y-intercept is considered, then it is usually denoted by c.

IB. e ) ENRPPA [f a line is represented by 2x+ 3y =6, find its x and y intercepts.

Solution : The given equation of the lineis 2x+3y =6 ... (i)

Putting x=01n (i), we gety =2
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MODULE-IV Thus, y-intercept is 2.
Co-ordinate . . —O0in (i - =
Geometry Again pl'lttll‘lg y —.O in(i),weget2x=6 = x=3
Thus, x-intercept is 3.
>
L' § CHECK YOUR PROGRESS 13.8
Notes T

1. Find x and y intercepts, if the equations of lines are :

. .. e X Yy .

() x+3y=6 (i) Tx+3y=2 (i) a2 (iv) ax+by=c
y Ly 2x

) 5 (vi) 373

13.10 ANGLE BETWEEN TWO LINES

Let /, and [, be two non vertical and non perpendicualr lines with slopes m, and m,
respectively. Let o, and o, be the angles subtended by /, and [, respectively with the
positive direction of x-axis. Then m, = tan o, and m, = tan .
From figure 1, we have o, = o, + 6
6 =0 -0,

= tan 6 = tan (o, — )
. tan o, —tan o
ie. tan 0 = 1 2
1+ tan o;.tan o,
ie tan 0 = 1+ mym, ...(1)
[
y
)
5 O) /04 X
Fig.13.18

Asit is clear from the figure that there are two angles 6 and T — 6 between the lines /, and /,,.

We know, tan (T — 0) = —tan O
tan (T — 0) = — Lm}
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Let T-0=¢
anp=—|—| ..
L 1+ mm,
m—-—m, . .. . .. . .. .
1 If is positive then tan 0 is positive and tan ¢ is negative i.e. 0 is acute and
1+ mm,
¢ is obtuse.
nm —ny
1 If L+ mm is negative then tan O is negative and tan ¢ is positive i.e. 0 is obtuse and
111
0 is acute.

Thus the acute angle (say 8) between lines /, and /, with slopes m, and m,, respectively
is given by

m,—m
1 2
tan O =

1+ mym, where 1 + mm, # 0.

The obtuse angle (say ¢) can be found by using the formula ¢ = 180° — 6.

3
I el N RPRY Find the acute and obtuse angles between the lines whose slopes are N

4=t
an 7

Solution : Let 0 and ¢ be the acute and obtuse angle between the lines respectively.

2 | e
A7 | |21+4]
tan 8 = : [3)(—1)‘_|28—3|_|1l_1
+7 -
4\ 7
= 6 = 45°

. ¢ = 180° — 45° = 135°.
ID el IRPLZE Find the angle (acute or obtuse) between x-axis and the line joining the
points (3, —1) and (4, -2),

Solution : Slope of x-axis (say m,) = 0

-2+1
Slope of given line (say m,) = 1-3 -1
0+1
tan 6 = m =
= 0 = 45° as acute angle.
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b 1
1 ).611111) G RAN [f the angle between two lines is 7 and slope of one of the lines is 5
find the slope of the other line.

T )
. 2
Solution : Here, tan — = | —5—~——
4
1+[)(m2)
1-2m
= 2 1
2+m,
1-2 1-2
= o 1 or oo _ 1.
2+m, 2+m,
1
= m2=—§orm2=3.

1
Slope of other line is 3 or 3

‘@
\ & ] CHECK YOUR PROGRESS 13.9

1. Find the acute angle between the lines with slopes 5 and 3
2. Find the obtuse angle between the lines with slopes 2 and —3.
3. Find the acute angle between the lines /, and [, where /| is formed by joining the points

(0, 0) and (2, 3) and [, by joining the points (2, -2) and (3, 5)

13.11 SHIFTING OF ORIGIN :

We know that by drawing x-axis and y-axis, any plane is divided into four quadrants and
we represent any point in the plane as an ordered pair of real numbers which are the lengths
of perpendicular distances of the point from the axes drawn. We also know that these axes
can be chosen arbitrarily and therefore the position of these axes in the plane is not fixed.
Position of the axes can be changed. When we change the position of axes, the coordinates
of a point also get changed correspondingly. Consequently equations of curves also get
changed.

The axes can be changed or transformed in the following ways :

(i) Translation of axes (ii) Rotation of axes (iii) Translation and rotation of axes. In the
present section we shall discuss only one transformation i.e. translation of axes.
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The transformation obtained, by shifting the origin to a given point in the plane, without
changing the directions of coordinate axes is called translation of axes.

Let us see how coordinates of a point in a plane change under a translation of axes. Let [9).4
and OY be the given coordinate axes. Suppose the origin O is shifted to
O’(h, k) by the translation of the axes OX and OY .Let O’X’ and O’Y’ be the new axes
as shown in the above figure. Then with reference to O’X’ and O’Y’ the point O’ has

coordinates (0, 0).
Let P be a point with coordinates (x, y) in the system X and oy and with coordinates
(x’,y”) in the system 0’X’ and O’Y’. Then O’L =K and OL = h.
Now x = ON = OL + LN
= OL + O'M
=h+ x.
and y=PN =PM + MN =PM + OL =y + k.
Hence x =x"+ h; y =y + k
orx’=x—-h,y =y-k

e  Ifthe origin is shifted to (4, k) by translation of axes then coordinates of the point P(x,
y) are transformed to P(x — h, y — k) and the equation F(x, y) = O of the curve is
transformed to F(x" + h, y + k) = 0.

e  Translation formula always hold, irrespective of the quadrant in which the origin of the
new system happens to lie.

When the origin is shifted to (-3, 2) by translation of axes find the
coordinates of the point (1, 2) with respect to new axes.
Solution : Here (h, k) = (-3, 2), (x,y) =(1,2), X, y)=7?

xX=x—-h=1+3=4
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V=y-k=2-2=0

Therefore (x’, y) = (4, 0)
| 1) B RPYE When the origin is shifted to the point (3, 4) by the translation of axes,
find the transformed equation of the line 3x + 2y — 5 = 0.
Solution : Here (4, k) = (3, 4)

x=x"+3and y =y + 4.

Substituting the values of x and y in the equation of line

we get 3(X +3)+20'+4)-5=0

ie. 3x” +2y" + 12 = 0.

Q)
W\ & @ CHECK YOUR PROGRESS 13.10

1. @ Does the length of a line segment change due to the translation of axes? Say yes
Or no.

@) Are there fixed points with respect to translation of axes? Say yes or no.

(iii) When the origin is shifted to the point (4, —5) by the translation of axes, the
coordinates of the point (0, 3) are ...

(iv) When the origin is shifted to (2, 3), the coordinates of a point P changes to
(4, 5), coordinates of point P in original system are ...

(v) If due to translation of axes the point (3, 0) changes to (2, —3), then the origin
is shifted to the point ...

a3
szl ET US suM UP

e  Distance between any two points (x,,y,) and (x,,y,) is \/ (x,—x, ) +(y,—y)

° Coordinates of the point dividing the line segment joining the points (x1 ;Y ) and (x2 » Y, )
internally in the ratio m, : m, are

mx, +m,x, nyy,+m,y,
b
m, +m, m, +m,

° Coordinates of the point dividing the line segment joining the the points (x1 , yl) and

(x,,y,) externally are in the ratio m, : m, are.
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B

[ml'x2 —nLx o my, _mzylj
m —m, my—m,

Coordinates of the mid point of the line segment joining the points (x,,y,) and (x,, y,) are

('xl+x2 y1+)’2j
2 72

The area of a triangle with vertices (x] .V ) and (xz, yz) and (x3, y3) is given by

1
E[(xlyz —x2y1)+(x2y3 —x3y2)+(x3y, _x1y3)]

Three points A, B, and C are collinear if the area of the triangle formed by them is zero.
If @ is the angle which a line makes with the positive direction of x-axis, then the slope

of the line ism =tang@.

Slope (m) of the line joining A(xl , yl) and B(x2 , y2) is given by

m= Yo = Wi

X =X
A line with the slope m, is parallel to the line with slope m, if m, =m, .

A line with the slope m, is perpendicular to the line with slope m, if m, xm,= —1.

If a line / (not passing through the origin) meets x- axis at A and y- axis at B then OAis
called the x- intercept and OB is called the y- intercept.

If @ be the angle between two lines with slopes m, and m, , then

m, —m
tan @ = ——=
1+mm,

where 1+ mm, # 0
If tan @ is +ve, the angle (9 ) between the lines is acute and if tgn @ is -ve then it is

obtuse.

‘When origin is shifted to (h,k) then transformed coordinates (x',y") (say) of a point P (x,y)
are (x-h, y-k)

c

SUPPORTIVE WEB SITES

http://www.youtube.com/watch?v=VhNkWdLGpmA
http://www.youtube.com/watch?v=5ctsUsvIp8w

http://www.youtube.com/watch?v=10p920jA6q0
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angular Co-ordinates

Sl TERMINAL EXERCISE

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Find the distance between the pairs of points:

(a) (2,0)and (1, cot @) (b)(-sinA, cosA) and (sinB, cos B)

Which of the following sets of points form a triangle?

(a) (3,2),(-3,2)and (0, 3) (1) (3,2),(3,-2)and (3, 0)

Find the midpoint of the line segment joining the points (3. —5) and (-6, 8).

Find the area of the triangle whose vertices are:

(@) (1,2),(-2,3),(-3,-4) (b)(c, a), (c+a, a), (c—a,—a)

Show that the following sets of points are collinear (by showing that area formed is 0).
(a) (-2,5)(2,-3)and (0, 1) (b) (a,b+c),(b,c+a)and(c,a+Db)

If (-3, 12), (7, 6) and (x, a) are collinear, find x.

Find the area of the quadrilateral whose vertices are (4,3) (—5,6) (0,7) and (3,-6).
Find the slope of the line through the points

(@) (1,2), (4,2) (b) (4,-6), (-2,-5)

‘What is the value of y so that the line pasing through the points (3, y) and (2,7) is parallel
to the line passing through the points (-1, 4) and (0, 6) ?

Without using Pythagoras theorem, show that the points (4, 4), (3,5) and (-1, 1) are
the vertices of a right-angled triangle.

Using the concept of slope, determine which of the following sets of points are collnear:
(1) (-2,3),(8,-5and (5,4), ()G, 1,1, —1)and(11,4),

IfA(2,-3) and B (3, 5) are two vertices of arectangle ABCD, find the slope of

(1)) BC (i) CD (iii) DA.

A quadrilateral has vertices at the points (7, 3), (3, 0), (0, —4) and (4, —1). Using slopes,
show that the mid-points of the sides of the quadrilatral form a parallelogram.

Find the x-intercepts of the following lines:

. .. Yy _
(i) 2x—3y=8 (i) 3x—7y+9=0 (ii) X—5—3
When the origin is shifted to the point (3, 4) by translation of axes, find the transformed
equation of 2x? + 4xy +5y> =0.
If the origin is shifted to the point (3, —4), the transformed equation of a curve is
(x1? +(y")? = 4, find the original equation of the curve.
If A(-2, 3), B(3, 8) and C(4, 1) are the vertices of a AABC. Find ZABC of the
triangle.
Find the acute angle between the diagonals of a quadrilateral ABCD formed by the
points A(9, 2), B(17, 11), C(5, — 3) and D(-3, —2) taken in order.
Find the acute angle between the lines AB and BC given that A = (5, -3),
B = (-3, -2) and C = (9, 12).
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K2 M ANSWERS

CHECK YOUR PROGRESS 13.1

@ NE) ()  J2(a+bY)
CHECK YOUR PROGRESS 13.2
1
1. (a (EAJ (b) 2,5 2.(1,4 3. (&) (2,6)
5 1
39_ > 45_
+ ( 3) ( 3)
CHECK YOUR PROGRESS 13.3
25 . , a’ .
1 (a) X sq. units  (b) 12 sq. units ©) ? $q. units
5 . 41 .
2. k=—= 3. 80sq. units 4. ——sq. units
3 2
CHECK YOUR PROGRESS 134
5 k=3 6 k= 1 1
. = . =50
CHECK YOUR PROGRESS 13.5
1
1. () 3 @ ~ 5 2 -3 3. -3
CHECK YOUR PROGRESS 13.6
1 3 2.5 3 ! 4 >
. - . . 3 3
CHECK YOUR PROGRESS 13.7
1 14 10
il i k=—
2. 3 3. 3 6. 3
CECK YOUR PROGRESS 13.8
| () x-intercept = 6, y-intercept =2
2
(ii) x-intercept = = y-intercept = 3
(iii) x-intercept = 2a, y-intercept = 2b
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. c .
(iv) x-intercept = —, y-intercept =
a

<
b

(v) x-intercept = —4, y-intercept = 16

(vi) x-intercept = ——, y-intercept =21

CHECK YOUR PROGRESS 13.9

1.

45°

2. 135°

CHECK YOUR PROGRESS 13.10

1.

(1) No

TERMINAL EXERCISE

[u—y

12.

14.
15.

16.

17.

(a) cosec @

. A+B
(b) 2sin ——

(i) (-4.8)

None of the given sets forms a triangle.

(23

51-5a
3

(@) 4

4.

(b)

11.

(i)
(i)

(a) 11 sqg. unit

29 sq. unit.

1

6
Only (ii)
8 (iii)

-3 )

X +4y° +4xy+116x+2y+259=0

X +y —6x+8y+21=0

tan™ (i)
3

18.

tan”! ﬁ
145

(iv) (6,8)

Of Rectangular Co-ordinates

(v) (1,3)

(b) a?sq. unit.

19. tan™' (Q)
55
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‘We have read about lines, angles and rectilinear figures in geometry. Recall that a line is the join
of two points in a plane continuing endlessly in both directions. We have also seen that graphs of
linear equations, which came out to be straight lines

Interestingly, the reverse problem of the above is finding the equations of straight lines, under
different conditions, in a plane. The analytical geometry, more commonly called coordinate
geomatry, comes to our help in this regard. In this lesson. We shall find equations of a straight
line in different forms and try to solve problems based on those.

r

| 0BJECTIVES

After studying this lesson, you will be able to :

° derive equations of a line parallel to either of the coordinate axes;

° derive equations of a line in different forms (slope-intercept, point-slope, two point,
intercept, and perpendicular)

° find the equation of a line in the above forms under given conditions;
° state that the general equation of first degree represents a line;
° express the general equation of a line into
(i) slope-intercept form (ii) intercept form and (iii) perpendicular form;
° derive an expression for finding the distance of a given point froma given line;
° calculate the distance of a given point froma given line;

° derive the equation of a line passing through a given point and parallel/perpendicular to a
given line;

° find equation of family of lines passing through the point of intersection of two lines.

EXPECTED BACKGROUND KNOWLEDGE

° Congruence and similarity of traingles
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Straight lines

14.1 STRAINGHT LINE PARALLEL TO AN AXIS

If you stand in a room with your arms stretched, we can have a line drawn on the floor parallel
to one side. Another line perpendicular to this line can be drawn intersecting the first line between
your legs.

In this situation the part of the line in front of you and going behind you is the y-axis and the one
being parallel to your arms is the x-axis.

The direction part of the y-axis in front of you is positive and behind you is negative.
The direction of the part x-axis to your right is positive and to that to your left is negative.

Now, let the side facing you be at b units away from you, then the equation of this edge will be
y = b (parallel to x-axis)

where b is equal in absolute value to the distance from the x-axis to the opposite side.
If b > 0, then the line lies in front of you, i.e., above the x-axis.
If b <0, then the line lies behind you, i.e., below the x-axis.
If » =0, then the line passes through you and is the x-axis itself.

Again, let the side of the right of you is at ¢ units apart from you, then the equation of this line will
be x = ¢ (parallel to y - axis)

where c is equal in absolute value, to the distance from the y-axis on your right.
If ¢ > 0, then the line lies on the right of you, i.e., to the right of y-axis.
If ¢ <0, then the line lies on the left of you, i.e., to the left of y-axis

If ¢ =0, then the line passes through you and is the y-axis.

I¢1111) W EN M Find the equation of the line passing through (-2, —3) and

(i) parallel to x-axis  (ii) parallel to y-axis
Solution :
@ The equation of any line parallel to x-axisisy=b
Since it passes through (-2, —3), hence -3 =b
The required equation of the line is y=-3

() The equation of any line parallel to y-axisisx=c

MATHEMATICS



Since it passes through (-2, -3), hence -2 =c¢ MODULE-IV
Co-ordinate
The required cquation of the line is x = -2 Geometry
‘@
X CHECK YOUR PROGRESS 14.1
o Notes

1. Find the equation of the line passing through (-3, —4) and
(a) parallel to x-axis. (b) parallel to y-axis.
2. Find the equation of a line passing through (5, —3) and perpendicular to  x-axis.

3.  Find the equation of the line passing through (-3, —7) and perpendicular to y-axis.

14.2 DERIVATION OF THE EQUATION OF STRAIGHT LINE IN VARIOUS

STANDARD FORMS

So far we have studied about the inclination, slope of a line and the lines parallel to the axes.
Now the questions is, can we find a relationship between x and y, where (x, y) is any arbitrary
point on the line?

The relationship between x and y which is satisfied by the co-ordinates of arbitrary point on the
line is called the equation of a straight line. The equation of the line can be found in various forms
under the given conditions, such as

(@) When we are given the slope of the line and its intercept on y-axis.

(b) When we are given the slope of the line and it passes through a given point.
(c) When the line passes through two given points.

(d) When we are given the intercepts on the axes by the line.

(e) When we are given the length of perpendicular from origin on the line and the angle which
the perpendicualr makes with the positive direction of x-axis.

We will discuss all the above cases one by one and try to find the equation of line in its
standard forms.

(A) SLOPE-INTECEPT FORM

Let AB be a straight line making an angle 6 with x-axis and cutting off an intercept OD =
¢ from OY.

As the line makes intercept OD = ¢ on y-axis, it is called y-intercept.
Let AB intersect OX'at T.

Take any point P(x, y) on AB. Draw PM 1 OX.
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The OM =x, MP =Y.
Draw DN | MP.
From the right-angled triangle DNP, we have

NP _ MP— MN

tan 0 =75 oM
_y-0D
T oM
y—C

X
y=xtan 0 + ¢
tan 6 = m (slope)

y=mx+c

Straight lines

c |y
‘/ T O<—x-> o
¢ wox

Fig. 14.1

Since, this equation is true for every point on AB, and clearly for no other point in the plane,

hence it represents the equation of the line AB.

Note : (1) When c = 0and m # 0 = the line passes through the origin and its

equation is y = mx

(2) When ¢ =0 and m =0 = the line coincides with x — axis and its equation is of the

formy=o0

(3) When c + 0and m = 0 = the line is parallel to x-axis and its equation is of the form

y=c¢

1611110 BN E A Find the equation of a line with slope 4 and y-intercept O.

Solution : Putting m =4 and ¢ = 0 in the slope intercept form of the equation, we get y=4 x

This is the desired equation of the line.

| ) ¢10i110) NI Determine the slope and the

y-intercept of the line whose equation is

Y

B

8x + 3y =>5.
Solution : The givenequation of the lineis ~ 8x 120° o
+3y=5 or,  y=-7 3
2
Comparing this equation with the equation ~ y
=mx + ¢ (Slope intercept form) we get {
Fig. 14.2 \
=_ —andc=— ,
m 3 Y A
MATHEMATICS
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5

8
Therefore, slope of the line is — 3 and its y-intercept is 3

IB el CBERE Find the equation of the line cutting off an intercept of length 2 from the

negative direction of the axis of y and making an angle of 120° with the positive direction x-axis

Solution : From the slope intercept form of the line ... y = x tan 120° + (-2)

=—J3x-20n y+3x+2=0
Here m =tan 120°, and ¢ = -2, because the intercept is cut on the negative side of y -axis.
(b) POINT-SLOPE FORM

Here we will find the equation of a line passing

through a given point A(x,, y,) and having the 1
slope m.

Let P(x, y) be any point other than A on given the

line. Slope (tan@d) of the line joining Alxy, 1)
A(x,,y) and P (x, y) is given by o

The slope of the line AP is given to be m. Fig.14.3

The equation of the required line is, y—y, =m (x—x,)

Note: Since, the slope m is undefined for lines parallel to y-axis, the point-slope
Sform of the equation will not give the equation of a line though A (x, y,) parallel
to y-axis. However; this presents no difficulty, since for any such line the abscissa
of any point on the line is x,. Therefore, the equation of such a line is x = x,.

i Dy e 1)) B E R Determine the equation of the line passing through the point (2,— 1) and

2
having slope 3
: 2. . .
Solution : Putting x, =2, y, =—1 and m = = in the equation of the point-slope form of the

3

2
line we get, y—(— 1) = 3 (x-2)
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2 2 7
= y+ —3(x—):> y—3x—3

which is the required equation of the line.
(¢) TWO POINT FORM
Let A(x,, y,) and B(x,, y,) be two given distinct points.

Slope of the line passing through these points is given by

Yo =W

m= T (6 2x)

From the equation of line in point slope form, we get

Y=y :u(x_xl)
X, =X

which is the required equation of the line in two-point form.

I e1111) (M ENN Find the equation of the line passing through (3, — 7) and (— 2,— 5).
Solution : The equation of a line passing through two points (x , y ) and (x,, y,) is given by

=N .
Y=y X e (D)
Since X, = 3, y,==7 and X, =— 2, and vy, == 5, equation (i) becomes,
-5+7

y+7="5_3 (x-3)

2
or, y +7:__5 (x-3)or, 2x+5y+29=0

We want to find the equation of a line which
cuts off given intercepts on both the
co-ordinate axes.

(d) INTERCEPT FORM P\
Y
B(0, b)

Let PQ be a line meeting x-axis in A and
y-axis in B. Let OA = q, OB =b).

A(a, 0)
Then the co-ordinates of A and B are (a,0) X’ O|—a— ‘ X
and (0, b,) respectively. Q
The equation of the line joining A and B is Fig. 14.4

MATHEMATICS



Straight lines

b-0 b
y=0 =0T, @-aor ¥y =-—(-a
P __ X XX
or, b = a+1or, a+b_1

This is the required equation o f the line having intercepts a and b on the axes.

| ) é11110) (8 E WA Find the equation of a line which cuts off intercepts 5 and —3 on x and y axes
respectively.

Solution : The intercepts are 5 and —3 on x and y axes respectively. i.e.,a=5,b=-73
The required equation of the line is

X,y

:1 —_ —_ =
st 3 ,3x-5y-15=0

I e1111) CEERA Find the equation of a line which passes through the point (3, 4) and makes

intercepts on the axes equl in magnitude but opposite in sign.

Solution : Let the x-intercept and y-intercept be a and —a respectively

X
The equation of the line is, ;+_—);:1,x—y=a - (d)

Since (i) passes through (3, 4)
3—-4=qaor a=-1
Thus, the required equation of the line is
x—y=—lorx—-y+1=0
Determine the equation of the line through the point (— 1,1) and parallel to
X - axis.

Solution : Since the line is parallel to x-axis, so its slope ia zero. Therefore from the point slope
form of the equation, we get,y—1=0[x— (- 1)],y—1=0

which is the required equation of the given line
Find the intercepts made by the line

3x -2y + 12 = 0 on the coordinate axes
Solution : Equation of the given line is, 3x — 2y =— 12.
Dividing by — 12, we get, %4 +% —1

Comparing it with the standard equation of the line in intercept form, we find a=—4 and b=
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Straight lines

6. Hence the intercepts on the x-axis and y-axis repectively are —4. and 6.

ID el IERIE The segment of a line, intercepted between the coordinate axes is bisected

at the point (x, y,). Find the equation of the line

Solution : Let P(x,, y,) be the middle point of the
segment CD of the line AB intercepted between the axes.

Draw pM 1 OX
OM =x and MP =y,
OC =2x, and OD =2y,

Now, from the intercept form of the line

B x>
2x1 + 2y1 =10r, + :2

which is the required equation of the line.

(e) PERPENDICULAR FORM (NORMAL FORM)

Y
B\‘
D
P(xy, y1)
Y1E
X’ 0 — CV
A
Fig. 14.5

We now derive the equation of a line when p be the length of perpendicular from the origin on
the line and ¢, the angle which this perpendicular makes with the positive direction of

x-a1xis are given.

Y
R Y/
B
b P p
p X’ /
P(x}. 1) / 1%/& o
7. a X
X (o) a BN i
v : Y’ (i)
v @)
Fig. 14.6

(i) Let A Bbe the given line cutting off intercepts a and b on x—axis and y —axis respectively.
Let OP be perpendicular from origin O on A B and £ POB = ¢ (See Fig. 14.6 (1))

4 p .
— =cosax =>a=psec and, - =sing= b=p coseco
a

b
The equation of line AB is

MATHEMATICS
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. A

psecax pcoseca

or, Xxcosa +ysina =p
(i) S =cos (180°—-a )=—cos [From Fig. 14.6 (ii)]

= a=-psec

similary, b = p cosec o

X
The equation of the line AB is — + % =l orxcosa +ysina =p

Note: 1. p is the length of perpendicular from the origin on the line and is always
taken to be positive.
2. « is the angle between positive direction of x-axis and the line perpendicular

from the origin to the given line.

| )611110) (B €8 A Determine the equation of the line with ¢ = 135° and perpendicular distance
p = ./2 fromthe origin.

Solution : From the standard equation of the line in normal form have

xcos 135°+ysin 135°= /o

X

y _
+ =42 _ _7 =
or, ) ) or, x+y—-2=0

or, x-—y+ 2=0, which is the required equation of the straight line.

I ¢101) ) LN E B R] Find the equation of the line whose perpendicular distance from the origin is
6 units and the perpendicular from the origin to line makes an angle of 30° with the positive

direction of x-axis.

Solution : Here ¢ =30°,p =6 .. The equation ofthe line is, x cos 30° + y sin 30° =6

or. x[ﬁjﬂ(l]%m 3 =12
s 2 2 s x+y—

ram\
L' § CHECK YOUR PROGRESS 14.2

1.  (a) Find the equation of a line with slope 2 and y — intercept equal to —2.

(b) Determine the slope and the intercepts made by the line on the axes whose equation
is4x + 3y =6.
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Straight lines
1

2. Find the equation of the line cutting off an interecept ﬁ on negative direction of axis of

y and inclined at 120° to the positive direction of x-axis.
3.  Find the slope and y-intercept of the line whose equationis 3x — 6y =12.

4.  Determine the equation of the line passing through the point (-7, 4) and having the slope
3

-
5.  Determine the equation of the line passing through the point (1, 2) which makes equal

angles with the two axes.

6.  Find the equation of the line passing through (2, 3) and parallel to the line joining the
points (2, —-2) and (6, 4).

7. (a) Determine the equation of the line through (3, —4) and (-4, 3).

(b) Find the equation of the diagonals of the rectangle ABCD whose vertices are
A(3,2),B(11,8),C (8, 12)and D (0, 6).

8. Find the equation of the medians of a triangle whose vertices are (2, 0), (0, 2) and (4, 6).

9.  Find the equation of the line which cuts off intercepts of length 3 units and 2 units on
x-axis and y-axis respectively.

10. Find the equation of a line such that the segment between the coordinate axes has its mid
point at the point (1, 3)

11.  Find the equation of a line which passes through the point (3, —2) and cuts off positive
intercepts on x and y axes in the ratio of4 : 3.

12. Determine the equation of the line whose perpendicular from the origin is of length 2 units
and makes an angle of 45° with the positive direction of x-axis.

13. Ifpisthe length of the perpendicular segment from the origin, on the line whose intercept

1 1 1
on the axes are a and b, then show that, ? = a_z + b_z .

14.3 GENERAL EQUATION OF FIRST DEGREE

You know that a linear equation in two variables x and y is givenbyAx+ B y+C =0...(1)
In order to understand its graphical representation, we need to take the following thres cases.
Case-1: (When both A and B are equal to zero)

In this case C is automaticaly zero and the equation does not exist.

Case-2: (WhenA=0and B £« 0)

In this case the equation (1) becomes By + C=0.

MATHEMATICS
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C
ory= -4 and is satisfied by all points lying on a line which is parallel to x-axis and the

C
y-coordinate of every point on the line is — B Hence this is the equation of a straight line. The
case where B=0and A # O can be treated similarly.

Case-3: (WhenA = Oand B = 0)

C

‘We can solve the equation (1) for y and obtain., ¥ = — 3 X — B

A
Clearly, this represents a straight line with slope — B and y —intercept equalto — B

14.3.1 Conversion of General Equation of a Line into Various Forms

If we are given the general equation of a line, in the form Ax + By + C = 0, we will see how this
can be converted into various forms studied before.

14.3.2 Conversion into Slope-Interept Form
We are given a first degree equationinxand yasAx+ By + C= 0O
Are you able to find slope and y-intercept ?

Yes, indeed, if we are able to put the general equation in slope-intercept form. For this purpose,
let us re-arrange the given equation as.

Ax+By+C=0as,By=—Ax-C

A C .
or y= _EX_E (Provided B = 0)

C

A
which is the required form. Hence, the slope = — B intercept = g

D el CNEREN Reduce the equation x + 7y — 4 = 0 to the slope — intercept form.

Here find its slope and y intercept.

Solution : The given equationis, x + 7y—4=0

4
or T7y=-x+4,or y=—7x+7

Here slope = _% and y interecept = %
14.3.3 Conversion into Intercept Form

Suppose the given first degree equationinxand yis Ax+ By + C=0. ...()
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Ax By

In order to convert (i) in intercept form, we re arrange it as Ax + By =—Cor —_ C + _C =1
T prow
or e et (Provided A = Oand B = 0)
) 3)
A B
L . . . —C
which is the requied converted form. It may be noted that intercept on x — axis = A and
, . —C
intercept on y — axis = B

IDel1n1 ) COEREN Reduce 3x + 5 y =7 into the intercept form and find its intercepts on the

axes.

Solution : The given equationis, 3x + Sy="7

3 i + l — 1
o, —xt—-y=lor, T
7 7 3 5
. . 7
The x— intercept = 3 and, y —intercept = 5

14.3.4 Conversion into Perpendicular Form
Let the general first degree equationinxand ybe, Ax+ By + C=0 ...(Q)

‘We will convert this general equation in perpendicular form. For this purpose let us re-write the
given equation (i) asAx + By =—C

Multiplying both sides of the above equation by A, we have
AAx + ABy =— AC ... (i)
Let us choose A such that (AA)? + (AB)*=1

1
or A= (A> + B) (Taking positive sign)

Substituting this value of A in (ii), we have

AX + By = - C een
JAZ+BY)  J(A?+B) (A +B?) .. (i)

This is required conversion of (i) in perpendicular form. Two cases arise according as C'is
negative or positive.
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@) If C <0, the equation (ii) is the required form.
(i) If C >0, the R. H. S. of the equation of (iii) is negative.
‘We shall multiply both sides of the equation of (iii) by —1.

Ax By _ C
The required form will be _\/(Az +BY) - \/(Az +BY) - \/(Az + B

ICl
(A* + B?)

Thus, length of perpendicular from the origin =

Inclination of the perpendicular with the positwe direction of x-ax is

_ A

is given by cos 0 = + [A® + B?

_ B
or sin@=|T 21
(4°B%)

where the upper sign is taken for C > 0 and the lower sign for C <0. If C=0, the line
passes through the origin and there is no perpendicular from the origin on the line.

With the help of the above three cases, we are able to say that

""The general equation of first degree in x and y always represents a straight
line provided A and B are not both zero simultaneously."

Is the converse of the above statement true? The converse of the above statement is that
every straight line can be expressed as a general equation of first degree in x and y.

In this lesson we have studied about the various forms of equation of straight line. For example,

X
let us take some of them as y = mx + ¢, o + % =1 and x cos &t + y sin o = p. Obviously, all

are linear equations in x and y. We can re-arrange themasy—mx—c =0, bx + ay—ab =0
and x cos &L+ y sin oL — p = O respectively. Clearly, these equations are nothing but a different
arrangement of general equation of first degree in x and y. Thus, we have established that

""Every straight line can be expressed as a general equation of first degree in x
andy''

151 B ER TR Reduce the equation x + /3 y +7 =0 into perpendicular form.

Solution : The equation of given line is x + /3 y +7=0 ()
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Comparing (i) with general equation of straight line, we have, A =1 and B = V3

JAT+B? =2

3 7
Dividing equation (i) by 2, we have, g + g y+ 5= 0
(_ljx BT Az AT
or 5 ) ) Or Xxc0s = +ysin = =7

(cos 0 and sin 6 being both negative in the third quadrant, value of © will lie in the third quadrant).

This is the representation of the given line in perpendicular form.

IR EIENERUAFind the perpendicular distance from the origin on the line
A3 x—y +2=0.Also, find the inclination of the perpendicular from the origin.

Solution : The given equationis \/3 x—y+2=0

Dividing both sides by ,/(+/3)? + (=1)> or2, we have
V31 V3o

—x——y+1=0 or, TX_Ey:_I

2 2
3 1
Multiplying both sides by —1, we have, —g x+ 5 y=1
57 . Sz . . o .
or, Xxcos ? + y sin ? =1 (cos 0 is —ve in second quadrant and sin 0 is +ve in second

quadrant, so value of 0 lies in the second quadrant).

Thus, inclination of the perpendicular from the origin is 150° and its length is equal to 1.

B el I ER BN Find the equation of a line which passess through the point (3,1) and bisects

the portion of the line 3x + 4y = 12 intercepted between coordinate axes.
Solution : First we find the intercepts on coordinate axes cut off by the line whose equation is

3x 4y Xy
3x+4y=12 or TRED or 213

Hence, intercepts on x-axis and y-axis are 4 and 3 respectively.

Thus, the coordinates of the points where the line meets the coordinate axes are A (4, 0) and
B (0, 3).
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3
Mid —point of AB is . (27 Ej is
Hence the equation of the line through (3,1) and

3 S
is and (2’—) is,y—1= 2 (x-3)
2 2-3

1
1l=—"(x-3
or Y 2(x )

or 2(-D+x-3)=0
or 2y—-2+4x-3=0,or x+2y-5=0

I E1n ) CRER DA Prove that the line through (8, 7) and (6, 9) cuts off equal intercepts on
coordinate axes.

9-7
Solution : The equation of the line passing through (8, 7) and (6, 9) is, Y = 7 = 6_8 (x-8)

or y-7=—(x-8),or x+y=15

X y
XY
o 15715

Hence, intercepts on both axes are 15 each.

IDe1n1 ) BE®IN Find the ratio in which the line joining (-5, 1) and (1, —3) divides the join of
(3,4) and (7, 8).

Solution : The equation of the line joining C (-5, 1) and D (1, -3) is

-3-1
-1= +5
Y 1+5 (x+3) Y

4
or y—1=—g(X+5)

or 2x+3y+7=0 ..(»0) HN

ON

Let line (i) divide the join of A (3, 4) and B (7, 8) at P(x, y
the point P,

L1 1T

If the required ratio is A : 1 in which line (i) divides the
joinof A (3, 4) and B (7, 8), then the coordinates of P
are
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(7ﬂ+3 8/1+4j
A+1 7 A+1

Since P lies on the line (i), we have

2(7/1+3j+3(8/1+4j+7=0
A+1 A+1

5
= H4A+6+24A+12+7A+7=0,=> 45K+25=0:>7L=—§

Hence, the line joining (-5, 1) and (1, —3) divides the join of (3, 4) and (7, 8) externally in the
ratio 5: 9.

@
A\ & @ CHECK YOUR PROGRESS 14.3

1. Under what condition, the general equation Ax + By + C =0 of first degree in x and y
represents a line?

2. Reduce the equation 2x + 5y + 3 = 0 to the slope intercept form.
3.  Findthe x and y intercepts for the following lines :
(@y=mx+c (b)3y=3x+8(c)3x-2y+12=0

4.  Find the length of the line segment AB intercepted by the straight line 3x -2y + 12=0
between the two axes.

5. Reduce the equation x cos ¢ +y sin o =p to the intercept form of the equation and
also find the intercepts on the axes.

6.  Reduce the following equations into normal form.
(a)3x—4y+10=0 (b)3x—-4y=0
7.  Which of the lines 2x —y + 3 =0 and x — 4y — 7 = 0 is nearer from the origin?

14.4 DISTANCE OF A GIVEN POINT FROM A GIVEN LINE

In this section, we shall discuss the concept of finding the distance of a given point from a given
line or lines.

Let P(x,, y,) be the given point and / be the line Ax + By + C=0.
Let the line / intersect x axis and y axis R and Q respectively.
Draw PM 1 [ and let PM = d.

Let the coordinates of M be (x,, y,)

d= \/{(xl—x2)2+(y1—y2)2} )
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Mliesonl, .. Ax,+By,+C=0 or C=-(Ax,+ By,) ...(11)

. C C .
The coordinates of R and Q are % 0 ]and| O, B respectively.

C
0+B A
Theslopeof QOR= C 0__3 and,
A
Yo =W
the slope of PM ="
Xy, =X

yZ_ylx _2 =
As PMLQOR= ", __
2

...(iii)

i, ey x0T

From (iii) A B \/(A2+Bz) ...(iv)

(Using properties of Ratio and Proportion)

xl_'xz:yl_yzzA(xl_x2)+B(yl_y2) )
A B A’ +B°

Also

From (iv) and (v), we get
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\/{(XI_XZ)Z(yI_yZ)Z} A(x —x)+B(y =)

(A2 + B> ) A*+B°
. d__, Axn+ Bylz— (Ajfz + By, [Using (i)]
\/Az L B2 A+ B
or (A2 + B? ) el

Since the distance is always positive, we can write

Ax, + By, +C

=\ [(a+B)

Note: The perpendicular distance of the origin (0, 0) from Ax + By + C = 0 is
A(0)+B(0)+C _ C

\/(A2+b2) \/(A2+B2)

D el EIERAR Find the points on the x-axis whose perpendicular distance from the straight

. X Yy .
line —+=-=11isa.
a b

Solution : Let (x,, 0) be any point on x-axis.
Equation of the given line is bx + ay — ab = 0. The perpendicular distance of the point (x,, 0)

a_+bxl+a.0—ab 4
from the given line is, B (a2+b2) X =Z{bi (a2+b2)}

Thus, the point on x-axisis %1 = [%b * \/(02 +b’ ), OJ
O
X CHECK YOUR PROGRESS 14.4

1. Find the perpendicular distance of the point (2, 3) from 3x + 2y +4 =0.

2. Find the points on the axis of y whose perpendicular distance from the straight line
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X y 3
e
P 11isb.

hed

Find the points on the axis of y whose perpendicular distance from the straight line 4x +
3y=121is 4.

4. Find the perpendicular distance of the origin from 3x + 7y + 14 =0

14.6 EQUATION OF PARALLEL (OR PERPENDICULAR) LINES

Till now, we have developed methods to find out whether the given lines are prallel or
perpendicular. In this section, we shall try to find, the equation of a line which is parallel or
perpendicular to a given line.

14.6.1 Equation of a Straight line parallel to the given line
Ax+By +c=0

Let Ax+By+C =0 (D)
be any line parallel to the given line, Ax + By + C=0
The condition for parallelism of (i) and (ii) is ...(10)
Al _ Bl
A B =K, (say) = A =AK, B, = BK,

with these values of A and B, (i) gives

C
AKx+BK y+C, =0 or Ax+By+?]1=0

C
or Ax+By+K=0, where K = ?1 ... (iii)

1
This is a line parallel to the given line. From equations (ii) and (iii) we observe that
(i) coefficients of x and y are same

(ii) constants are different, and are to evaluated from given conditions.

Find equation of the straight line, which passes through the point (1, 2) and

which is parallel to the straight line 2x + 3y + 6 = 0.

Solution : Equation of any straight line parallel to the given equation can be written if we put
(i) the coefficients of x and y as same as in the given equation.

(i) constant to be different from the given equation, which is to be evaluated under given
condition.
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Thus, the required equation of the line will be, 2x + 3y + K = 0 for some constant K
Since it passes through the point (1, 2) hence,2x1+3x2+K=0
or K=-8

Required equation of the line is 2x + 3y = 8.

14.7 STRAIGHT LINE PERPENDICULAR TO THE GIVEN LINE

Ax+By+C=0
Let A x+By+C =0 ... (1), be any line perpendicular to the given line

Ax+By+C=0

Condition for perpendicularity of lines (i) and (ii) is ... (1)
A B
AA, +BB =0 = Bk (say)

= A, =BK, and B, = -AK

1

c

i " . g
With these values of A and B, (1) gives, Bx—Ay + K, 0-0
Cl
or Bx-Ay+K=0 WhereKz? ... (iii)
1

Hence, the line (iii) is perpendicular to the given line (ii)

We observe that in order to get a line perpendicular to the given line we have to follow the
following procedure : (i) Interchange the coefficients of xand y

(i1) Change the sign of one of them.

(iii) Change the Constant term to a new constant K (say), and evaluate it from given
condition.

161111 GO ERARN Find the equation of the line which passes through the point (1, 2) and is
perpendicular to the line 2x+ 3y + 6 =0.

Solution : Following the procedure given above, we get the equation of line perpendicular to
the given equationas 3x—2y+ K=0 ..

(i) passes through the point (1, 2), hence
3x1-2%x2+K=0o0rK=1
Required equation of the straight line is 3x -2y + 1 =0.

IR CIIENEREE Find the equation of the line which passes through the point
(x,, y,) and is perpendicular to the straight line y y, = 2a (x + x,)).
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Solution : The given straight line is yy, —2ax —2ax, =0 ...(1)
Any straight line perpendicular to (i) is 2ay + xy, + C=0

This passes through the point (x,, y,) .. 2ay,+x,y, +C=0
= C=-2ay,-x)y,

MODULE-IV

Co-ordinate
Geometry

Required equation of the spraight line is, 2a (y—y,) +y, (x—x,)=0

O
\ & @ CHECK YOUR PROGRESS 14.5

1. Findthe equation of the straight line which passes through the point (0, —2) and is parallel
to the straight line 3x +y =2.

2. Find the equation of the straight line which passes through the point (—1, 0) and is parallel
to the straight line y = 2x + 3.

3.  Find the equation of the straight line which passes through the point (0, —3) and is
perpendicular to the straight line x +y+ 1 =0.

4.  Find the equation of the line which passes through the point (0, 0) and is perpendicular to
the straight line x + y= 3.

5.  Find the equation of the straight line which passes through the point (2, —3) and is
perpendicular to the given straight line 2a (x + 2) + 3y =0.

6.  Find the equation of the line which has x - intercept —8 and is perpendicular to the line
3x+4y—-17=0.

7.  Find the equation of the line whose y-intercept is 2 and is parallel to the line
2x-3y+7=0.

8.  Prove that the equation of a straight line passing throngh (a cos® 0, a sin® 0) and
perpendicular to the sine x sec 8 + y cosec 0 = ais x cos O — y sin 0 = a cos 20.

14.8 EQUATION OF FAMILY OF LINES PASSING THROUGH

THE POINT OF INTERSECTION OF TWO LINES :

Let [, :ax+by+c =0 ...(d)
and [, :ayx+b,y+c, =0, be two intersecting lines.
Let P(h, k) be the point of intersection of /, and /,, then
ah+bk+c =0 ...(iD)

and a,h+bk+c, = 0 .(1v)
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Now consider the equation

(ayx+byy+c)+AMayx+b,y+c,) =0 (V)

Fig.14.10

It is a first degree equation in x and y. So it will represent different lines for different
values of A. If we replace x by & and y by k we get

using (iii) and (iv) in (vi) we get
0 + A0= Oi.e. 0 = 0 which is true.

So equation (v) represents a family of lines passing throught the point (4, k) i.e. the point
of intersection of the given lines /, and /,.

1 A particular member of the family is obtained by giving a particular value to A. This
value of A can be obtained from other given conditions.

I e1n ) CEWIN Find the equation of the line passing through the point of intersection of
the lines x + y + 1 = 0 and 2x — y + 7 = 0 and containing the point (1, 2).

Solution : Equation of family of lines passing through the intersection of given lines is
x+y+DH+A2x-y+7)=0

This line will contain the point (1, 2) if
T+2+D+A2x1-1%x2+7=0

4
ie. 4+7k:0:>%:—7.

. e 4
Therefore the equation of required line is, (x+ y+1) —7(296 -y+7) =0

ie. Tx+y+1D)—-42x—y+7) = 0ie. —x+ 11y - 21 =0

or x—1ly+21=0
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IDe1n ) R ERIY Find the equation of the line passing through the intersection of lines
3x +y—9 =0 and 4x + 3y — 7 = 0 and parallel to y-axis.

Solution : Equation of family of lines passing through the intersection of given lines is
Bx+y—9)+Adx+3y-7) =0,1ie.3+4M)x+1A+3A0)y—O9+7L) =0 ..(D)
We know that if a line is parallel to y-axis then co-efficient of y in its equation must be zero.

A1 +30=0= A =-1/3.

1 -1
Hence, equation of the required line is, {3 + 4[—§j } x+0y— {9 +7 [?j } =0

1e. x=4

ram\
L' 4 CHECK YOUR PROGRESS 14.6

Find the equation of the line passing through the intersection of the lines x + y =5 and
2x —y — 7 = 0 and parallel to x-axis.

—

2. Find the equation of the line passing though the intersection of the lines x+ y+ 1 =0 and
x—y—1=0 and containing the point (-3, 1)

L

7%
@/f' LET US SUM UP

° The equation of a line parallel to y-axis is x = a and parallel to x-axis is y = b.

° The equation of the line which cuts off intercept ¢ on y-axis and having slope m is
y=mx +c

° The equation of the line passing through A(x, y) and having the slope m is
y=y,=mx-x)

° The equation of the line passing through two points A(x, y,) and B(x,, y,) is

Yo =N

y_yl_ x2_xl (-x_xl)

° The equation of the line which cuts off intercepts a and b on x —axis and y —axis respectively
Xy

4= =1

s+

° The equation of the line in normal or perpendicular formis x cos ¢ +ysin o =p

where p is the length of perpendicular from the origin to the line and ¢ is the angle which
this perpendicular makes with the positive direction of the x-axis.
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The general equation of first degree in x and y always represents a straight line provided
A and B are not both zero simultaneously.

From general equation Ax + By + C =0 we can evaluate the following :

A C C
(i) Slope of the line = ) (i1) x-intercept = T (iii) y-intercept = )
ICI
(iv) Length of perpendicular from the origin to the line = (A”+B)
(v) Inclination of the perpendicular from the origin is given by
FA . +B

cos o = = i sina = —e— s

(A"+B") (A"+B")

where the upper sign is taken for C > 0 and the lower sign for C < 0; but if C =0 then
either only the upper sign or only the lower sign are taken.

. . . . . . |Ax1 + By, + C|
Distance of a given point (x,, y,) fromagivenline Ax+By + C=0isd= > >
| Jar+ B |

Equation of a line parallel to the line Ax + By+ C=0isAx+ By + k=0
Equation of a line perpendicular to the line Ax + By + C=0is Bx—Ay+ k=0

Equation of a line passing through the point of intersection of the lines a,x + b,y +¢, =0

and a,x+b,y+c, =0is (ax+by+c)+k (a,x+b,y+c,)=0

e SUPPORTIVE WEB SITES

http://en.wikipedia.org/wiki/Straight_lines
http://mathworld.wolfram.com/Straight_lines

S| TERMINAL EXERCISE

1.

Find the equation of the straight line whose y-intercept is —3 and which is:
(a) parallel to the line joining the points (—2,3) and (4, -5).

(b) perpendicular to the line joining the points (0, —5) and (-1, 3).

Find the equation of the line passing through the point (4, —5) and

(a) parallel to the line joining the points (3, 7) and (-2, 4).

(b) perpendicular to the line joining the points (-1, 2) and (4, 6).

Show that the points (a, 0), (0, b) and (3a, —2b) are collinear. Also find the equation of
the line containing them.
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4.

10.

11.
12.
13.

14.

15.

16.

17.

18.

19.

20.

A(1,4),B (2,-3)and C (-1, -2) are the vertices of triangle ABC. Find
(a) the equation of the median through A.

(b) the equation of the altitude througle A.

(c) the right bisector of the side BC.

T

A straight line is drawn through point A (2, 1) making an angle of 6

with the positive
direction of x-axis. Find the equation of the line.

A straight line passes through the point (2, 3) and is parallel to the line 2x+ 3y +7 =0.
Find its equation.

Find the equation of the line having a and b as x-intercept and y-intercepts respectively.
Find the angle between the linesy = (2- \/3)x+5andy=(2+ /3)x—d.

Find the angle between the lines 2x + 3y =4 and 3x -2y =7

Find the length of the per pendicular drawn from the point (3, 4) on the straight line
12(x+6)=5 (y-2).

Find the length of the perpendicula from (0, 1) on3x+4y +5=0.
Find the distance between the lines 2x + 3y =4 and 4x + 6y =20

Find the length of the perpendicular drawn from the point (-3, — 4) on the line
4x -3y =1.

Show that the product of the perpendiculars drawn from the points on the straight line

X
L cosO+2 sin@=1is b2
a b

Prove that the equation of the straight line which passes through the point (a cos® 6, b
sin® 0) and is perpendicular to x secO + y cosec 6 = a is x cos6 - y cosec 6 = a cos 20

Find the equation of a straight line passing through the point of intersection of the lines
3x+y—9=0 and 4x+4y—7=0 and perpendicular to the line 5x—4y+1=0.
Find the equation of a straight line passing thought the point of intersection of the lines
2x+3y—2=0 and x—2y+1=0 and having x-intercept equal to 3.

Find the equation of a line through the point of intersection of the lines 3x+4y—7=0
and x— y+2 =0 and with slope 5.

Find the equation of a line through the point of intersection of the lines 5x—3y =1and
2x+3y =23 and perpendicular to the line 5x-3y—-1=0.

Find the equation of a line through the intersection of the lines 3x—4y+1=0 and

5x+ y—1=0 which cut off equal intercepts on the axes.
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MODULE-IV A
Co-ordinate B ANSWERS
sl I S| NswERs

CHECK YOUR PROGRESS 14.1

1. (a) y=-4 (b) x=-3
Notes | 2. x=5
3. y+7=0

CHECK YOUR PROGRESS 14.2

-4
1. (@ y=2x-2 (b) Slope = ——, y—intercept =2

3

2. 3y =-3x1

|
3. Slope = 5 y-intercept = -2
4. 3x+7y=17
5. y=x+1;x+y-3=0
6. 3x2y=0
7. (a) x+y=-1 (b) Equation of the diagonal AC=2x-y—-4=0

Equation of the diagonal BD =2x— 11y + 66 =0

8. x—2=0,x-3y+6=9and 5x-3y-2=0
9. 2x+3y=6

10. 3x+y=6

11. 3x+4y=1

12. x+y=22

CHECK YOUR PROGRESS 14.3

1. A and B are not both simltaneously zero

. y 5 5
—c
3. (a X —intercept = o ; y-intercept=c
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o o MODULE-IV
(b) x-intercept = — ; y-intercept = — Co-ordinate
3 3 Geometry
© x-intercept =—4; y-intercept = 6
4. 24/13 units
Notes
X X
5 + =1
pseca pcosecd
6 _—336 + 4 2=0 b _—3x + 4 0
7.  The first line is nearer from the origin.
CHECK YOUR PROGRESS 144
| PR
' - 13
2. (O,E(ai1/a2+b2))
a
32
0,—
: ( 3 )
14
4 —
/58
CHECK YOUR PROGRESS 14.5
1. 3x+y+2=0
2. y=2x+2
3. X — y = 3
4. y=x
5. 3x-2ay=6(a-1)
6. 4x-3y+32=0
7. 2x-3y+6=0
CHECK YOUR PROGRESS 14.6
1. y=1
2. 2x+3y+3=0
MATHEMATICS 343
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MODULE-IV | TERMINAL EXERCISE

Co-ordinate
Geometry 1. (a) 4x+3y+9=0 (b) x—8y-24=0
2. (@ 3x-5y-37=0 (b) 5x-8y-60=0
4. (a) 13x-y-9=0 (b) 3x—y+1=0
Notes (©) 3x-y—-4=0
5. x— 43y =2-./3 6. 2x+3y+13=0
V4
7. bx + ay = ab 8. B
9 z 10 %%
' 2 ' 13
11 4 12 _
' 5 B/ E]
7
13. 35 16. 32x+40y—-41=0
17. x+5y-3=0 18. 35x=7y+18=0
19. 63x+105y—-781=0 20. 23x+23y—-11=0
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Notice the path in which the tip of the hand of a watch moves. (see Fig. 15.1)

Fig. 15.1 Fig. 15.2

Again, notice the curve traced out when a nail is fixed at a point and a thread of certain length
is tied to it in such a way that it can rotate about it, and on the other end of the thread a pencil
is tied. Then move the pencil around the fixed nail keeping the thread in a stretched position
(See Fig 15.2)

Certainly, the curves traced out in the above examples are of the same shape and this type of
curve is known as a circle.

The distance between the tip of the pencil and the point, where the nail is fixed is known as the
radius of the circle.

We shall discuss about the curve traced out in the above examples in more details.

\Z| OBJECTIVES

After studying this lesson, you will be able to :

° derive and find the equation of a circle with a given centre and radius;

° state the conditions under which the general equation of second degree in two variables
represents a circle;

° derive and find the centre and radius of a circle whose equation is given in general form;
° find the equation of a circle passing through :

(i) three non-collinear points (ii) two given points and touching any of the axes;
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EXPECTED BACKGROUND KNOWLEDGE

° Terms and concepts connected with circle.
° Distance between two points with given coordinates.

° Equation of a straight line in different forms.

15.1 DEFINITION OF THE CIRCLE

A circle is the locus of a point which moves in a plane in such a way that its distance from a fixed
point in the same plane remains constant. The fixed point is called the centre of the circle and the

constant distance is called the radius of the circle.

15.2 EQUATION OF A CIRCLE

Can we find a mathematical expression for a given circle?
Let us try to find the equation of a circle under various given conditions.
15.2.1 When Coordinates of the Centre and Radius are given

Let C be the centre and a be they radius of the circle. Coordinates of the centre are given to be
(h, k), say.

Take any point P(x, y) on the circle and draw perpendiculars CM and PN on OX. Again, draw
CL perpendicular to PN. y

We have
P(x, y)

CL=MN=ON-OM =x-h
and PL=PN—-LN=PN-CM =y—k

In the right angled triangle CLP, CL* + PL* =

cP?
= (-h’+(y-k?’=d’ (1)
This is the required equation of the circle under O M N *

given conditions. This form of the circle is known Fig.15.3

as standard form of the circle.

Conversely, if (x, y) is any point in the plane satisfying (1), then it is at a distance ‘a’ from (A, k).
So it is on the circle.

‘What happens when the

(i) circle passes through the origin?

MATHEMATICS



(ii) circle does not pass through origin and the centre lies on the x-axis?
(ii7) circle passes through origin and the x-axis is a diameter?

(iv) centre of the circle is origin?

(v) circle touches the x-axis?

(vi) circle touches the y-axis?

(vii) circle touches both the axes?

We shall try to find the answer of the above questions one by one.

) In this case, since (0, 0) satisfies (1), we get
h +k*=a’
Hence the equation (1) reduces to x> + y*> —2hx—2ky =0 ...(2)
(i) In this case k=0
Hence the equation (1) reduces to (x—h)* + y*> =a’ ..(3)
y y
X" x X"
C (0] (0] C
Y Y
Fig. 15.4

(iii) In this case k=0and h = + 4 (see Fig. 15.4)

Hence the equation (1) reduces to x> + y* +2ax =0 (B
(iv) In this case 7 =0 = k, Hence the equation (1) reduces to x*> + y*> =a” ...
) In this case k = a (see Fig. 15.5)

Hence the equation (1) reduces to x> + y*> —2hx—2ay+h> =0 ...(6)

(5)
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X ol Y - X
y/
Fig.15.5
(vi) Inthiscase h=a
Hence the equation (1) reduces to x> + y> —2ax—2ky+k> =0 ...(7)
(vii) In this case h = k = a. (See Fig. 15.6)
Hence the equation (1) reduces to x* + y*> —2ax—2ay+a’ =0 ...(8)
y
C
X" 5 x
Y Fig.15.6
I el CNER N Find the equation of the circle whose centre is (3, —4) and radius is 6.
Solution : Comparing the terms given in equation (1), we have
h=3,k=-—4anda=06.
(x=3)>+(y+4)>=6" or ¥+ > —6x+8y—-11=0
561119 I EWA Find the centre and radius of the circle given by (x+1)* +(y—1)*> = 4.
Solution: Comparing the given equation with (x — 1) + (y — k)* = a* we find that
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—h=1,-k=-1,a>=4
h=-1,k=1,a=2,

So the given circle has its centre (—1,1) and radius 2.

15.3GENERAL EQUATION OF THE CIRCLE IN SECOND DEGREE IN

TWO VARIABLES

The standard equation of a circle with centre (4, k) and radius r is given by

(D

(x=h)*+(y—k)*=r’
or  x*+y’=2hx—2ky+h’+k>—r>=0
This is of the form x* + y*> +2gx+2 fy +¢ =0.
X+ Y +2gx+2fy+c=0

= (x2+2gx+g2)+(y2+2fy+f2)=g2+f2—c

~ gl =(Ne )
o ol -l =(Verr—c)

= (x—h)2+(y—k)2 =r’

where h=—g, k=—f, r= /g2+f2—c

This shows that the given equation represents a circle with centre (—g, —f) and radius

15.3.1 Conditons under which the General Equation of Second Degree in Two

Variables Represents a Circle

Let theequationbe x* + y* +2gx+2fy+c=0

(1) It is a second degree equation in x, y in which coefficients of the terms involving

x* and y? are equal.

(ii) It contains no term involving xy

. (2)

. (3)

(@

Note : In solving problems, we keep the coefficients of x* and y’ unity.

| ).€11111) 8 B Find the centre and radius of the circle

45x> +45y% —60x+36y+19=0
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Solution : Given equation can be written on dividing by 45 as

4 19
Xy ——x+—y+—=0
R T

Comparing it with the equation, x> + y*> +2gx+2fy +c =0 we get

8773 T eTys
2 2 V41
Thus, the centre is (E’ - gj and radius is 4/ g2 + f2 —c= F
I D111 B ERY Find the equation of the circle which passes through the points (1, 0), (0, — 6)
and (3, 4).
Solution: Let the equation of the circle be, x* + y* +2gx+2fy+c=0 (1)

Since the circle passes through three given points so they will satisfy the equation (1). Hence

142g+c=0 -+(2)

and 36-12f+c=0 -+(3)

254+6g+8f+c=0 - (4)
2¢g+12f =35

Subtracting (2) from (3) and (3) from (4), we have and 6g+20f =11

. . 71 47
Solving these equations for g and f, we get § = e f= ry

69
Substituting g in (2), we get ¢ = o

and substituting g, fand cin (1), the required equation of the circle is
4x% +4y> —142x+47y+138=0

1 )41 t1y) G R Find the equation of the circles which touches the axis of x and passes
through the points (1,-2) and (3, —4).

Solution : Since the circle touches the x-axis, put k = a in the standard form (See result 6) of

the equation of the circle, we have, x* + y> —2hx—2ay+h* =0 . (D)
This circle passes through the point (1, -2) .- W —2h+4a+5=0 ...(2)
Also, the circle passes through the point (3, —4) .-, W —6h+8a+25=0 ...3)

= h*+2h—-15=0

Eliminationg ‘a’ from (2) and (3), we get h=3or h=-—5.

MATHEMATICS



From (3) the corresponding values of a are — 2 and —10 respectively. On substituting the values
ofhandain () weget, x> +y>—6x+4y+9=0 .. (4)
and x*+y>+10x+20y+25=0 .. (5)

(4) and (5) represent the required equations.

1
CHECK YOUR PROGRESS 15.1

Flnd the equation of the circle whose
(a) centre is (0, 0) and radius is 3. (b) centre is (— 2,3) and radius is 4.

2. Find the centre and radius of the circle
(@) x>+ y*4+3x—y=6 (b) 4x* +4y>*-2x+3y-6=0
3.  Find the equation of the circle which passes through the points (0, 2) (2,0) and (0, 0).

4. Find the equation of the circle which touches the y-axis and passes through the points
(-1,2) and (-2,1)

P2
%i’é’/f' LET US SUM UP

° Standard form of the circle

(x—h)* + (y—k)*> = a* Centre is (h, k) and radius is a

e  The general formofthe circleis x* + y* +2gx+2fy+c =0

Its centre: (—g, —f) andradius = /g + f> —¢
e \ SUPPORTIVE WEB SITES

http://www.youtube.com/watch?v=6r1 GQCxyMKI
www.purplemath.comy/modules/circle2.htm

www.purplemath.com/modules/circle.htm

@
Sl TERMINAL EXERCISE

1.  Find the equation of a circle with centre (4, —6) and radius 7.

2. Find the centre and radius of the circle x* + y> +4x—6y =0
3. Find the equation of the circle passes through the point (1,0), (—1,0) and (0,1)
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CHECK YOUR PROGRESS 15.1

1. (a x*+y>=9
Notes
(b) X +y*+4x—6y-3=0
3 \37
=1, —
2. (a) ( ) ) >
5 [1 _g)_«/109
(b) 4’ 8) 8

3. X+y’=2x-2y=0
4. X+y +2x-2y+1=0
TERMINAL EXERCISE
. x*+y*-8x+12y+3=0

2. Centre (-2, 3);Radius = /13

3. xX*+y’=1.
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CONIC SECTIONS

While cutting a carrot you might have noticed different shapes shown by the edges of the cut.
Analytically you may cut it in three different ways, namely

(i)  Cutis parallel to the base (see Fig.16.1)
(@) Cutisslanting but does not pass through the base (see Fig.16.2)
(iify Cutis slanting and passes through the base (see Fig.16.3)

Fig.16.1 Fig.16.2 Fig.16.3
The different ways of cutting, give us slices of different shapes.
In the first case, the slice cut represent a circle which we have studied in previous lesson.

In the second and third cases the slices cut represent different geometrical curves, which we
shall study in this lesson.

| oBJECTIVES

After studying this leson, you will be able to :

° recognise a circle, parabola, ellipse and hyperbola as sections of a cone;

° recognise the parabola, ellipse and hyperbola as certain loci;

° identify the concept of eccentricity, directrix, focus and vertex of a conic section;
° identify the standard equations of parabola, ellipse and hyperbola;

° find the equation of a parabola, ellipse and hyperbola given its directrix and focus.
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EXPECTED BACKGROUND KNOWLEDGE

° Basic knowledge of coordinate Geometry
° Various forms of equation of a straight line

° Equation of a circle in various forms

16.1 CONIC SECTION

In the introduction we have noticed the various shapes of the slice of the carrot. Since the carrot
is conical in shape so the section formed are sections of a cone. They are therefore called conic
sections.

Mathematically, a conic section is the locus of a point P which moves so that its
distance from a fixed point is always in a constant ratio to its perpendicular distance
Jrom a fixed line.

The fixed point is called the focus and is usually denoted by S.
The fixed straight line is called the Directrix.
The straight line passing through the focus and perpendicular to the directrix is called the axis.
The constant ratio is called the eccentricity and is denoted by e.
What happens when
(i) e<1 (iD) e=1 (iii) e>1

In these cases the conic section obtained are known as ellipse, parabola and hyperbola
respectively.

In this lesson we shall study about ellipse, parabola, and hyperbola.

16.2 ELLIPSE

Recall the cutting of slices of a carrot. When we cut it obliquely, slanting without letting the knife
pass through the base, what do we observe?

‘You might have come across such shapes when you cut a boiled egg vertically.
The slice thus obtained represents an ellipse. Let us define the ellipse mathematically as follows:

“An ellipse is the locus of a point which moves in a plane such that its distance
Jrom a fixed point bears a constant ratio to its distance from a fixed line and this
ratio is less than unity”.

16.2.1 Standard Equation of an Ellipse

Let S be the focus, ZK be the directrix and P be a moving point. Draw SK perpendicular from
S on the directrix. Let e be the eccentricity.

Divide SK internally and externally at A and A’ (on KS produced) repectively in the ratio e : 1,
as e<1.

MATHEMATICS



SA=e.AK - (1)
and SA"=e.A'K -+ (2)

Since A and A’ are points such that their distances from the focus bears a constant ratio e
(e < 1) to their respective distances from the directrix and so they lie on the ellipse. These points
are called vertices of the ellipse.

A S’(-ae, 0)

Fig.16.4
Let AA'be equal to 2a and C be its mid point, i.e., CA=CA'=a
The point C is called the centre of the ellipse.

Adding (1) and (2), we have
SA+SA"=e.AK +e.A'K A

or AA'=e(CK-CA+A'C+CK) or 2a=e2CK or CK:% - (3)
Subtracting (1) from (2), we have
SA’—SA =e(A'K — AK)
or (SC+CA)—(CA-CS)=eA'A
or 2CS=e2a or CS=aqe e (4

Let us choose C as origin, CAX as x-axis and CY, a line perpendicular to CX as y-axis.

a
Coordinates of S are then (ae, 0) and equation of the directrix is X = B

Let the coordinates of the moving point P be (x, y). Join SP, draw pPM | ZK .
By definition SP = ¢.PM or SP>=¢>. PM?

or SN?>+ NP?>=¢>.(NK)’or (CN —CS)* + NP> =¢>.(CK —CN)*
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2
a
or (x—ae)2+y2:e2(;—xj or x*(l-e’)+y’=a’(1-¢€)

2 2
X Yy
IR vidi 2o
or 2 a2(1-¢) [Ondividingby a*(1—e”) ]
2 2
Putting ¢*(1—e?) =b?, we have the standard form of the ellipse as, — + = 1
a

Major axis: The line joining the two vertices A'and A, i.e., A'A is called the major axis and
its length is 2a.

Minor axis : The line passing through the centre perpendicular to the major axis, i.e., BB'is
called the minor axis and its length is 2b.

Principal axis : The two axes together (major and minor) are called the principal axes of the
ellipse.

Latus rectum : The length of the line segment LL'is called the latus rectum and it is given by

2b*
a

a
Equation of the directrix : x = i;

2
Eccentricity : e is given by e* =1— pes

1
I:¢1111) N WM Find the equation of the ellipse whose focus is (1,—1), eccentricity e = ) and

the directrix is x— y = 3.
Solution : Let P (/,k) be any point on the ellipse then by the definition, its distance from the
focus = e. Its distance from directrix or §p2 = o2 PM 2

(M is the foot of the perpendicular drawn from P to the directrix).

, »_1(h=k=3Y
or (h—D"+(k+1 _4(—m ]

or  7(h*+k*)+2hk —10h+10k+7 =0

The locus of Pis, 7(x* + y*)+2xy—10x+10y+7=0

which is the required equation of the ellipse.

MATHEMATICS



| 91111 (33 (WA Find the eccentricity, coordinates of the foci and the length of the axes of the
ellipse 3x> +4y* =12

2 2

Solution : The equation of the ellipse can be written in the following form, — + 2o

4 3

On comparing this equation with that of the standard equation of the ellipse, we have ;2 = 4

and p? =3, then

b’ 3 1 1
Nel=l-—s=l-—=— = e=—
@ i 4 4 2

(i1) coordinates of the foci are (1,0) and (—1,0)
[+ The coordinate are (4 ae, 0)]

(iii) Length of the major axes 24 =2x2 =4 and

length of the minor axis = 2p = 2x+/3 = 24/3.

O
\ & 4§ CHECK YOUR PROGRESS 16.1

1. Find the equation of the ellipse referred to its centre

2
(a) whose latus rectum is 5 and whose eccentricity is 3

(b) whose minor axis is equal to the distance between the foci and
whose latus rectum is 10.

1
(c) whose foci are the points (4,0) and (— 4,0) and whose eccentricity is 3

2. Find the eccentricity of the ellipse, if its latus rectum be equal to one halfits minor axis.

16.3 PARABOLA

Recall the cutting of slice of a carrot. When we cut obliquely and letting the knife pass through
the base, what do we observe?

Also when a batsman hits the ball in air, have you ever noticed the path of the ball?

Is there any property common to the edge of the slice of the carrot and the path traced out by
the ball in the example cited above?

Yes, the edge of such a slice and path of the ball have the same shape which is known as a
parabola. Let us define parabola mathematically.
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""A parabola is the locus of a point which moves in a plane so that its distance
from a fixed point in the plane is equal to its distance from a fixed line in the
plane."

16.3.1 Standard Equation of a Parabola

Let S be the fixed point and ZZ' be the directrix of the parabola. Draw SK perpendicular to
Z7'. Bisect SK at A.

Since SA = AK, by the definition of the parabola A lies on the parabola. A is called the vertex of
the parabola.

Take A as origin, AX as the x-axis and AY perpendicular to AX through A as the y-axis.

Let

or

or

M P(x, )

Z/

Fig.16.5

KS =2a L AS=AK =a

The coordinates of A and S are (0,0) and (a,0) respectively.
P(x,y) be any point on the parabola. Draw PN | AS produced
AN =xand NP=y

Join SP and draw PM 1 7Z’

By definition of the parabola
SP = PM or SP? = PM?

(x—a)’ +(y=0)*=(x+a)’ [ PM = NK = NA+ AK =x+a4a]
(x—a)’—(x+a)’=—y’ or y? =4ax

which is the standard equation of the parabola.

Note : In this equation of the parabola

(i) Vertexis (0,0)

(if) Focusis (a,0)

(ii7) Equation of the axis is y =0

(iv) Equation of the directrix is x + a =0

(v) Latusrectum=4a

MATHEMATICS



16.3.2 Other Forms of the Parabola

‘What will be the equation of the parabola when

(i) focusis (—a,0) and directrixis x—g =0

(i1) focusis (0,a) and directrixis y + a =0,

(iii) focus is (0, — a) and directrixis y—a=07?

It can easily be shown that the equation of the parabola with above conditions takes the following

forms:

(i) y*=—4ax (i) x> =4ay (i) x*
The figures are given below for the above equations of the parabolas.

—4ay

MODULE-IV

Co-ordinate
Geometry

Yy |2
Ay
Z/
Al K X X
x X A
A
Z/
K
vl G (iii)
y2 =-4dax 2= 4ay 2= —4ay
Fig. 16.6
Corresponding results of above forms of parabolas are as follows:

Forms y> =dax |y’ =—4ax| x> =4ay | X’ =—4ay
Coordinates of vertex (0,0) (0,0) (0,0) (0,0)
Coordinates of focus (a,0) (—a,0) (0,a) (0,—a)
Coordinates of directrix x=—al x=a y=—a y=a
Coordinates of the axis y=0 y=0 x=0 x=0
length of Latus rectum 4a 4a 4a 4a

1 >:-611110) B G Find the equation of the parabola whose focus is the origin and whose
directrix is the line 2x+y—1=0.
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Solution : Let S (0,0) be the focus and ZZ' be the directrix whose equationis 2x+ y—1=0

Let P(x,y) be any point on the parabola.
Let PM be perpendicular to the directrix (See Fig. 16.5)

By definition SP=PM or §p?=pPM?*

24 2=(2x+y_1)2

)

or 5x*+5y*=4x>+y*+1+4xy—2y—4x or xX*+4y> —4xy+2y+4x—1=0.

| )'e11111) (38 (W Find the equation of the parabola, whose focus is the point (2, 3) and whose
directrix is the line x — 4y + 3 = 0.

Solution : Given focus is S(2,3); and the equation of the directrixis x—4y+3=0.

2
x—4y+3
As in the above example, (x=2)*+(y-3)* :{ 4 y42 }
+

=  16x°+y>+8xy—74x—78y+212=0

>
L' § CHECK YOUR PROGRESS 16.2

X
1. Find the equation of the parabola whose focus is (a, ») and whose directrix is o + % =1,

2. Find the equation of the parabola whose focus is (2,3) and whose directrix is
3x+4y=1.

16.4 HYPERBOLA

Hyperbola is the locus of a point which moves in a plane such that the ratio of its distance
from a fixed point to its distance from a fixed straight line in the same plane is greater than
one. In other words hyperbola is the conic in which eccentricity is greater than unity. The
fixed point is called focus and the fixed straight line is called directrix.

Equation of Hyperbola in Standard from :
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Conic Sections
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Let S be the focus and ZM be the directrix. Draw SZ perpendicular from S on directix we
can divide SZ both internally and externally in the ratio e : 1 (e > 1). Let the points of division
be A and A” as shown in the above figure. Let C be the mid point of AA’. Now take CZ
as the x-axis and the perpendicular at C as y-axis.

Let AA’ = 2a

Now E=e(e>1)andA,Z=e(e>1).

ie. SA = ¢AZ ..()

ie. SA” = eA’Z ...(i0)
Adding (1) and (i) we get

SA + SA’ = e(AZ +A'Z)
(CS — CA) + (CS + CA") = eAA’

= 2CS = e2a (- CA=CA)

= CS = ae
Hence focus point is (ae, 0).
Subtracting (i) from (ii) we get

SA” -~ SA = e(A’Z—-AZ)

ie. AA” = ¢[(CZ+ CA")—(CA-CZ)]

ie. AA” = e[2CZ] (- CA’ = CA)

ie. 2a = e(2CZ)

= CZ = 4

e

. . .. a
.. Equation of directrix is x = —.
e

Let P(x, y) be any point on the hyperbola, PM and PN be the perpendiculars from P on
the directrix and x-axis respectively.
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Thy S SP = ¢ePM
us, M e = =e
= (SP)? = e*(PM)?
)2
. 2
ie. (x—ae)* +(y—0)*> = ¢ [X_Z)
. ) (ezx2 + a2 — 2aex\
ie. x2+a%e? —2aex+y? =€ L 2
e
ie. x*+atet +y? = e’ x?+a*
ie. (e*—Dx*—y* = a’(e* —1)
. L .
ie. "5 - =
a’ az(e2 -1

Let a’(e* 1) =b?

Xy

a’> b

Which is the equation of hyperbola in standard from.

Now let S” be the image of S and Z'M” be the image of ZM w.r.t y-axis. Taking S’
as focus and Z’M” as directrix, it can be seen that the corresponding equation of

2 2
X

hyperbola is —2—;—2 =1. Hence for every hyperbola, there are two foci and two
a

directrices.
We have p? =a?(e®>—1) and e > 1
a’ +b?

j— e =
2
a

If we put y = 0 in the equation of hyperbola we get
X*=a=>x==a

Hyperbola cuts x-axis at A(a, 0) and A’(-a, 0).
If we put x = 0 in the equation of hyperbola we get

yV=-b* = y=+J-1b=+ib

MATHEMATICS



Which does not exist in the cartesian plane.
.. Hyperbola does not interesct y-axis.

AA’ = 2a, along the x-axis is called transverse axis of the hyperbola and BB” = 25,
along y-axis is called conjugate axis of the hyperbola. Notice that hyperbola does not
meet its conjugate axis.

As in case of ellipse, hyperbola has two foci

S(ae, 0), S’(—ae, 0) and two directrices x ==
e

C is called the centre of hyperbola.

Latus rectum of hyperbola is a line segment perpendicular to the transverse axis through
any of the foci and whose end points lie on the hyperbola. As in ellipse, it can be
2b°
proved that the length of the latus rectum of hyperbola is —.
a
Hyperbola is symmetric about both the axes.

Foci of hyperbola are always on transverse axis. It is the positive term whose denomi-

2 2

nator gives the transverse axis. For example 9 16 =1 has transverse axis along x-
N

axis and length of transverse axis is 6 units. While 55 16 =1 has transverse axis

along y-axis of length 10 unit.
The hyperbola whose transverse and conjugate axes are respectively the conjugate and
transverse axis of given hyperbola, is called the conjugate hyperbola of the given

2 2

hyperbola. This equation is of the form Z—z -— =1
a

In this case : Transverse axis is along y-axis and conjugate axis is along x-axis.

Length of transverse axis = 2b.

Length of conjugate axis = 2a 1S

242
Length of latus rectum = %.

Equations of directrices ¥y =% o Al A
Vertices (0, + b) B!

Foci (0, £ be)

Centre (0, 0) ¢!

o b* +a®
Eccentricity (e) = e

Fig.16.8
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16.4.1 Rectangular Hyperbola

If in a hyperbola the length of the transverse axis is equal to the length of the conjugate axis,
then the hyperbola is called a rectangular hyperbola.

Its equation is x> — y* = a* ory>  —x*>=0b%> (- a=>b)
2, 2 2,42
a +a b"+b

In this case e=\/ 5 or\/ 5 =2

a b
i.e. the eccentricity of rectangualr hyperbola is J2.

22
| €111 BN LN For the hyperbola 6 9 =1, find the following (i) Eccentricity (ii) Foci

(iii) Vertices (iv) Directrices (v) Length of transverse axis (vi) Length of conjugate axis (vii)
Length of latus rectum (viii) Centre.

Solution : Here ¢> = 16 and 2 =9, = a =4 and b = 3.

(i) Eccentricity (¢) = [ +p 1649 5
1 ceentricity (€) = a2 16 4

4.5
(i) Foci = (* ae,0) =[i T,Oj =(+5,0)

(i) Vertices = (£ a, 0) = (= 4, 0)

a 16
(iv) Directrices x =+ — =>x=t+t— = x=%*—.
e y
4

(v) Length of transverse axis = 2a =2 x 4 = 8.
(vi) Length of conjugate axis =2a=2x3 =6
2 _2x9 _9

(vii) Length of latus rectum = — = .
a 4 2

(viii) Centre = (0, 0)

I D11 CN LN Find the equation of hyperbola with vertices (+ 2, 0) and foci (+ 3, 0)
Solution : Here a = 2 and ae = 3.

e = 3/2.
We know that b = 4%*-1)
9
2 = 4(——1] =5
= b 4
52 2
Equation of hyperbola is 75 =1.

MATHEMATICS



2 2
1B eI ENIWA For hyperbola y?_ ;—7 =1, find the following :

(i) Eccentricity (ii) Centre (iii) Foci (iv) Vertices (v) Directrices (vi) Length of transverse axis
(vii) Length of conjugate axis (viii) Latus rectum.

Solution : Here »> =9 and a®> =27 = b =3 and a = 3./3.
27+9
e=
9
@) Foci= (0,xbe)=(0,£3.2)=(0,£6).
@iv) Vertices = (0, £ b) = (0, £ 3).

G) =4 =2. (i) Centre = (0, 0)

b 3
(v) Directrices, y =% ~ == + >

(vi) Length of transverse axis =2b=2x3 =6

(vi)) Length of conjugate axis = 2a = 2 X 343 = 643

2a>  2x27 _
3

C
LZ 4 CHECK YOUR PROGRESS 16.3

2 2

1. (@) Transverse axis of the hyperbola ;_5_f_6 is along ....

18.

(viii) Length of latus rectum =

2 2

(i) Eccentricity of the hyperbola % - i)_6 =1is...

@) Eccentricity of rectangular hyperbola is ...

2 2
(iv) Length of latus rectum of hyperbola — — b_2 =1is ...
a

2 2
(v) Foci of the hyperbola — —Z—z =1isat ..
a

2 2
(vi) Equation of directrices of hyperbola — — = Lis ...
a

2 2
X

(vi)) Vertices of the hyperbola _z_b_z =1 are at ...
a

2 2
2. For the hyperbola y_z - x_2 =1, complete the following.
b* a

(1 Eccentricity (e) = ...

(i) Centre = ...
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@) Foci = ...

(iv) Vertices = ...

(v) Equations of directrices, y = ...
(vi) Length of latus rectum = ...
(vii) Length of transverse axis = ...
(viii) Length of conjugate axis = ...
(ix) Transverse axis is along ...

(x) Conjugate axis is along ...

=

52
\2s7dl 1 ET US SUM UP

(

Conic Section

"A conic section is the locus of a point P which moves so that its distance from a fixed point is
always in a constant ratio to its perpendicular distance from a fixed straight line".

(i) Focus : The fixed point is called the focus.
(i) Directrix : The fixed straight line is called the directrix.

(iii) Axis : The straight line passing through the focus and pependicular to the directrix is
called the axis.

(iv) Eccentricity : The constant ratio is called the eccentricity.

(v) Latus Rectum : The double ordinate passing through the focus and parallel to the
directrix is known as latus rectum. (In Fig.16.5 LSL'is the latus rectum).

2 2

Standard Equation of the Ellipse is : % + sl =1
(i) Major axis = 2a (i1) Minor axis = 2b
(iii) Equation of directrix is X = i% (iv) Foci: (+ ae,0)
2 2>

e . 2 _ . _
(v) Eccentricity, i.e., e is givenby e~ =1— pa vi Latus Reotam = —

Standard Equation of the Parabola s : y2 =4ax
(i) Vertex is (0,0) (i1) Focus is (a,0)
(iii) Axis of the parabolais y=0 (iv) Directrix of the parabolais x+4 =0

) Latus rectum = 4aq.

MATHEMATICS



e«  OTHER FORMS OF THE PARABOLA ARE MODULE-IV
Co-ordinate
@ y?=—4ax  (concave to the left). Geometry
i) x° =4day (concave upwards).
(id) x*=—4ay  (concave downwards). Notes

e  Equation of hyperbola having transverse axis along x-axis and conjugate axis along y-

R G
axis is — — -5 =1.
. . a’ +b?
For this hyperbola (i) e = 3
a
@) Centre =(0,0) (@) Foci= (* ae, 0) 5
2b
(iv) Vetrices = (£ a, 0)(v) Length of latus rectum = —
a

(vi) Length of transverse axis = 2a

(vi)) Length of conjugate axis = 2b

. . . . a
(viii) Equations of directrixes are givenby x =+ —.
e

e  Equations of hyperbola having transverse axis along y-axis and conjugate axis along x-

2 2

X
axis is T L.
For this hyperbola :

(i) Vertices = (0, £ b)(ii)) Centre = (0, 0)

a’ +b?
b2

@) Foci= (0, £ be) (v) e =

2 2
(v) Length of latus rectum = %.

(vi) Length of transverse axis = 2b.

(vi)) Length of conjugate axis = 2a.

b
(viii) Equations of directrixes are given by y = + B

MATHEMATICS 367
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e\ SUPPORTIVE WEB SITES

http://www.youtube.com/watch?v=0A7RR0oy2ho
http://www.youtube.com/watch?v=IvAY FUIEpFI
http://www.youtube.com/watch?v=QR2vxfwiHAU
http://www.youtube.com/watch?v=pzSyOTkAsY4
http://www.youtube.com/watch?v=hI58vTCqVIY
http://www.youtube.com/watch?v=IGQw-W1PxBE
http://www.youtube.com/watch?v=SO0Fd2Tg2v7/M

Sl TERMINAL EXERCISE

Find the equation of the ellipse in each of the following cases, when
. . . 1

(a) focusis (0, 1), directrixisx+ y=0and e = 5

(b) focusis (-1,, 1), directrixisx—y+3=0ande= —.

2

Find the coordinates of the foci and the eccentricity of each of the following ellipses:
(@) 4x* +9y* =1 (b) 25x* +4y> =100
Find the equation of the parabola whose focus is (-8, —2) and directrixis y—2x+9=0.

Find the equation of the hyperbola whose foci are (+ 5, 0) and the length of the
transverse axis is 8 units.

5
Find the equation of the hyperbola with vertices at (0, + 6) and e = 3

Find the eccentricity, length of transverse axis, length of conjugate axis, vertices, foci,
equations of directrices, and length of latus rectum of the hyperbola (i)
25x* —9y? =225 (ii) 16y* —4x* =1.

Find the equation of the hyperbola with foci (0, + J10 ) , and passing through the point
(2, 3).

Find the equation of the hyperbola with foci (£ 4, 0) and length of latus rectum 12.

MATHEMATICS
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S ANSWERS

CHECK YOUR PROGRESS 16.1

1. (@) 20x* + 36y° = 405
(b) x> +2y> =100

© 8x> +9y* =1152

5 NE]
2

CHECK YOUR PROGRESS 16.2
1. (ax—by)’=2a’x-2b’y+a"* +a’b> +b* =0.

2. 16x*+9y* —94x—142y—24xy+324=0

CHECK YOUR PROGRESS 16.3

1. @) y-axis (i) %
2b?
i 2 @iv) —
M a0 o) x=E
wi)  (+a, 0)
. b* +a® .
2. G - @ (0.0 (i)
@) (0. b) v (vi)
e
(vi) 25 i)  2a (ix)
TERMINAL EXERCISE
1. (a 7x*+7y> —2xy—16y+8=0
(b) 7x>+7y> +2xy +10x—10y+7=0
AW
2. (@ (J—r ?’0 3

) (O,ix/ﬁ);g

(0, £ be)

24>

y-axis

(x) x-axis
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Conic Sections

x> +4y> +4xy+116x+2y+259=0
9x% —16y% =144

16y* —9x* =576
. . 34 . . .
(i) Eccentricity = 3 length of transverse axis = 6, length of conjugate axis = 10,

1
vertices (+ 3, 0), Foci (+£+/34,0) , equations of directrices x =% E , latus rectum
50
=3

, length of conjugate

| =

(i) Eccentricity = /5, length of transverse axis =

. . 1 5 . o
axis = 1, vertices | 0, £ — |, Foci LO, * —J , equations of directrices, y = ——=,
4 4 45

latus rectrum = 2.

yz—x2=5
2 2
Xy
4 12

MATHEMATICS



MODULE-V:

Statistics and Probability

Lesson-17: Measures of Dispersion
Lesson-18: Random Experiments and Events

Lesson-19: Probability

Scope and Approach:

Statistics is one of the fundamental areas of Mathematics that is applied across many disciplines
and is useful in analysis in industrial production, market etc. The study of statistics produces
statisticians that analyze raw data collected from the field to provide useful insights about a
population. The statisticians provide concrete backgrounds of a situation that helps in decision
making. The most common measures of variability for quantitative data are the variance; its
square root, the standard deviation; the statistical range; inter quartile range; and the absolute
deviation. On the other hand, the study of probability helps decision making in government
agents and organizations based on the theory of chance. Probability has also been extensively
used in the determination of high, middle and low quality products in industrial production.
The basic idea of statistics and Probability will help in your day today life and in your further
higher studies







MEASURES OF DISPERSION

You have learnt various measures of central tendency. Measures of central tendency help us to
represent the entire mass of the data by a single value.

Can the central tendency describe the data fully and adequately?

In order to understand it, let us consider an example.

The daily income of the workers in two factories are :

Factory A : 35 45 50 65 70 90 100

Factory B : 60 65 65 65 65 65 70

Here we observe that in both the groups the mean of the data is the same, namely, 65
@) In group A, the observations are much more scattered from the mean.

(i) Ingroup B, almost all the observations are concentrated around the mean.
Certainly, the two groups differ even though they have the same mean.

Thus, there arises a need to differentiate between the groups. We need some other measures
which concern with the measure of scatteredness (or spread).

To do this, we study what is known as measures of dispersion.

r

| oBIECTIVES

After studying this lesson, you will be able to :

explain the meaning of dispersion through examples;

define various measures of dispersion — range, mean deviation, variance and standard
deviation;

calculate mean deviation from the mean of raw and grouped data;
calculate mean deviation from the median of raw and grouped data.
calculate variance and standard deviation of raw and grouped data; and
illustrate the properties of variance and standard deviation.

Analyses the frequencys distributions with equal means.

EXPECTED BACKGROUND KNOWLEDGE

° Mean of grouped data
° Median of ungrouped data

17.1 MEANING OF DISPERSION

To explain the meaning of dispersion, let us consider an example.
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Two sections of 10 students each in class X in a certain school were given a common test in
Mathematics (maximum marks 40). The scores of the students are given below :

SectionA: 6 9 11 13 15 21 23 28 29 35
Section B: 15 16 16 17 18 19 20 21 23 25

The average score in section Ais 19.
The average score in section B is 19.
Let us construct a dot diagram, on the same scale for section A and section B (see Fig. 17.1)

The position of mean is marked by an arrow in the dot diagram.
Section A O O O O O O O O O (@)

|

Section B 08 Q0000 O O

Fig. 17.1

Clearly, the extent of spread or dispersion of the data is different in section A from that of B. The
measurement of the scatter of the given data about the average is said to be a measure of
dispersion or scatter.

In this lesson, you will read about the following measures of dispersion :
(@) Range

(b) Mean deviation from mean

(c)  Mean deviation from median

(d) Variance

(e)  Standard deviation

17.2 DEFINITION OF VARIOUS MEASURES OF DISPERSION

(@) Range : In the above cited example, we observe that
() the scores of all the students in section A are ranging from 6 to 35;
(i) the scores of the students in section B are ranging from 15 to 25.
The difference between the largest and the smallest scores in section Ais 29 (35 —6)
The difference between the largest and smallest scores in section B is 10 (25 —15).

Thus, the difference between the largest and the smallest value of a data, is termed as the range
of the distribution.

MATHEMATICS
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(b) Mean Deviation from Mean : In Fig. 17.1, we note that the scores in section B cluster
around the mean while in section A the scores are spread away from the mean. Let us
take the deviation of each observation from the mean and add all such deviations. If the
sum is 'large’, the dispersion is 'large'. If, however, the sum is 'small' the dispersion is
small.

Let us find the sum of deviations from the mean, 1.e., 19 for scores in section A.

Observations ( x; ) Deviations frommean ( x; — X )
6 -13
9 —-10
11 -8
13 -6
15 —4
21 +2
23 +4
28 +9
29 +10
35 16

190 0

Here, the sum s zero. It is neither large’ nor 'small'. Is it a coincidence ?

Let us now find the sum of deviations from the mean, i.e., 19 for scores in section B.

Observations (x;) Deviations frommean ( x; — X )
15 -4
16 -3
16 -3
17 =2
18 -1
19 0
20 1
21 2
23 4
25 6

190 0

Again, the sum is zero. Certainly it is not a coincidence. In fact, we have proved earlier that the
sum of the deviations taken from the mean is always zero for any set of data. Why is the
sum always zero ?

On close examination, we find that the signs of some deviations are positive and of some other
deviations are negative. Perhaps, this is what makes their sum always zero. In both the cases,
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we get sum of deviations to be zero, so, we cannot draw any conclusion from the sum of
deviations. But this can be avoided if we take only the absolute value of the deviations and
then take their sum.

If we follow this method, we will obtain a measure (descriptor) called the mean deviation from
the mean.

The mean deviation is the sum of the absolute values of the deviations from the
mean divided by the number of items, (i.e., the sum of the frequencies).

(c)  Variance : In the above case, we took the absolute value of the deviations taken from
mean to get rid of the negative sign of the deviations. Another method is to square the
deviations. Let us, therefore, square the deviations from the mean and then take their
sum. If we divide this sum by the number of observations (i.e., the sum of the frequen-
cies), we obtain the average of deviations, which is called variance. Variance is usually

denoted by 2.

(d) Standard Deviation : If we take the positive square root of the variance, we obtain the
root mean square deviation or simply called standard deviation and is denoted by G .

17.3 MEAN DEVIATION FROM MEAN OF RAW AND
GROUPED DATA

n
Do Ixi =X

Mean Deviation from mean of raw data= j=1
N

n

2 Lfi[xi —x]
Mean deviation from mean of grouped data = 1=1

N
n 1 n

where N = 3, x = — 3" (fix;)

- N &

i=1 i=1
The following steps are employed to calculate the mean deviation from mean.
Step 1 : Make a column of deviation from the mean, namely x; — X (Incase of grouped data

take x; as the mid value of the class.)

Step 2 : Take absolute value of each deviation and write in the column headed | x; — X]|.
For calculating the mean deviation from the mean of raw data use

Mean deviation of Mean =

For grouped data proceed to step 3.
Step 3 : Multiply each entry in step 2 by the corresponding frequency. We obtain f; ( x; — X )

and write in the column headed f; | x; — X]|.

MATHEMATICS
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n
Step 4 : Find the sum of the column in step 3. We obtain »_ [ f;|x; — X|]
i=1
Step 5 : Divide the sum obtained in step 4 by N.

Now let us take few examples to explain the above steps.

| )11 (S8 WA B Find the mean deviation from the mean of the following data :

Size ofitems x; 4 6 8 10 12 14 16
Frequency f; 2 5 5 3 2 1 4
Meanis 10
Solution :
Xj f; Xj —X |x; = X| fi | x; = X]|
4 2 —-5.7 5.7 11.4
6 4 -3.7 3.7 14.8
8 5 —-1.7 1.7 8.5
10 3 0.3 0.3 0.9
12 2 2.3 2.3 4.6
14 1 4.3 4.3 4.3
16 4 6.3 6.3 25.2
21 69.7

2% =X _ 07 45
21 21

I eI NP Calculate the mean deviation from mean of the following distribution :

Mean deviation from mean

Marks 0-10 10-20 20-30 30—-40 | 40-50

No. of Students 5 8 15 16 6

Mean is 27 marks

Solution :

Marks  Class Marks x; f; X; — X |x; =X fi [x; — X|
0-10 5 5 -22 22 110
10-20 15 8 -12 12 96
20-30 25 15 -2 2 30
30-40 35 16 8 8 128
40-50 45 6 18 18 108
Total 50 472
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Dlfilx —x|] 472

Mean deviation from Mean = N =20 Marks = 9.44 Marks
L@ {§ CHECK YOUR PROGRESS 17.1
1. The ages of 10 girls are given below :

3 5 7 8 9 10 12 14 17 18

‘What is the range ?
2. The weight of 10 students (in Kg) of class XII are given below :
45 49 55 43 52 40 62 47 61 58
What is the range ?
3. Find the mean deviation from mean of the data
45 55 63 76 67 84 75 48 62 65
Given mean = 64.
4. Calculate the mean deviation from mean of the following distribution.
Salary (inrupees) | 20—30|30-40(40-50|50-60|60—-70|70-80|80—-90 | 90—100
No. of employees 4 6 8 12 7 6 4 3

Given mean=Rs. 57.2

5. Calculate the mean deviation for the following data of marks obtained by 40 students in a
test

Marks obtained | 20 30 |40 50| 60| 70 | 80 | 90 | 100
No. of students 2 4 8 10 8 4 2 1 1

6. The data below presents the earnings of 50 workers of a factory
Earnings (inrupees) [ 1200 | 1300 | 1400 | 1500 | 1600{1800| 2000
No. of workers 4 6 15 12 7 4 2
Find mean deviation.

7. The distribution of weight of 100 students is given below :
Weight (inKg) | 50-55| 55-60 60-65| 65-70| 70-75| 75-80
No. of students 5 13 35 25 17 5

Calculate the mean deviation.
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8. The marks of 50 students in a particular test are :
Marks 20-30/30-40| 40-50(50-60] 60—-70| 70—80|80—90 | 90—-100
No. of students 4 6 9 12 8 6 4 1

Find the mean deviation for the above data.

17.4 MEDIAN
17.4.1 Median of Grouped Data

Median of Discrete Frequency Distribution :

Step 1 : Arrange the data in ascending order.

Step 2 : Find cumulative frequencies

. N
Step 3 : Find 5

N
Step 4 : The observation whose cumulative frequency is just greater than 5 is the median

of the data.

i€l 1) B WMRE Find the median of the data
X; 8 9 10 12 14 16
f; 6 2 2 2 6 8

Solution : The given data are already in ascending order. Let us now write the cumulative
frequencies of observations

x, | 8 9 10 [ 12 | 14 | 16
£ 6 2 2 2 6 8
cf. | 6 8 10 | 12 |18 | 26
N =26 LY

’ 2

The observation whose c.f. is just greater than 13 is 14 (whose c.f. is 18)
Median = 14.

17.4.2 Median of Continuous Frequency Distribution
Step 1 : Arrange the data in ascending order

Step 2 : Write cumulative frequencies of the observations

N
Step 3 : Identify the class whose cumulative frequency is just greater than 5 Call this class-

interval as median class.
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Step 4 : Find median by the formula

N_c

Median = | + 2

‘Where

X

[ — Lower limit of the median class

N — Number of observations N = Xf;
C — Cumulative frequency of the class just preceding the median class
f — Frequency of the median class
i — Width of the median class

19611 WA E Find the median marks obtained by 50 students from the following distri-

Measures of Dispersion

bution :
Marks 0-10 10-20 20-30 30-40 40-50
Number of Students 8 8 14 16 4

Solution : The given intervals are already in ascending order. The following table has the row
corresponding to the cumulative frequencies.

Marks 0-10 10-20 20-30 30-40 40-50
Number of students 8 8 14 16 4
Cummulative frequency 8 16 30 46 50
N
= - = 25
N = 50, >
The class corresponding to the c.f. just greater than 25 is 20-30.
Median class is 20-30
where [ = 20, N = 50, C = 16, f = 14, i = 10.
N
. 5 C 25-16
Median = ]+ xXi=20+ x10
14
9
= 20+ﬁX10= 204+6.43 = 26.43
1€111) R WA Find the median of the following:
Marks Number of Students
o - 9 3
10 — 19 5
20 — 29 8
30 - 39 9
40 - 49 13
50 - 59 6
MATHEMATICS
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Solution : The given class intervals are inclusive series Before finding the median we have
to convert the inclusive series into exclusive series.

Method of converting an inclusive series into exclusive series.

(1) Find the half of the difference between the upper limit of a class and the lower limit
of its succeeding (next) class.

(2) Subtract this half from the lower limit and add into the upper limit.

Mark Exclusive Series f. c.f.
0-9 0.5-9.5 3 3

10-19 9.5-19.5 5 8
20-29 19.5-29.5 8 16
30-39 29.5-39.5 9 25
40-49 39.5-49.5 13 38
50-59 49.5-59.5 6 44

N = 44 =22

2 2

Median class is 29.5 — 39.5 as its c.f. is 25, which is just greater than 22.
Now, [ =295, N=44,C=16,f=9,i=395-295=10

N
5 ¢ 22-16

xi =29.5+ x10

Median = [+

29.5+§X10=29.5+§
9 3

29.5 + 6.66 = 36.16

71
A\ & @ CHECK YOUR PROGRESS 17.2

Find the median of the following data :

L | x 6 11 16 21 26
J; 5 3 6 4 7

2. | x 5 10 15 20 25
; 5 25 29 17 9

3. | Marks 0-5 5-10 10-15 15-20 20-25
Number of Boys 5 9 10 14 12
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4.| Age (in years) 17-21 21-26 26-31 31-36 36-41
Number of Boys 5 6 12 7 4

17.5 MEAN DEVIATION FROM MEDIAN

We know that for observations in data the central tendency give us the values about which
the data concentrate or cluster. It is also essential to know that how far all observation are,
from a measure of central tendency. In other words, in data it is required to know how
dispersed the observations are from a given point (or a measure of central tendency). In most
of the cases mean deviation from mean and median give us the desired disperson or deviation
of the observations. Recall that mean deviation for data is defined as the mean of the absolute
values of deviations from ‘a’.

Recall that the deviation of an observation x from a fixed point ‘a’ is the difference x
- a.
So mean deviation about ‘a’ denoted by M.D (a) is given by

Sum of the absolute values of deviations from 'a'

M.D. (a) =
Methematically we can write

Number of observations

n
lei—al

M.D.(a) = EL——
n
Like wise
M.D. (Mean= X) = = ——
n
1 n
and M.D.(Median M) = — D lx—MI
i=1

Find mean deviation about median for the observation
7, 10, 15, 16, 8, 9, 5, 17, 14
Solution : In order to find median, arrange the given values in ascending order, so we have
5,7,8,9, 10, 14, 15, 16, 17,

Algorithm to find mean deviation about mean/median :
Step 1 : Calculate the mean or median of the data
Step 2 : Find deviations of each observation x; from mean/median
Step 3 : Find the absolute values of the deviations.
Assolute values can be obtained by dropping the minus sign if it is there

Step 4 : Calculate the mean of the obsolute values of the deviations. This mean will
be the required Mean deviation.
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n=9, MODULE -V
+1 ot
Median = n—th observation Statlsucs_ :and
2 Probability
= 5th observation
M = 10.
Deviations of the observation from median i.e. 10 are
Notes
5-10 7-10 8-10 9-10 10-10 14-10 15-10 16-10 17-10
ie x-M are -5 -3 -2 -1 0 4 5 6 7
Absolute values of the deviations i.e. lx, — Ml are
5,3,2,1,0,4,5,6,7
D> lx;—M]
Now MD. M) = =L —
n
5+3+2+14+0+4+5+6+7 2_33
- 10 T
17.5.1 MEAN DEVIATION OF GROUPED DATA FROM MEDIAN
Recall that data presented in the following form are called grouped data
(a) Discrete frequency distribution
Observation : X, X, X5 v X,
Frequencies : /i 5 3 S
(b) Continuous frequency distribution :
Observations |/, — u, | L—u, | I; — u, l-u,
Frequencies /i 5 3 S
For example, marks obtained by 50 students
Marks 0-5 5-10 10-15 15-20 20-25 25-30
Number of Students 8 6 12 10 10 4
Let us now learn to find mean deviation about median by following examples.
I el NV Find the mean deviation about the median for the following data :
X, 25 20 15 10 5
f; 7 4 6 3 5
ct. 7 11 17 20 25
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Here N = 25, and we know that median is the

+
2

= 13th observation. This

observation lies in the C.f 17, for which corresponding observation is 15.
Median M = 15

Now deviations and their absolute values are given in following table.

X; fl X — M le. — Ml fl.lxl. — Ml
25 7 25 -15=10 10 7x10="70
20 4 20-15=5 5 4 x5=20
15 6 15-15=0 0 6x0=0
10 3 10-15=-5 5 3x5=15
5 5 5-15=-10 10 5x10 =50
N= Xf. = 25 Xf, Ix— Ml = 155
D filx,—MI
.. i=1 155
Mean Deviation M) = — ;= —=6.2
25
2
i=1

I el WA Find the mean deviation about median for the following data :

Heights (in cm) 95-105 | 105-115| 115-125| 125-135 | 135-145| 145-155
Number of Girls 9 15 23 30 13 10
Solution : Let us first find median :
Height (in cm) Number of Girls (f) Cumulative frequncy (c.f)
95-105 9 9
105-115 15 24
115-125 23 47
125-135 30 77
135-145 13 90
145-155 10 100
N+1 101
- —=——=50.5
N =100 = > >
N
5" 50.5 lies in c.f. 77.

Median class is corresponding to the c.f. 77 i.e., 125 — 135
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N_¢
Now, Median = ]+ 2 X1
S
where [ = lower limit of the median class

N = sum of frequencies

C = c.f. of the class just preceding the median class

= frequency of the median class

and i = width or class-size of the median class

Here, [ = 125, N = 100, C =47, f =30,1= 10

M = 125+50_47

To find mean deviation let us form the following table :

x10 = 125+§=126

Height | Number of Mid-value Absolute Sfilx,— Ml
(incm) Girls of the heights Deviation
0 (x, — MI)
95-105 9 100 1100-1261 = 26 9 x 26 =234
105-115 15 110 [110-1261 = 16 15 x 16 = 240
115-125 23 120 1120 — 126l = 23 x 6 = 138
125-135 30 130 1130-1261 = 30 x 4 =120
135-145 13 140 1140-1261 = 14 13 x 14 = 182
145-155 10 150 1150-1261 = 24 10 x 24 = 240
Yf, = 100 Xf, Ixi — Ml = 1154
x;, —M |
Mean Deviation (Median) = M.D.(M) = Zf’ - | = 1110504 = 11.54.
2
i=1

17.5.2 STEP TO FIND MEAN DEVIATION FROM MEDIAN OF

A CONTINUOUS FREQUENCY DISTRIBUTION.

Step 1 : Arrange the intervals in ascending order

Step 2 : Write cumulative frequencies
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N
—, where

Step 3 : >

Identify the median class, as the class having c.f. just greater than
N is the total number of obsservations (i.e. sum of all frequencies)

Step 4 : Find the corresponding values for the median class and put in the formula :

N _c

Median = 2

[+ X

[ — lower limit of the madian class
N —
C >

f-

i >

where
Sum of frequencies

c.f. of the class just preceding the median class
frequency of the median class

width of the median class

Step S : Now form the table for following columns :

Givenintervals | Frequencies | Mid-value Absolute Silx, — Ml
X; Deviation from
Median Ix, — M)
D filx,—MI
Step 6 : Now calculate M.D.(M) = = "
2.,
i=1
r j
‘ l {§ CHECK YOUR PROGRESS 17.3
Find the mean deviation about median of the following data.
1. | x 11 12 13 14 16 17 18
2 3 2 3 1 2 1
2. | x 3 6 7 9 11 13
f 3 9 11 8 9 6
3. | Weight (in kg) 40-42 42-44 44-46 46-48 48-50
No. of Students 9 13 24 28 6
MATHEMATICS
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4. | Age (in years) 0-1 1-2 2-3 3-4 4-5

No. of Children 100 155 210 315 65
given polio drops

17.6 VARIANCE AND STANDARD DEVIATION OF RAW DATA

If there are n observations, x;, X,...., X,, » then

(x; =X)? + (x5 —=%)* + o+ (x, —X)?

Variance ( o2 ) =
n

n 2 n

Z(Xi_x) ZXi

2 ==l : where x = i=1
n n

or ()

The standard deviation, denoted by G , is the positive square root of 2. Thus

The following steps are employed to calculate the variance and hence the standard deviation of
raw data. The mean is assumed to have been calculated already.

Step 1 : Make a column of deviations from the mean, namely, X; —X.

n

Step 2 (check) : Sum of deviations from mean must be zero, i.e., Z (x; —X) =0
i=1

Step 3:  Square each deviation and write in the column headed ( x; — X )2 .

Step 4 :  Find the sum of the column in step 3.
Step 5 : Divide the sum obtained in step 4 by the number of observations. We obtain ¢2.

Step 6 : Take the positive square root of 62 . We obtain ¢ (Standard deviation).

1B e VA M The daily sale of sugar in a certain grocery shop is given below :
Monday Tuesday Wednesday  Thursday Friday Saturday

75kg 120 kg 12kg 50kg 70.5 kg 140.5 kg

The average daily sale is 78 Kg. Calculate the variance and the standard deviation of the above
data.
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MOI_)U_LE -V | Solution: x = 78 kg (Given)
Statistics and
Probability X; X; — X (x; —x)?
75 -3 9
120 42 1764
Notes 12 — 66 4356
50 - 28 784
70.5 -75 56.25
140.5 62.5 3906.25
0 10875.50
—\2
, Z; (i =X)7 1og75.50
Thus c-==—__= e = 1812.58 (approx.)
n
and o =42.57 (approx.)

I 11110 B WA (N The marks of 10 students of section A in a test in English are given below :

7 10 12 13 15 20 21 28 29 35
Determine the variance and the standard deviation.
X 190
Solution : Here X = 2% =190 _ 19
10 10
Xi Xi - X ( Xi - X )2
7 —12 144
10 -9 81
12 -7 49
13 -6 36
15 —4 16
20 +1 1
21 +2 4
28 +9 81
29 +10 100
35 +16 256
0 768
2 _ 768

Thus  G° =— == 76.8 and 5 = 4+/76.8 = 8.76 (approx)
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1. The salary of 10 employees (in rupees) in a factory (per day) is
50 60 65 70 80 45 75 90 95 100
Calculate the variance and standard deviation.

2. The marks of 10 students of class X in a test in English are given below :
9 10 15 16 18 20 25 30 32 35
Determine the variance and the standard deviation.

3. The dataonrelative humidity (in %) for the first ten days of a month in a city are given
below:
90 97 92 95 93 95 85 83 85 75
Calculate the variance and standard deviation for the above data.

4. Find the standard deviation for the data
4 6 8 10 12 14 16

5. Find the variance and the standard deviation for the data
4 7 9 10 11 13 16

6. Find the standard deviation for the data.

40 40 40 60 65 65 70 70 75 75 75 80 85 90 90 100

17. 7 STANDARD DEVIATION AND VARIANCE OF RAW DATA

AN ALTERNATE METHOD

If X isin decimals, taking deviations from X and squaring each deviation involves even more
decimals and the computation becomes tedious. We give below an alternative formula for com-

puting o2 . In this formula, we by pass the calculation of X.

n —\2 n L2 - =2
2 (xi =X)° & X —2xX+X
We know 0’ = =2 - .
-1 0 i=1 n
n n n
> xF 2% x; x? Oy
_i=l =l 2=l g2 | X T
n n n
N 2
n 2%
S -
. n
ie. o> ==
n
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=

Probability The steps to be employed in calculation of o2 and, hence ¢ by this method are as follows :

Step 1: Make a column of squares of observations i.e. xi2 .

n
2
Step 2 : Find the sum of the column in step 1. We obtain Z X

Notes im1

n n
2
Step 3 : Substitute the values of Z X{ ,nand z Xi inthe above formula. We obtain 52.
i=1 i=1
Step 4 : Take the positive sauare root of 52. We obtain .
1611110 L WA BB We refer to Example 17.10 of this lesson and re-calculate the variance and
standard deviation by this method.

Solution :

7 49
10 100
12 144
13 169
15 225
20 400
21 441
28 784
29 841
35 1225
190 4378
0 2
2 i=1
ZXI - n
02 — i=1
n
2
4378 — (190)
_ 10
10

4378 -3610 _ 768
10 10

=76.8
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and o = +/76.8 = 8.76 (approx)

We observe that we get the same value of oZand by either methods.

17.8 STANDARD DEVIATION AND VARIANCE OF GROUPED

DATA : METHOD - 1

We are given k classes and their corresponding frequencies. We will denote the variance and

the standard deviation of grouped data by Gé and G, respectively. The formulae are given
below :

f; (x; —
o2 = i=l ,N:zfiandcg:+ c2
g N i=1

The following steps are employed to calculate o2

z and, hence Cy: (The mean is assumed to
have been calculated already).

Step 1: Make a column of class marks of the given classes, namely x;

Step 2: Make a column of deviations of class marks from the mean, namely, x; — X . Of

course the sum of these deviations need not be zero, since x; 's are no more the
original observations.

Step 3: Make a column of squares of deviations obtained in step 2, i.e., ( X; — X )2 and
write in the column headed by ( x; — X )°.
Step 4 : Multiply each entry in step 3 by the corresponding frequency.
We obtain f; (x; — i)z.
k
Step 5 :  Find the sum of the column in step 4. We obtain Z;, [ fi (x; =X )2 ]
i=

Step 6 : Divide the sum obtained in step 5 by N (total no. of frequencies). We obtain Gé .

Step7: o, =+,/C

2
g g

I e) ) A PA [n a study to test the effectiveness of a new variety of wheat, an experiment

was performed with 50 experimental fields and the following results were obtained :
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MODULE -V Yield per Hectare Number of Fields
Statistics and (in quintals)
Probability
31-35
36-40 3
41-45
Notes 46-50 12
51-55 16
56-60 5
61—65 2
66—70 2
The mean yield per hectare is 50 quintals. Determine the variance and the standard deviation of
the above distribution.
Solution :

Yield per Hectare No. of Class (x; —X) (x; - X )2 f.(x; —X )2

(in quintal) Fields Marks
31-35 2 33 —17 289 578
36-40 3 38 —12 144 432
41-45 8 43 -7 49 392
46 -50 12 48 -2 4 48
51-55 16 53 +3 9 144
56 -60 5 58 +8 64 320
61-65 2 63 +13 169 338
66-70 2 68 +18 324 648
Total 50 2900
n
—\2
Z[fi(xi_x) ] 2000
2 _ i=l
Thus Oz N =0 58 and 6, = +v/58 = 7.61 (approx)

17.9 STANDARD DEVIATION AND VARIANCE OF GROUPED

DATA : METHOD - 11

If X is not given or if X is in decimals in which case the calculations become rather tedious, we

employ the alternative formula for the calculation of Gé as given below:

Kk 2

N (Z[fixi]J

g2 ]ovim )

62 _ EI: 1 ] N , N — Zfl
g N i=1

W
\o
()
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5 MODULE -V
and G, = +4/0; Statistics and
) ] ] > ) Probability
The following steps are employed in calculating O, and, hence Og by this method:
Step 1: Make a column of class marks of the given classes, namely, x;.
Step 2 : Find the product of each class mark with the corresponding frequency. Write the
product in the column x;f; . Notes
k
Step 3: Sum the entries obtained in step 2. We obtain Z (fix;),
i=1
Step 4 : Make a column of squares of the class marks of the given classes, namely, Xi2 .
Step 5 :  Find the product of each entry in step 4 with the corresponding frequency. We obtain
fi Xi2 .
k
- . . . Z ( £.x2 )
Step 6 : Find the sum of the entries obtained in step 5. We obtain it /.
i=1
k ) k
Step7: Substitute the values of 2 (fiX? ) Nand | 2. (fiXi ) | in the formula and obtain
i=1 i=1
o2,
Step 8 : C, =+ Gé .
1D eI BYA RN Determine the variance and standard deviation for the data given in Example
17.12 by this method.
Solution :
Yields per Hectare f; X; fix; xiz fixi2
(in quintals)
31-35 2 33 66 1089 2178
36-40 3 38 114 1444 4332
41-45 8 43 344 1849 14792
46-50 12 48 576 2304 27648
51-55 16 53 848 2809 44944
56 -60 5 58 290 3364 16820
61-65 2 63 126 3969 7938
66-77 2 68 136 4624 9248
Total 50 2500 127900
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k
Substituting the values of z ( fiXi2 ) ,Nand Z (f;x; ) inthe formula, we obtain

2
2
127900 — (55(:)0) ~ 2900

2
[e) =
g 50 50

=58

and G, = +V58 =7.61 (approx.)

Again, we observe that we get the same value of Gé , by either of the methods.

ram\
L'L § CHECK YOUR PROGRESS 17.5

1. Inastudy on effectiveness of a medicine over a group of patients, the following results were

obtained :
Percentage of relief 0-20 | 20-40 | 40-60| 60—-80| 80—100
No. of patients 10 10 25 15 40

Find the variance and standard deviation.

2. Inastudyon ages of mothers at the first child birth in a village, the following data were
available :

Age (in years) 18—-20 | 20-22122-24(24-26|26—-28|28-3030-32
at first child birth
No. of mothers 130 110 80 74 50 40 16

Find the variance and the standard deviation.

3. The daily salaries of 30 workers are given below:

Daily salary 0-50/50-100{100—-150| 150-200| 200—-250| 250-300
(InRs.)
No. of workers 3 4 5 7 8 3

Find variance and standard deviation for the above data.

17.10 STANDARD DEVIATION AND VARIANCE: STEP

DEVIATION METHOD

In Example 17.12, we have seen that the calculations were very complicated. In order to simplify
the calculations, we use another method called the step deviation method. In most of the frequency
distributions, we shall be concerned with the equal classes. Let us denote, the class size by h.

MATHEMATICS
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Now we not only take the deviation of each class mark from the arbitrary chosen 'a' but also MODULE -V

divide each deviation by h. Let Statistics and
Probability
u = Xj—a (1)
1 h .....
Then x; =huy;+a .. 2)
‘We know that X=hu+a .. 3) Notes

Subtracting (3) from (2) , we get
Xi—izh(ui—ﬁ) ..... (4)

Dividing both sides of (5) by N, we get

K
E[fi(xi —f)zj 2k

2
N N [fi(ui_u) ]

i=1
ie. (5% = hzc% ..... (6)

where ze is the variance of the original data and cu2 is the variance of the coded data or

2

coded variance. g, “ can be calculated by using the formula which involves the mean, namely,

L o1& . K
Gu=§§[fi(ui—u) ] , N=§fi ..... (7)

or by using the formula which does not involve the mean, namely,

. 2
K (Z[fiui]J
2 i=1
) i%[fiui ]_—N

Gﬁ—_

N

161111 CR A EBWe refer to the Example 17.12 again and find the variance and standard

deviation using the coded variance.

Solution : Here h=5 and let a=48.

Xi — 48

Yield per Hectare Number Class u; = E— fiu; ui2 fiu12
(in quintal) of fields f;  marks x;
31-35 2 33 -3 -6 9 18
36-40 3 38 -2 -6 4 12
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41—-45 8 43 ~1 _8 1 8
46—50 12 48 0 0 0 0
51-55 16 53 +1 16 1 16
56—60 5 58 +2 10 4 20
61—65 2 63 +3 6 9 18
66—70 2 68 +4 8 16 32

Total 50 20 124
k 2
2 i=1
Thus Zflul -~ N

o2 — i=l

u

N
2

124 — (2500) _124-8 5 58

= % 50 U o5

Variance of the original data will be

62 =h%c2 —25x 28 _ 53
25

and o, = +V/58
= 7.61 (approx)

We, of course, get the same variance, and hence, standard deviation as before.

| ):¢11119) (58 WA BNl Find the standard deviation for the following distribution giving wages of 230

persons.

Wages No. of persons Wages No. of persons
(inRs) (inRs)

70-80 12 110-120 50
80-90 18 120-130 45
90-100 35 130-140 20
100-110 42 140-150 8

MATHEMATICS
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Solution :

W % — 105 )

ages No. of class u; = 10 u; fiu;  fu,
(inRs.) persons f; mark x;

70—-80 12 75 -3 9 -36 108
80-90 18 85 -2 4 -36 72
90-100 35 95 -1 1 -35 35
100-110 42 105 0 0 0 0
110-120 50 115 +1 1 50 50
120-130 45 125 +2 4 90 180
130—-140 20 135 +3 9 60 180
140-150 8 145 +4 16 32 128
Total 230 125 753

1. The data written below gives the daily earnings of 400 workers of a flour mill.

oo G

—100| 23 _
230

[

125
230

2
) } =100(3.27 - 0.29) =298

G = +V/298 = 17.3 (approx)

N
L" § CHECK YOUR PROGRESS 17.6

MODULE -V
Statistics and
Probability

Notes

Weekly earning (in Rs.) No. of Workers

80— 100 16
100 —120 20
120 —140 25
140 —160 40
160 —180 80
180— 200 65
200 —220 60
220 -240 35
240 -260 30
260 —280 20
280 —300 9

Calculate the variance and standard deviation using step deviation method.
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I\gtgt?sltjllc-sEa;X 2. The data on ages of teachers working in a school of a city are given below:
Probability Age (in years) 20-25 25-30 30-35 35-40
No. of teachers 25 110 75 120
Age (in years) 40-45 45-50 50-55 55-60
Notes No. of teachers 100 90 50 30

Calculate the variance and standard deviation using step deviation method.

3. Calculate the variance and standard deviation using step deviation method of the follow-
ing data :
Age (inyears) 25-30 30-35 35-40
No. of persons 70 51 47
Age (in years) 40 —50 45-50 50-55
No. of persons 31 29 22

17.11 PROPERTIES OF VARIANCE AND STANDARD DEVIA TION

Property I : The variance is independent of change of origin.

To verify this property let us consider the example given below.
I el R UALYN The marks of 10 students in a particular examination are as follows:

10 12 15 12 16 20 13 17 15 10

Later, it was decided that 5 bonus marks will be awarded to each student. Compare the variance
and standard deviation in the two cases.

Solution : Case —1

Xj f; fix; X —X (x; =X)°  fi(x; =)’
10 2 20 -4 16 32
12 2 24 -2 4 8
13 1 13 -1 1 1
15 2 30 1 1 2
16 1 16 2 4 4
17 1 17 3 9 9
20 1 20 6 36 36
10 140 92
_ 140
Here X = To 14
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Variance

Case —1II (By adding 5 marks to each x;)

_ Z[fi(xi -%)* ]

2

10
Standard deviation = /92 = 3.03

10

=9.2

MODULE -V
Statistics and
Probability

Xj f; fix; Xj =X (x; —X) f; (x; —X)°
15 2 30 —4 16 32
17 2 34 -2 4 8
18 1 18 -1 1 1
20 2 40 1 1 2
21 1 21 2 4 4
22 1 22 3 9 9
25 1 25 6 36 36

10 190 92

ST
10
92
Variance = 10" 9.2

Standard deviation = +4/9.2 = 3.03

Thus, we see that there is no change in variance and standard deviation of the given data if the
origin is changed i.e., if a constant is added to each observation.

Property II : The variance is not independent of the change of scale.

|10 N WA WAT N the above example, if each observation is multiplied by 2, then discuss the
change in variance and standard deviation.
Solution : In case-I of the above example , we have variance = 9.2, standard deviation = 3.03.

Now, let us calculate the variance and the Standard deviation when each observation is multiplied
by 2.

X; f; fix; Xj =X (x; —%)° f; (x; —%)°
20 2 40 -8 64 128
24 2 48 —4 16 32
26 1 26 -2 4 4
30 2 60 2 4 8
32 1 32 4 16 16
34 1 34 6 36 36
40 1 40 12 144 144
10 280 368
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280 368

10 , Variance = 10

>

Standard deviation = 4+4/36.8 = 6.06

Here we observe that, the variance is four times the original one and consequently the standard
deviation is doubled.

In a similar way we can verify that if each observation is divided by a constant then the variance
of the new observations gets divided by the square of the same constant and consequently the
standard deviation of the new observations gets divided by the same constant.

Property III : Prove that the standard deviation is the least possible root mean square deviation.
Proof:Letx —3 =d

By definition, we have
1 1 _ _
ZZEZ[fi(Xi_a)Z:IZEZI:fi(Xi_X+X_a)2:|

= L[ -5 e 20 - R (X (5 -a) ]

RO ORI T B M TCRES e

=062 +0+d?

.. The algebraic sum of deviations from the mean is zero
or s2 = 02 + d?

Clearly s? will be least whend = O i.e., when a = X.

Hence the root mean square deviation is the least when deviations are measured from the mean
i.e., the standard deviation is the least possible root mean square deviation.

Property I'V : The standard deviations of two sets containing ny, and Ny numbers are G;
and G, respectively being measured from their respective means m; and m; . If the two

sets are grouped together as one of (n; + n, ) numbers, then the standard deviation ¢ of
this set, measured from its mean mis given by

2 2
n{6;y + n,oO nn
G2 = MOi + 103 | 1n2

z(ml_m2)2
n1+n2 (n1+n2)

1 €111 ) WA B The means of two samples of sizes 50 and 100 respectively are 54.1 and

50.3; the standard deviations are 8 and 7. Find the standard deviation of the sample of size 150
by combining the two samples.
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Solution : Here we have MODULE -V
Statistics and
n; = 50,n, =100, m; = 54.1, m, =50.3 Probability

(o] =8and02 =17

2 2
+
2 _ MOf +1p63 NNy ~(m; —m, )? Notes
(n; +ny) (n; +ny)

B (50><64)+(100><49) 50 %100
150 (150)>

(54.1-50.3)>

3200 + 4900 2 5
2T L 2(38)
50 9( )" =57.21

c = 7.56 (approx)

| D111 WA PN Find the mean deviation (M.D) from the mean and the standard deviation

(S.D) of the A.P.
a,a+d,a+2d,...... ,a+2n.d

and prove that the latter is greater than the former.
Solution : The number of items in the A.P. is (2n+ 1)
X =a + nd

Mean deviation about the mean

Z|(a+rd)—(a+nd)|

(2n+1)
=m.2[nd+(n—l)d+ ...... +d]
:(2n—2+1)[1+2+ ..... +(n—1)+n]d
_2n(n+1)d _n(n+1)d
T =i (1)
Now o’ = (2n+1)Z[(a+rd)—(a+nd)]
2d?2

:(Zn—m[n2+(n—1)2+....+22+12}
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242 .n(n+1)(2n+1) _ n(n+1)d?

(2n+1) 6 3

c=d. (@j ..... 2

We have further, (2) > (1)

Y oY

or if (2n+1)* >3n(n+1)

orif n’+n+1> 0, which s true forn>0

Hence the result.

ID:e10) NI Show that for any discrete distribution the standard deviation is not less than
the mean deviation from the mean.
Solution : We are required to show that

S.D. > M.D. from mean

or (S. D)? = (M.D. from mean )’

ie. %Z[fi(xi_i)zjz[%z‘,[fi“xi_i)”}

2
or %Z:[fidiz]z[%f‘[fﬂdi“} , where d; = x; — X
2
or NY(fid?) 2 [ 2{fi|di[}]
or (fy+ 6y + ) (d? + 6503 + ) 2 [ |dy |+ £ dy |+ ]
or fify (df +d3 ) + ..o 2 26y dydy + ...
or fify (dy —dy )2 +...20

which is true being the sum of perfect squares.
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17.12 ANALYSIS OF FREQUENCY DISTRIBUTIONS WITH
EQUAL MEANS

The variability of two series with same mean can be compared when the measures of
variation are absolute and are free of units. For this, coefficient of variation (C.V.) is obtained
which is defined as

cv = Zx100, % %0
X

where 6 and X are standard deviation and mean of the data. The coefficients of variation
are compared to compare the variability of two series. The series with greater C. V. is said
to be more variable than the other. The series having less C.V. is said to be more consistent
than the other.

For series with same means, we can have

o
C.V. (1st distribution) = ;‘xlOO (D

2 %100 .(2)

x

C.V. (2nd distribution) =

where O,, O, are standard deviation of the Ist and 2nd distribution respectively, x is the

equal mean of the distributions.

From (1) and (2), we can conclude that two C.V.’s can be compared on the basis of the
values of 6, and G, only.

IDe11) B WA The standard deviation of two distributions are 21 and 14 and their equal
mean is 35. Which of the distributions is more variable?
Solution : Let 6, = Standard dev. of 1st series = 21

c, = Standard dev. of 2nd series = 14

x = 35
C.V. (Series I) = %X100=£X100= 60
x 35
S

C.V. (Series II) =

C.V. of series I > C.V. of series 1I

= Series with S.D = 21 is more variable.
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| ).€1111) B @y Monthly wages paid to workers in two factories A and B and other data

are given below :

Factory A Factory B
Mean of monthly wages T 15550 T 15550
Variance of the distribution of wages 100 121

Which factory A or B shows greater variablility in individual wages?
Solution : Given

Q
I

N Jvariance =~/100 =10

Op = /variance =+/121 =11
x = ¥ 15550
Oy, 10
= 4 x100= x 100
Now, CV.(A) = = 550
= 0.064
CV.B) = ZEXx100=—L x100=0.07
X 50

Clearly C.V. (B) > C.V.(A)
Factory B has greater variability in the individual wages.

MWMCh of the following series X or Y is more consistent?

X | 58 52 50 51 49 35 54 52 53 56

Y | 101 | 104 | 103 | 104 | 107 | 106 | 105 |[105 | 107 | 108

Solution : From the given data we have following table

X Y D, =X-X D d;=Y-Y d?
58 101 7 49 4 16
52 104 1 1 -1 1
50 103 -1 1 -2 4
51 104 0 0 -1 1
49 107 -2 4 2 4
35 106 16 256 1 1
54 105 3 9 0 0
52 105 1 1 0 0
53 107 2 4 2 4
56 108 5 25 3 9
XX =510 | XY = 1050 D2 = 350 Xd? = 40
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_EX, 510 MOI.)U.LE-V
Now, =70 = 10 =51 Statistics and
Probability
XY,
po L1000,
10 10
. - \/Z(X—)?)Z _ \/ZD,? ~ [350 Notes
X N N 10
=59
_7) 2
. - \/Z(Y 7) :\/Zdl _ [0 _,
Y N N 10
Oy 5.9
= —Xx100=——x100=11.5
Now, C.V.(X) % 51

C.V.(Y) = G—;xmo:%xmo: 1.9

Clearly C.V.(Y) < C.V.(X) ... Series Y is more consistent.

’am\
L'L § CHECK YOUR PROGRESS 17.7

1. From the data given below which section is more variable?

Marks 0-10 10-20 20-30 30-40 40-50
Section A 9 10 40 33 8
Section B 8 15 43 25 9
2. Which of the factory give better consistent wages to workers?
Wages (in ) 100-150 | 150-200 200-250 250-300 | 300-350
per day
Factory A 35 45 50 42 28
Factory B 16 50 55 13 46
3.  Two schools show following results of board examination in a year
School A School B
Average Marks Obtained 250 225
No. of Students Appeared 62 62
Variance of distribution of marks 2.25 2.56

‘Which school has greater variability in individual marks?
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LET US SUM UP

MODULE-V [
Statisticsand || Z955)
Probability @'Q

°
Notes

°

°

°

°

°

Range : The difference between the largest and the smallest value of the given data.

n
(fi|x; = X|)
-

N

Mean deviation from mean — 1

n S
where N:Zfi, XZﬁZi(fiXi)
1=
i=1

> filxi—m|

Mean deviation from median _ =1

N
D fi
Where N _ iz,
N
N ¢
M =1+ 2 X1
S 2
2. (xi =X)
Variance (02) == [for raw data]

Standard derivation (g ) = +

Variance for grouped data

k

SL(x -%)]

_ i=1

G , X; 1s the mid value of the class.

(U=l

N

L 3
Also, 6,% = h%c,” and 6,° = N _le[fi (u; —u2)]
1=
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5 MODULE - V
2 Statistics and
fous
k ) {Z;( L )} Probability
> () - !
or Gu2 = 1=l where N = Z fi
N i=1
° Standard deviation for grouped data 6, = +, / Gé Notes
° If two frequency distributions have same mean, then the distribution with greater Coeffi-

cient of variation (C.V) is said to be more variable than the other.

e \ SUPPORTIVE WEB SITES

http:// en.wikipedia.org/wiki/Statistical_dispersion

simon.cs.vt.edu/SoSci/converted/Dispersion_I/activity.html

@
Sl TERMINAL EXERCISE

1. Find the mean deviation for the following data of marks obtained (out of 100) by
10 students in a test

55 45 63 76 67 84 75 48 62 65

2. The data below presents the earnings of 50 labourers of a factory
Earnings (in Rs.) 1200 1300 1400 1500 1600 1800
No. of Labourers 4 7 15 12 7 5

Calculate mean deviation.

3. The salary per day of 50 employees of a factory is given by the following data.

Salary (inRs.) 20-30 30-40 40-50 50-60
No. of employees 4 6 8 12
Salary (in rupees) 60-70 70-80 80-90 90-100
No. of employees 7 6 4 3
Calculate mean deviation.

4. Find the batting average and mean deviation for the following data of scores of 50 innings
of a cricket player:
Run Scored 0-20 20-40 40-60 60-80
No. of Innings 6 10 12 18
Run scored 80—-100 100-120
No. of innings 3 1
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The marks of 10 students in a test of Mathematics are given below:
6 10 12 13 15 20 24 28 30 32
Find the variance and standard deviation of the above data.
The following table gives the masses in grams to the nearest gram, of a sample of 10 eggs.
46 51 48 62 54 56 58 60 71 75
Calculate the standard deviation of the masses of this sample.
The weekly income ( in rupees ) of 50 workers of a factory are given below:
Income 400 425 450 500 550 600 650
No of workers 5 7 9 12 7 6 4
Find the variance and standard deviation of the above data.
Find the variance and standard deviation for the following data:
Class 0-20 20-40 40-60 60-80 80-100
Frequency 7 8 25 15 45

Find the standard deviation of the distribution in which the values of xare 1,2,......, N.
The frequency of each being one.

The following values are calculated in respect of heights and weights of students :

Weight Height
Mean 52.5 Kg 160.5 cm
Standard Dev. 11.5 12.2

Which of the attribute weight or height show greater variation?

The following are the wickets taken by a bowler in 20 matches, for Player A
No. of Wickets 0 1 2 3 4
No. of Matches 2 6 7 4 1

For the bowler B, mean number of wickets taken in 20 matches is 1.6 with standard
deviation 1.25. Which of the players is more consistent?

Find the median of the following distributions (12-14) :
12. x, 14 20 26 29 34 46
f; 4 6 7 8 9 6

Age (in years) 15-19 20-24 25-29 30-34 35-39
Number 8 7 9 11 5

MATHEMATICS
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14. Height (in cm) 95-104 105-114 115-124

Number of Boys 10 8 18

Find mean deviation from median (15-18) :

15. x 5 15 25 35 45
f; 5 23 30 20 16
16. x, 105 107 109 111 113
J; 8 6 2 2 2
17. Income (per month) 0-5 6-10 11-15
(® in ‘000)
Number of Persons 5 6 12

125-134 135-144

8 16
55
6
115
6
16-20 21-25
14 26

18. Age (inyears) 0-5 6-10 11-15 16-20 21-25 26-30 31-35 36-40

No. of Persons 5 6 12 14 26

AN
@] nswers

CHECK YOUR PROGRESS 17.1
1. 15 2. 22 3. 94

5. 13.7 6. 136 7. 5.01

CHECK YOUR PROGRESS 17.2
1. 16 2. 15 3. 15.35 marks

CHECK YOUR PROGRESS 17.3
1. 1.85 2. 2.36 3. 3.73

CHECK YOUR PROGRESS 174
1. Variance =311, Standard deviation=17.63
Variance = 72.9, Standard deviation= 8.5

Variance =42.6, Standard deviation=6.53

2

3

4. Standard deviation =4

5 Variance = 13.14, Standard deviation = 3.62
6

Standard deviation=17.6

32 16 29

4.15.44
8. 14.4

4. 28 years

4.0.977
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MODULE -V |CHECK YOUR PROGRESS 17.5
Statistics and ) ..
Probability 1. Variance = 734.96, Standard deviation=27.1

2. Variance = 12.16, Standard deviation = 3.49
3. Variance = 5489 , Standard deviation = 74.09

Notes | CHECK YOUR PROGRESS 17.6

1. Variance = 2194, Standard deviation = 46.84
2. Variance = 86.5 , Standard deviation = 9.3

3. Variance = 67.08 , Standard deviation = 8.19

CHECK YOUR PROGRESS 17.7

1. Section A

2. Factory A

3. School B

TERMINAL EXERCISE

1 9.4 2. 124.48 3. 15.44 4. 52,19.8
5 Variance = 72.29, Standard Deviation = 8.5 6. 8.8

7. Variance = 5581.25,Standard Deviation = 74.7

8 Variance = 840, Standard Deviation = 28.9

9. Standard deviation = N7 -1

12
10. Weight 11. Player B 12. 29 13. 27.27
14. 121.16 15. 10.3 16. 3.38 17. 5.2
18. 0.62
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In day-to-day life we see that before commencement of a cricket match two captains go for a
toss. Tossing of a coin is an activity and getting either a 'Head' or a "Tail' are two possible
outcomes. (Assuming that the coin does not stand on the edge). If we throw a die (of course fair
die) the possible outcomes of this activity could be any one of its faces having numerals, namely
1,2,3,4,5 and 6..... at the top face.

An activity that yields a result or an outcome is called an experiment. Normally there are variety of
outcomes of an experiment and it is a matter of chance as to which one of these occurs when an
experiment is performed. In this lesson, we propose to study various experiments and their outcomes.

r

L@ OBJECTIVES

After studying this lesson, you will be able to :

° explain the meaning of a random experiments and cite examples thereof;
° explain the role of chance in such random experiments;
° define a sample space corresponding to an experiment;

write a sample space corresponding to a given experiment; and

differentiate between various types of events such as equally likely, mutually exclusive,
exhaustive, independent and dependent events.

EXPECTED BACKGROUND KNOWLEDGE

° Basic concepts of probability

18.1 RANDOM EXPERIMENT

Let us consider the following activities :

@) Toss a coin and note the outcomes. There are two possible outcomes, either a head (H)
or atail (T).

(i) Inthrowing a fair die, there are six possible outcomes, that is, any one of the six faces
1,2,...... 6.... may come on top.

(i) Toss two coins simultaneously and note down the possible outcomes. There are four
possible outcomes, HH,HT,TH,TT.

(iv) Throw two dice and there are 36 possible outcomes which are represented as below :

MATHEMATICS 411



MODULE -V
Statistics and
Probability

Notes

412

! |
IZZ 22? SZi
S: %i %g
& & &
%3 %i %g

i.e. outcomes are (1,1), (1,2), (1,3), (1,4), (1,5), (1,6)

(2,1),(2,2),....(2,6)

(6,1),(6,2),....,(6,6)

Each of the above mentioned activities fulfil the following two conditions.
(a)  The activity can be repeated number of times under identical conditions.

(b)  Outcome of an activity is not predictable beforehand, since the chance play a role and
each outcome has the same chance of being selection. Thus, due to the chance playing a
role, an activity is

(i) repeated under identical conditions, and

(i) whose outcome is not predictable beforehand is called a random experiment.

I e11) CHER M [s drawing a card from well shuffled deck of cards, a random experiment ?

Solution :

(@) The experiment can be repeated, as the deck of cards can be shuffled every time before
drawing a card.

(b)  Any ofthe 52 cards can be drawn and hence the outcome is not predictable beforehand.

Hence, this is arandom experiment.

| ):¢111)0) 8 B Selecting a chair from 100 chairs without preference is a random experiment.

Justify.

Solution :
(@)  The experiment can be repeated under identical conditions.

(b)  Astheselection of the chair is without preference, every chair has equal chances of selection.
Hence, the outcome is not predictable beforehand. Thus, it is arandom experiment.

Can you think of any other activities which are not random in nature.

Let us consider some activities which are not random experiments.

MATHEMATICS
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(i)  Birth of Manish : Obviously this activity, that is, the birth of an individual is not repeatable
and hence is not a random experiment.

(i)  Multiplying 4 and 8 on a calculator.

Although this activity can be repeated under identical conditions, the outcome is always 32.
Hence, the activity is not a random experiment.

18.2 SAMPLE SPACE

‘We throw a die once, what are possible outcomes ? Clearly, a die can fall with any ofits faces at
the top. The number on each of the faces is, therefore, a possible outcome. We write the set S of
all possible outcomes as, S={1, 2, 3,4, 5,6}

Again, if we toss a coin, the possible outcomes for this experiment are either a head or a tail. We
write the set S of all possible outcomes as, S ={H, T}.

The set S associated with an experiment satisfying the following properties :

@) each element of S denotes a possible outcome of the experiment.

(i)  any trial results in an outcome that corresponds to one and only one element of the set S
is called the sample space of the experiment and the elements are called sample points.
Sample space is generally denoted by S.

| ).€1111) CR RN Write the sample space in two tosses of a coin.

Solution : Let H denote a head and T denote a tail in the experiment of tossing of a coin.

Toss I Toss 1T Sample Point
H (H, H)
T
H (H.T)
H (T, H)
T (T, T)

S={H,H),H,T),(T,H, (T}
Note : If two coins are tossed simultaneously then the sample space S can be written as

S={HH,HT,TH,TT}.

ID el IERE  Consider an experiment of rolling a fair die and then tossing a coin.
Write the sample space.

Solution : Inrolling a die possible outcomes are 1, 2, 3, 4, 5 and 6. On tossing a coin the possible
outcomes are either a head or a tail. Let H (head)=0and T (tail) = 1.

MODULE -V
Statistics and
Probability

Notes
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MODULE - V Toss 0 (1’0)
Statistics and Throwing a 1 <
Probability die (1) 8(1);
> )
< L e
0 (3,0
3 <
1 (3,1
0 4,0
Notes
4 < 1 @n
5
1 (5,1

1 (6,1)

S={(1,0),(, D, (2,0),(2,1),3,0), (3, 1),4,0), (4, 1),(5,0), 5, 1),
(6,0), (6, D}

nS) =6x2=12
|10 B BN Suppose we take all the different families with exactly 3 children. The

experiment consists in asking them the sex (or genders) of the first, second and third chid. Write
down the sample space.

Solution : Let us write 'B' for boy and 'G' for girl and construct the following tree diagram.

First Second Third
child child child
Boy (BBB)

Girl (BBG)
Boy (BGB)

Girl BGG)

B

]

y (GBB)

Girl (GBQG)
Boy (GGB)

M

Girl (GGG)

The sample space is

S ={BBB, BBG, BGB, BGG, GBB, GBG, GGB, GGG}
The advantage of writing the sample space in the above form is that a question such as '"Was the
second child a girl" ? or " How many families have first child a boy ?" and so forth can be
answered immediately.

n(S)=2x2x2=8
I :E1110) CH X Consider an experiment in which one die is green and the other is red. When
these two dice are rolled, what will be the sample space ?

Solution : This experiment can be displayed in the form of a tree diagram, as shown below :
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Green die Red die

\8}

AAAAAA

QAUNPELWN—AUNE WA NEWND—ONRE WA UNR W=D W~

)

Let g; and 1j denote, the number that comes up on the green die and red die respectively. Then

an out-come can be represented by an ordered pair( gi> T ) , where i and j can assume any of
the values 1, 2, 3, 4, 5, 6.

Thus, a sample space S for this experiment is the set, S = {( gj,1j) : 1 <i < 6,1 < j< 6}.

Also, notice that the multiplication principle (principle of counting) shows that the number of
elements in S is 36, since there are 6 choices for g and 6 choices forr, and 6 x 6 = 36

. n(S) =36
Write the sample space for each of the following experiments :
@) A coin is tossed three times and the result at each toss is noted.
@)  Fromfive players A, B, C, D and E , two players are selected for a match.
@)  Six seeds are sown and the number of seeds germinating is noted.

(iv) A coinistossed twice. If the second throw results in a head, a die is thrown, otherwise a
coin is tossed.

Solution :
@ S={TTT, TTH, THT, HTT, HHT, HTH, THH, HHH}
number of elements in the sample spaceis 2x2x2 =38
@@ S={AB,AC,AD,AE,BC,BD,BE,CD,CE,DE}. Heren(S)=10
@m S={0,1,2,3,4,5,6}. Heren (S)=7

MODULE -V
Statistics and
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Notes
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MODULE -V |Gv) Thisexperiment canbe displayed in the form of a tree-diagram as shown below :
Statistics and

1 1
Probability /2 /2
H<3 H<3
4 4
\5 \5
H T
Notes 6 6
H H
T<T T<T

Thus S = {HH1, HH2, HH3, HH4, HHS5, HH6, HTH, HTT, TH1, TH2,TH3,TH4,
THS, TH6, TTH, TTT}

i.e. there are 16 outcomes of this experiment.

18.3. DEFINITION OF VARIOUS TERMS

Event: Let usconsider the example of tossing a coin. In this experiment, we may be interested
in 'getting a head'. Then the outcome 'head' is an event.

In an experiment of throwing a die, our interest may be in, 'getting an even number'. Then the
outcomes 2, 4 or 6 constitute the event. We have seen that an experiment which, though repeated
under identical conditions, does not give unique results but may result in any one of the several
possible outcomes, which constitute the sample space.

Some outcomes of the sample space satisfy a specified description, which we call an 'event'.

We often use the capital letters A, B, C etc. to represent the events.
ID: e ENERI [ et E denote the experiment of tossing three coins at a time. List all possible

outcomes and the events that
(i)  the number of heads exceeds the number of tails.

(i)  getting two heads.

Solution :
3st coin

2st coin H— HHH
H

Istcoin T HHT
H— HTH

T<
T — HTT
H— THH

H<
T — THT

T

H— TTH

T<
T—TIT

The sample space S is

S ={HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}
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= {WI’WZ’WS’W4’W5 »We W7 ,Wg } (say)
If E; is the event that the number of heads exceeds the number of tails, and E, the event getting
two heads. Then

Ej={ wi.,wy, w3, ws }
and Ey ={ wy, w3, ws }
18.3.1 Equally Likely Events
Outcomes of a trial are said to be equally likely if taking into consideration all the relevant
evidences there is no reason to expect one in preference to the other.
Examples :
(i  Intossing an unbiased coin, getting head or tail are equally likely events.
(i) Inthrowing a fair die, all the six faces are equally likely to come.
(i) Indrawing acard from a well shuffled deck of 52 cards, all the 52 cards are equally likely
to come.

18.3.2 Mutually Exclusive Events

Events are said to be mutually exclusive if the happening of any one of the them preludes the
happening of all others, i.e., if no two or more of them can happen simultaneously in the same
trial.

Examples :

(i  Inthrowing a die all the 6 faces numbered 1 to 6 are mutually exclusive. If any one of these
faces comes at the top, the possibility of others, in the same trial is ruled out.

(i)  When two coins are tossed, the event that both should come up tails and the event that
there must be at least one head are mutually exclusive.

Mathematically events are said to be mutually exclusive if their intersection is a null set (i.e.,

empty)

18.3.3 Exhaustive Events

If we have a collection of events with the property that no matter what the outcome of the
experiment, one of the events in the collection must occur, then we say that the events in the
collection are exhaustive events.

For example, when a die is rolled, the event of getting an even number and the event of getting an
odd number are exhaustive events. Or when two coins are tossed the event that at least one
head will come up and the event that at least one tail will come up are exhaustive events.

Mathematically a collection of events is said to be exhaustive if the union of these events is the
complete sample space.

18.3.4 Independent and Dependent Events

A set of events is said to be independent if the happening of any one of the events does not affect
the happening of others. If, on the other hand, the happening of any one of the events influence
the happening of the other, the events are said to be dependent.

MODULE -V
Statistics and
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Notes
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Experiments and Events

Examples :

®

(if)

In tossing an unbiased coin the event of getting a head in the first toss is independent of
getting a head in the second, third and subsequent throws.

If we draw a card from a pack of well shuffled cards and replace it before drawing the
second card, the result of the second draw is independent of the first draw. But, however,
if the first card drawn is not replaced then the second card is dependent on the first draw
(in the sense that it cannot be the card drawn the first time).

>

ok W=

e";l CHECK YOUR PROGRESS 18.1

A

Selecting a student from a school without preference is a random experiment. Justify.
Adding two numbers on a calculator is not arandom experiment. Justify.

Write the sample space of tossing three coins at a time.

Write the sample space of tossing a coin and a die.

Two dice are thrown simultaneously, and we are interested to get six on top of each of
the die. Are the two events mutually exclusive or not ?

Two dice are thrown simultaneously. The events A, B, C, D are as below :
A : Getting an even number on the first die.

B : Getting an odd number on the first die.

C : Getting the sum of the number on the dice < 7.

D : Getting the sum of the number on the dice > 7.

State whether the following statements are True or False.

(i) A and B are mutually exclusive.

(ii) A and B are mutually exclusive and exhaustive.

(iii) A and C are mutually exclusive.

(iv) C and D are mutually exclusive and exhaustive.

A ball is drawn at random from a box containing 6 red balls, 4 white balls and 5 blue
balls. There will be how many sample points, in its sample space?

In a single rolling with two dice, write the sample space and its elements.

Suppose we take all the different families with exactly 2 children. The experiment consists
in asking them the sex of the first and second child.

Write down the sample space.

745
LET US SUM UP

An activity that yields a result or an outcome is called an experiment.

An activity repeated number of times under identical conditions and outcome of activity
is not predictable is called Random Experiment.

MATHEMATICS
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The set of possible outcomes of a random experiment is called sample space and elements
of the set are called sample points.

Some outcomes of the sample space satisfy a specified description, which is called an
Event.

Events are said to be Equally likely, when we have no preference for one rather than the
other.

If happening of an event prevents the happening of another event, then they are called
Mutually Exclusive Events.

The total number of possible outcomes in any trial is known as Exhaustive Events.

A set of events is said to be Independent events, if the happening of any one of the events
does not effect the happening of other events, otherwise they are called dependent events.

e \ SUPPORTIVE WEB SITES

www.math.uah.edu/stat/prob/Events.html

http://en.wikipedia.org/wiki/Experiment_(probability_theory)

qi] TERMINAL EXERCISE

A tea set has four cups and saucers. If the cups are placed at random on the saucers, write
the sample space.

If four coins are tossed, write the sample space.
If n coins are tossed simultaneously, there will be how many sample points ?
[Hint : try forn=1,2,3,4, .....]

In a single throw of two dice, how many sample points are there ?

MATHEMATICS
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MODULE -V A
Statistics and . . -
el 1SS J] ANSWERS

CHECK YOUR PROGRESS 18.1

1. Both properties are satisfied 2. Outcome is predictable

Notes | 3, S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT }

4, {HI1,H2,H3,H4, H5, H6, T1, T2, T3,T4,T4,T6 } 5. No.
6 (1) True (1) True (11) False @iv) True 7.15

*®

{ (1,1),(1,2),(1,3),(1,4),(1,5),(1,6)
(2,1),(2,2),(2,3),(2,4),(2,5),(2,6)
(3,1),(3,2),(3,3).(3,4).(3,5),(3,6)
(4,1),(4,2),(4,3),(4,4),(4,5),(4,6)
(5,1),(5,2),(5,3),(5,4),(5,5),(5,6)
(6,1),(6,2),(6,3),(6,4),(6,5),(6,6)}

9. {MM, MF, FM, FF}

TERMINAL EXERCISE

{C151. G182, €183, €184, C381, €285, €583, €18y,
C3S1, C382, C383, €354, €4S, €485, CyS3, CySy }

—_—

2. 24 =16, { HHHH, HHHT, HHTH, HTHH, HHTT, HTHT, HTTH, HTTT,
THHH, THHT, THTH, THTT, TTHH, TTHT, TTTH, TTTT}

4. 62 =36
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In our daily life, we often used phrases such as 'It may rain today', or 'India may win the
match' or ' [ may be selected for this post.' These phrases involve an element of uncertainty.
How can we measure this uncertainty? A measure of this uncertainty is provided by a branch
of Mathematics, called the theory of probability. Probability Theory is designed to measure
the degree of uncertainty regarding the happening of a given event. The dictionary meaning
of probability is ' likely though not certain to occur. Thus, when a coin is tossed, a head is
likely to occur but may not occur. Similarly, when a die is thrown, it may or may not show the
number 6.

In this lesson we shall discuss some basic concepts of probability, addition theorem, dependent
and independent events, multiplication theorem, Baye's theorem, ramdom variable, its probability
distribution and binomial distribution.

r

\Z| OBJECTIVES

After studying this lesson, you will be able to :

° define probability of occurance of an event;

° cite through examples that probability of occurance of an event is a non-negative fraction,
not greater than one;

° use permutation and combinations in solving problems in probability;

° state and establish the addition theorems on probability and the conditions under which
each holds;

° generalize the addition theorem of probability for mutually exclusive events;

° understand multiplication law for independent and dependent events and solve problems
releated to them.

° understand conditional probability and solve problems releated to it.

° understand Baye's theorem and solve questions related to it.

° define random variable and find its probability distribution.

° understand and find, mean and variance of random variable.

° understand binomial distribution and solve questions based on it.
EXPECTED BACKGROUND KNOWLEDGE

° Knowledge of random experiments and events.

° The meaning of sample space.
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° A standard deck of playing cards consists of 52 cards divided into 4 suits of 13 cards
each : spades, hearts, diamonds, clubs and cards in each suit are - ace, king, queen,
jack, 10,9, 8,7, 6, 5,4, 3 and 2. Kings, Queens and Jacks are called face cards and
the other cards are called number cards.

19.1 EVENTS AND THEIR PROBABILITY

In the previous lesson, we have learnt whether an activity is a random experiment or not. The
study of probability always refers to random experiments. Hence, from now onwards, the
word experiment will be used for a random experiment only. In the preceeding lesson, we have
defined different types of events such as equally likely, mutually exclusive, exhaustive, indepen-
dent and dependent events and cited examples of the above mentioned events.

Here we are interested in the chance that a particular event will occur, when an experiment is
performed. Let us consider some examples.

What are the chances of getting a ' Head' in tossing an unbiased coin ? There are only two
equally likely outcomes, namely head and tail. In our day to day language, we say that the coin
has chance 1 in 2 of showing up a head. In technical language, we say that the probability of

1
getting a head is 3
Similarly, in the experiment of rolling a die, there are six equally likely outcomes 1, 2,3,4,5 or 6.
The face with number '1' (say) has chance 1 in 6 of appearing on the top. Thus, we say that the

1
probability of getting 1 is 5
In the above experiment, suppose we are interested in finding the probability of getting even
number on the top, when a die is rolled. Clearly, the possible numbers are 2, 4 and 6 and the
chance of getting an even number is 3 in 6. Thus, we say that the probability of getting an even
3 1

number is g, i.e., 5

The above discussion suggests the following definition of probability.

If an experiment with 'n' exhaustive, mutually exclusive and equally likely outcomes, m outcomes
are favourable to the happening of an event A, the probability 'p' of happening of A is given by

Number of favourable outcomes m
p=P(A) = - = — )
Total number of possible outcomes n

Since the number of cases favourable to the non-happening of the event A are n — m , the
probability 'q'that 'A' will not happen is given by

n—m m
—1-—

n n
=1—p [Using (1]

p+q=1.
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Obviously, p as well as g are non-negative and cannot exceed unity.
ie., 0<p<l, 0<Lqg<l1

Thus, the probability of occurrence of an event lies between 0 and 1[including O and 1].

1. Probability 'p' of the happening of an event is known as the probability of success and
the probability 'q' of the non-happening of the event as the probability of failure.

2. Probability of an impossible event is O and that of a sure event is 1
if P (A) =1, the event A is certainly going to happen and
if P (A) =0, the event is certainly not going to happen.

3. The number (m) of favourable outcomes to an event cannot be greater than the total
number of outcomes (n).

Let us consider some examples

I el U B N [n a simultaneous toss of two coins, find the probability of

(i) getting 2 heads (ii) exactly 1 head

Solution : Here, the possible outcomes are
HH, HT, TH, TT.
i.e., Total number of possible outcomes = 4.
(i)  Number of outcomes favourable to the event (2 heads) =1 (i.e., HH).

1
P(2heads)=z.

(i)  Now the event consisting of exactly one head has two favourable cases,

1

2
namely HT and TH . P (exactly one head ) = Z = E .

1 D:eli ) WU [n a single throw of two dice, what is the probability that the sumis 9?7

Solution : The number of possible outcomes is 6 x 6 = 36. We write them as given below :
1,1 1,2 1,3 1,4 1,5 1,6
2,1 2,2 2,3 2,4 2,5 2,6
3,1 3,2 3,3 3.4 3,5 3,6
4,1 4,2 4,3 4,4 4,5 4,6
5,1 5,2 5,3 5,4 5,5 5,6
6,1 6,2 6,3 6.4 6.5 6.6
Now, how do we get atotal of 9. We have :
3+46=9,4+5=9,5+4=9,6+3=9

MATHEMATICS
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In other words, the outcomes (3, 6), (4, 5), (5, 4) and (6, 3) are favourable to the said event,
i.e., the number of favourable outcomes is 4.

4 1
Hence, P (atotal of 9 ) = 36 9
IDeln ) CRERRE What is the chance that a leap year, selected at random, will contain 53

Sundays?
Solution : A leap year consists of 366 days consisting of 52 weeks and 2 extra days. These
two extra days can occur in the following possible ways.

a) Sunday and Monday
(i) Monday and Tuesday

(iii) Tuesday and Wednesday

(iv) Wednesday and Thursday

W) Thursday and Friday

(vi) Friday and Saturday

(vii)  Saturday and Sunday

Out of the above seven possibilities, two outcomes,

e.g., (i) and (vii), are favourable to the event

2
P (53 Sundays ) = El

e
\ & §l CHECK YOUR PROGRESS 19.1

A die isrolled once. Find the probability of getting 3.

A coin is tossed once. What is the probability of getting the tail ?

‘What is the probability of the die coming up with a number greater than 3 ?

In a simultaneous toss of two coins, find the probability of getting ' at least' one tail.

Nk R =

From a bag containing 15 red and 10 blue balls, a ball is drawn 'at random’. What is the
probability of drawing (i) ared ball ? (ii) a blue ball ?

6. If two dice are thrown, what is the probability that the sum is (i) 6 ? (ii) 87 (iii) 10?

(iv) 12?

7. If two dice are thrown, what is the probability that the sum of the numbers on the two
faces is divisible by 3 or by 4 ?

8. If two dice are thrown, what is the probability that the sum of the numbers on the two

faces is greater than 10 ?
9. ‘What is the probability of getting ared card from a well shuffled deck of 52 cards ?

10. Ifacard is selected from a well shuffled deck of 52 cards, what is the probability of
drawing

(i) aspade ? (ii) aking ? (iii)) aking of spade ?
11. A pair of dice is thrown. Find the probability of getting

MATHEMATICS
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(i) a sum as a prime number (ii) a doublet, i.e., the same number on both dice MODULE -V
(iii) a multiple of 2 on one die and a multiple of 3 on the other. Statistics and
12.  Three coins are tossed simultaneously. Find the probability of getting Probability

(1) no head (ii) at least one head (iii) all heads

19.2. CALCULATION OF PROBABILITY USING

COMBINATORICS (PERMUTATIONS AND COMBINATIONS) Notes

In the preceding section, we calculated the probability of an event by listing down all the possible
outcomes and the outcomes favourable to the event. This is possible when the number of
outcomes is small, otherwise it becomes difficult and time consuming process. In general, we
do not require the actual listing of the outcomes, but require only the total number of possible
outcomes and the number of outcomes favourable to the event. In many cases, these can be
found by applying the knowledge of permutations and combinations, which you have already
studied.

Let us consider the following examples :

I e CEURE A bag contains 3 red, 6 white and 7 blue balls. What is the probability that

two balls drawn are white and blue ?
Solution : Total number of balls=3+6+ 7 =16

Now, out of 16 balls, 2 can be drawn in 16C2 ways.

_16x15

.. Exhaustive number of cases = 16C2 =120

Out of 6 white balls, 1 ball can be drawn in © C, ways and out of 7 blue balls, one can be drawn
is”7 C, ways. Since each of the former case is associated with each of the later case, therefore

total number of favourable cases are 6C1 %/ C,=6x7=42.

. . 42 7
.. Required probability = ——

120 20

‘When two or more balls are drawn from a bag containing several balls, there are two ways
in which these balls can be drawn.

(i) Without replacement : The ball first drawn is not put back in the bag, when the
second ball is drawn. The third ball is also drawn without putting back the balls drawn
earlier and so on. Obviously, the case of drawing the balls without replacement is the
same as drawing them together.

(i) With replacement : In this case, the ball drawn is put back in the bag before drawing
the next ball. Here the number of balls in the bag remains the same, every time a ball is
drawn.

In these types of problems, unless stated otherwise, we consider the problem of without
replacement.
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I e BN Six cards are drawn at random from a pack of 52 cards. What is the
probability that 3 will be red and 3 black?

Solution : Six cards can be drawn from the pack of 52 cards in>2c, ways.
i.e., Total number of possible outcomes = 32,

3 red cards can be drawn in 2°c, ways and

3 black cards can be drawn in 26c, ways.

. Total number of favourable cases = 20, x 2°C,

260, %20 Cy 13000
52, 39151

I ) é11110) (B BRI Four persons are chosen at random from a group of 3 men, 2 women and 4

Hence, the required probability =

children. Show that the chance that exactly two of them will be children is % .

Solution : Total number of persons in the group = 3 + 2 + 4 = 9. Four persons are chosen at
random. If two of the chosen persons are children, then the remaining two can be chosen from
5 persons (3 men + 2 women).

4><3_6

Number of ways in which 2 children can be selected from 4, children = 4C2 =T =

Number of ways in which remaining of the two persons can be selected

S5x4
from 5 persons = *C, =~ =10

S Ix2
Total number of ways in which 4 persons can be selected out of

_ 9Ix8XTx6

Cy = =126
1x2x3x4

9 persons = ?
4C, x> C,  6x10 10

9(:4 126 21

Q)
\ & @ CHECK YOUR PROGRESS 19.2

1. A bag contains 3 red, 6 white and 7 blue balls. What is the probability that two balls
drawn at random are both white?

2. A bag contains 5 red and 8 blue balls. What is the probability that two balls drawn are
red and blue ?

3. A bag contains 20 white and 30 black balls. Find the probability of getting 2 white balls,
when two balls are drawn at random

Hence, the required probability =

(a) withreplacement (b) without replacement

MATHEMATICS
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4. Three cards are drawn from a well-shuffled pack of 52 cards. Find the probability that all | MODULE - V
the three cards are jacks. Statistics and

5. Two cards are drawn from a well-shuffled pack of 52 cards. Show that the chances of | Probability

: .1
drawing both aces is a1

6. In a group of 10 outstanding students in a school, there are 6 boys and 4 girls. Three

students are to be selected out of these at random for a debate competition. Find the | Notes
probability that

(i) oneis boy and two are girls. (ii) all are boys. (iii) all are girls.

7. Out of 21 tickets marked with numbers from 1 to 21, three are drawn at random. Find
the probability that the numbers on them are in A.P.

8. Two cards are drawn at random from 8 cards numbered 1 to 8. What is the probability
that the sum of the numbers is odd, if the cards are drawn together ?

9. A team of 5 players is to be selected from a group of 6 boys and 8 girls. If the selection
is made randomly, find the probability that there are 2 boys and 3 girls in the team.

10.  Aninteger is chosen at random from the first 200 positive integers.Find the probability
that the integer is divisible by 6 or 8.

19.3 EVENT RELATIONS

19.3.1 Complement of an Event

Let us consider the example of throwing a fair die. The sample space of this experiment is
S={1,2,3,4,5,6}

If Abe the event of getting an even number, then the sample points 2, 4 and 6 are favourable to

the event A.

The remaining sample points 1, 3 and 5 are not favourable to the event A. Therefore, these will

occur when the event A will not occur.

In an experiment, the outcomes which are not favourable to the event A are called complement

of A and defined as follows :

'The outcomes favourable to the complement of an event A consists of all those outcomes which are

not favourable to the event A, and are denoted by 'not' Aorby 3 .

19.3.2 Event 'A or B'

Let us consider the example of throwing a die. A is an event of getting a multiple of 2 and B be
another event of getting a multiple of 3.

The outcomes 2, 4 and 6 are favourable to the event A and the outcomes 3 and 6 are favourable
to the event B.

Fig. 19.1

MATHEMATICS 427



MODULE -V
Statistics and
Probability

Notes

428

Probability
The happening ofevent AorBis AUB ={ 2, 3, 4, 6 }

Again, if A be the event of getting an even number and B is another event of getting an odd
number, then A={ 2,4,6 },B={1,3,5}

S A B

Fig. 19.2
AUB={1,2 3, 45,6}

Here, it may be observed that if A and B are two events, thenthe event ' AorB'( A J B) will
consist of the outcomes which are either favourable to the event A or to the event B or to both
the events.

Thus, the event 'A or B' occurs, if either A or B or both occur.

19.3.3 Event ""A and B'

Recall the example of throwing a die in which A is the event of getting a multiple of 2 and B is the
event of getting a multiple of 3. The outcomes favourable to A are 2, 4, 6 and the outcomes
favourable to B are 3 , 6.

§

Fig. 19.3
Here, we observe that the outcome 6 is favourable to both the events A and B.

ANB

Draw a card from a well shuffled deck of 52 cards. A and B are two events defined as
A:aredcard, B:aking

‘We know that there are 26 red cards and 4 kings in a deck of cards. Out of these 4 kings, two
are red.

red cards red kings Fig. 19.4
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Here, we see that the two red kings are favourable to both the events.

MODULE -V

. N
Hence, the event ' A and B' consists of all those outcomes which are favourable to both the S:t;it;;s"?tyd

events A and B. That is, the event 'A and B' occurs, when both the events A and B occur
simultaneously. Symbolically, it is denoted as A N B.

19.4 ADDITIVE LAW OF PROBABILITY

Not
Let Abe the event of getting an odd number and B be the event of getting a prime number in a e

single throw of a die. What will be the probability that it is either an odd number or a prime
number ?
In a single throw of a die, the sample space would be
S={1,2,3,4,5,6}
The outcomes favourable to the events Aand B are

A={1,3,5),B={2,3,5}

A B S

;

Fig. 19.5

The outcomes favourable to the event 'A or B' are
AUB ={1,2,3,5}.
Thus, the probability of getting either an odd number or a prime number will be
P(A or B) = 4 = 2
6 3
To discover an alternate method, we can proceed as follows :

3
The outcomes favourable to the event Aare 1,3 and 5. -, P (A)= 5

3
Similarly, P (B)= 5

2
The outcomes favourable to the event 'A and B'are 3and5. - P (A and B)= 5
3 3 2
Now, P(A)+P(B)-P(A and By==+=-=
6 6 6
- = z =P(AorB
6 3 - P(AorB)

Thus, we state the following law, called additive rule, which provides a technique for finding the
probability of the union of two events, when they are not disjoint.
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For any two events A and B of a sample space S,
P(AorB)=P(A)+P(B)—P(AandB)

or P(AUB)=P(A)+P(B)-P(ANB) . (i1)

A card is drawn from a well-shuffled deck of 52 cards. What is the prob

ability that it is either a spade or a king ?

Solution : If a card is drawn at random from a well-shuffled deck of cards, the likelyhood of

any of the 52 cards being drawn is the same. Obviously, the sample space consists of 52

sample points.

If A and B denote the events of drawing a 'spade card' and a 'king' respectively, then the event

A consists of 13 sample points, whereas the event B consists of 4 sample points. Therefore,
13 4

P(AY=C P(B)=;

The compound event ( A (] B) consists of only one sample point, viz.; king of spade. So,

1
P( ANB )=—
( ) =25
Hence, the probability that the card drawn is either a spade or a king is given by
P( AUB )=P(A)+P(B)-P(ANB)

13 4 1 16 4
—_— + —_— —_—

52 52 52 52 13
1B el PR [n an experiment with throwing 2 fair dice, consider the events

A : The sum of numbers on the faces is 8
B : Doubles are thrown.
What is the probability of getting Aor B ?
Solution : In a throw of two dice, the sample space consists of 6 x 6 = 36 sample points.
The favourable outcomes to the event A ( the sum of the numbers on the faces is 8 ) are
A={(2,6),(3,5),(4,4),(5,3),(6,2) }

The favourable outcomes to the event B (Double means both dice have the same number) are
B ={(1,1),(2,2),(3,3),(4,4),(5,5),(6,6)}
ANB={ (4,4 }.

5 6 1
Now P (A)=—, P (B)=—, = —
(A) 36 (B) 36 P(ANB) 36

Thus, the probability of A or B is

p(AUB)=—>+2_ 1 _10_5
36 36 36 36 18
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19.5 ADDITIVE LAW OF PROBABILITY FOR MUTUALLY I\élgtleltlllgsEa-nX

EXCLUSIVE EVENTS Probability

‘We know that the events A and B are mutually exclusive, if and only if they have no outcomes in
common. That is, for mutually exclusive events,

P(Aand B) =0

Not
Substituting this value in the additive law of probability, we get the following law : ores

P(AorB)=P(A)+P(B) . (iii)
IB e ) EEUAR [n a single throw of two dice, find the probability of a total of 9 or 11.

Solution : Clearly, the events - a total of 9 and a total of 11 are mutually exclusive.

4
Now P (atotalof 9)=P[(3,6),(4,5),(5,4),(6,3)] = 36
2
P(atotalof 11 )=P[ (5, 6),(6,5)] = 36
Th P 1 of9or 11 i+ 2.1
Us, (atotal of 9 or )—36 6 6
I el IEAN Prove that the probability of the non-occurrence of an event Ais 1 — P (A).
ie., P(notA)=1-P(A) or, P(A)=1-P(A).

Solution : We know that the probability of the sample space S in any experiment is 1.

Now, it is clear that if in an experiment an event A occurs, then the event ( A ) cannot occur
simultaneously, i.e., the two events are mutually exclusive.

Also, the sample points of the two mutually exclusive events together constitute the sample
space S. That is,

AUA =S
Thus, P(AUA)=P(S)
= P(A) + P(A) =1(-.- Aand A are mutually exclusive and S is sample space)
= P(A)=1- P (A),

which proves the result.

This is called the law of complementation.

Law of complimentation : P ( A ) =1- P (A)

P(A) —
1—)aGorP(A)toP(,«x)_
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ID:E101 ) ENER R The probability of the event that it will rain is 0.3. Find the odds in favour of

rain and odds against rain.
Solution : Let Abe the event that it willrain. -, P(A)=.3

By law of complementation, P (K) =1-3=.7.

0.3
Now, the odds in favour of rain are 07 or3to7(or3:7).

. . 0.7
The odds against rain are 03 or 7 to 3.

When either the odds in favour of A or the odds against A are given, we can obtain the probability
of that event by using the following formulae

a
a+b-

If the odds in favour of A are a to b, then P (A) =

b

If the odds against A are a to b, then P(A)= m .

This can be proved very easily.

Suppose the odds in favour of A are a to b. Then, by the definition of odds,
P(A) _a

P(A) b°

From the law of complimentation, P ( A ) =1-P (A)

P(A) a
Therefore, 1—P(A)=E or bP(Ay=a—a P (A)
b) P (A P (A)=—"
or (a+b)P(A)=a or 2+ b
Similarl that P (A) = —
arly, we can prove tha Tt b

when the odds against A are b to a.

I el CRAPA Are the following probability assignments consistent ? Justify your answer.

(a) P(A) =P (B) = 0.6, P(Aand B) = 0.05
(b) P(A)=0.5, P(B) =04, P (Aand B)=0.1
©) P(A)=02, P(B)=0.7, P(Aand B)=04
Solution : (a) P(AorB)=P(A)+P(B) — P(AandB)

= 0.6+0.6 — 0.05 =1.15
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Since P (A or B) > 1 is not possible, hence the given probabilities are not consistent. MODULE -V

(b) P(AorB)=P(A)+P(B)-P(AandB) Statistics and
=0.5 + 0.4 —-0.1=0.8 Probability

which is less than 1.

As the number of outcomes favourable to event 'A and B' should always be less than or equal

to those favourable to the event A,

Therefore, P(Aand B) < P(A)

Notes

and similarly ~ P(A and B) < P (B)

In this case, P (A and B) = 0.1, which s less than both P (A) =0.5 and P (B) =0.4. Hence, the
assigned probabilities are consistent.

(¢) In this case, P (A and B) = 0.4, which is more than P (A) =0.2.
[- P(Aand B) < P (A)]
Hence, the assigned probabilities are not consistent.
An urn contains 8 white balls and 2 green balls. A sample of three balls is

selected at random. What is the probability that the sample contains at least one green ball ?
Solution : Urn contains 8 white balls and 2 green balls.
. Total number of balls in the urn = 10

Three balls can be drawn in 10C3 ways = 120 ways.

Let Abe the event " at least one green ball is selected".

Let us determine the number of different outcomes in A. These outcomes contain either one
green ball or two green balls.

There are 2C] ways to select a green ball from 2 green balls and for this remaining two white
balls can be selected in 8Cy ways.
Hence, the number of outcomes favourable to one green ball
= 2C1>< 8c2 =2 x 28=56
Similarly, the number of outcomes favourable to two green balls
=2C,x8C; =1x8 =8

Hence, the probability of at least one green ball is
P (at least one green ball )
= P (one greenball) + P (two green balls )

56 N 8 64 8
T120 120 120 15

ID el CIUAEN Two balls are drawn at random with replacement from a bag containing 5
blue and 10 red balls. Find the probability that both the balls are either blue or red.

w
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Solution : Let the event A consists of getting both blue balls and the event B is getting both red
balls. Evidently A and B are mutually exclusive events.

By fundamental principle of counting, the number of outcomes favourableto A = 5 x 5 = 25.
Similarly, the number of outcomes favourable to B =10 x 10 = 100.

Total number of possible outcomes = 15 x 15 =225.

25 1 100 4
P(A)=E=§ and P(B)=E=§.

Since the events A and B are mutually exclusive, therefore
P(AorB)=P(A) + P (B)
1

4 5
= — 4+ — =—
9 9 9

5
Thus, P ( both blue or both red balls ) = 5

rw
\ & @ CHECK YOUR PROGRESS 19.3

1. A card is drawn from a well-shuffled pack of cards. Find the probability that it is a queen
or a card of heart.

2. In a single throw of two dice, find the probability of a total of 7 or 12.

3. The odds in favour of winning of Indian cricket team in 2010 world cup are 9 to 7. What
is the probability that Indian team wins ?

4. The odds against the team A winning the league match are 5 to 7. What is the probability
that the team A wins the league match.

5. Two dice are thrown. Getting two numbers whose sum is divisible by 4 or 5 is consid-
ered a success. Find the probability of success.

6. Two cards are drawn at random from a well-shuffled deck of 52 cards with replace-
ment. What is the probability that both the cards are either black or red ?

7. A card is drawn at random from a well-shuffled deck of 52 cards. Find the probability
that the card is an ace or a black card.

8. Two dice are thrown once. Find the probability of getting a multiple of 3 on the first die
or a total of 8.

9. (a) Inasingle throw of two dice, find the probability of a total of 5 or 7.

(b) A and B are two mutually exclusive events such that P (A )=0.3 and P (B) =0.4.
Calculate P(AorB).

10. Aboxcontains 12 light bulbs of which 5 are defective. All the bulbs look alike and have
equal probability of being chosen. Three bulbs are picked up at random. What is the
probability that at least 2 are defective ?

11.  Two dice are rolled once. Find the probability
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(a) that the numbers on the two dice are different,
(b) that the totalis at least 3.

12. A couple have three children. What is the probability that among the children, there will
be at least one boy or at least one girl ?

13.  Find the odds in favour and against each event for the given probability
@ P@A=7 (b PA) = %
14.  Determine the probability of A for the given odds
(a) 7to 2infavour of A (b) 10 to 7 against A.
15. Iftwo dice are thrown, what is the probability that the sum is
(a) greater than 4 and less than 9 ?
(b) neither 5 nor 8 ?
16.  Which of the following probability assignments are inconsistent ? Give reasons.
(a) P(A)=05, PB)=03, P(AandB)=04
(b) P(A)=PB)=04, P(AandB)=0.2
(©) P(A)=0.85, P(B)=0.8, P(AandB)=0.61

17. Two balls are drawn at random from a bag containing 5 white and 10 green balls. Find
the probability that the sample contains at least one white ball.

18.  Two cards are drawn at random from a well-shuftled deck of 52 cards with replacement.
What is the probability that both cards are of the same suit?

Thus, the probability of simultaneous occurrence of two independent events is the product
of their separate probabilities.

19.6 MULTIPLICATION LAW OF PROBABILITY FOR INDE-
PENDENT EVENTS

Let us recall the definition of independent events.

Two events A and B are said to be independent, if the occurrence or non-occurrence of one
does not affect the probability of the occurrence (and hence non-occurrence) of the other.

Can you think of some examples of independent events ?

The event of getting 'H' on first coin and the event of getting T" on the second coinin a simultaneous
toss of two coins are independent events.

What about the event of getting 'H' on the first toss and event of getting "T" on the second toss
in two successive tosses of a coin ? They are also independent events.

Let us consider the event of 'drawing an ace' and the event of 'drawing a king'in two successive
draws of a card from a well-shuffled deck of cards without replacement.

Are these independent events ?

No, these are not independent events, because we draw an ace in the first draw with probability
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52 Now, we do not replace the card and draw a king from the remaining 51 cards and this

affect the probability of getting a king in the second draw, i.e., the probability of getting a king in

4
the second draw without replacement will be TR
Note: If the cards are drawn with replacement, then the two events become independent.
Is there any rule by which we can say that the events are independent ?
How to find the probability of simultaneous occurrence of two independent events?

If A and B are independent events, then

P (A and B) =P (A) . P(B)
or
P(ANB) =P(A). P(B)

Thus, the probability of simultaneous occurrence of two independent events is the product
of their separate probabilities.

Note: The above law can be extended to more than two independent events, i.e.,
P(ANBNC..) =PA)- -PB)-P®C)..

On the other hand, if the probability of the event 'A' and 'B' is equal to the product of the
probabilities of the events A and B, then we say that the events A and B are independent.

IDe11) IUBEN A die is tossed twice. Find the probability of a number greater than 4 on

each throw.

Solution : Let us denote by A, the event 'a number greater than 4' on first throw. B be the event
‘anumber greater than 4' in the second throw. Clearly A and B are independent events.

In the first throw, there are two outcomes, namely, 5 and 6 favourable to the event A.
1

3

P(A) =

Similarly, P(B) =

W= N

Hence, P(A and B)=P (A).P (B) =

r_1
3797
I e I EA LN Arun and Tarun appear for an interview for two vacancies. The probability

W | =

1 1
of Arun's selection is 3 and that of Tarun's selection is 5 Find the probability that

(@)  both of them will be selected. (b) none of them is selected.
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(c) atleast one ofthemis selected. (d) only one of them is selected. MODULE - V
Statistics and
1 Probability

Solution : Probability of Arun's selection = P (A) = 3

1
Probability of Tarun's selection = P (T) = 5

. Notes
(a) P (both of them will be selected ) =P (A) P (T)
r.1r_1
3 5 15

(b) P (none of them is selected )

_ _ 1 1 2 4 8
p(R)p() =(1-5)(1-5 )= 325 - 55
©) P (at least one of them s selected )

= 1 — p (None of them is selected )

() P (only one of of themiis selected )
=P(A)P(T)+P(A) P(T)
1 4 2 1 6 2
=—X—+=—X— =—==
35 3 5 15 5
1D e EIEABA A problem in statistics is given to three students, whose chances of solving

11

1
it are 23 and n respectively. What is the probability that problem will be solved ?

Solution : Let p;, p, and p3 be the probabilities of three persons of solving the problem.

1 1 1
Here, Pi =5 P2 =3 and P3 = 1

The problem will be solved, if at least one of them solves the problem.
P (at least one of them solves the problem )
= 1 — P (None of them solves the problem) ... (D

Now, the probability that none of them solves the problem will be

P (none of them solves the problem) = (1—p;)(1—py)(1—p3)
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1.2 3 1

= — X — —_ = —

2 3 4 4
Putting this value in (1), we get

3
P ( at least one of them solves the problem ) =1— 11

3
Hence, the probability that the problem will be solved is 1

I e CIEAER Two balls are drawn at random with replacement from a box containing 15

red and 10 white balls. Calculate the probability that
(a) both balls are red.

(b) first ballis red and the second is white.

(c) one of themis white and the other is red.
Solution :

(a) Let A be the event that first drawn ball is red and B be the event that the second ball
drawn is red. Then as the balls drawn are with replacement,

15 3 3
PA)=—==,PB)==
therefore (A) 75 = 3 (B) 5
As A and B are independent events
therefore P(bothred)=P(Aand B)
P(A) xP(B) = EXE -2

(b) Let A: First ball drawn is red.
B : Second ball drawn is white.

3 2 6
P(A and B) =P(A)xP(B) = X5 = .

© If WR denotes the event of getting a white ball in the first draw and a red ball in the
second draw and the event RW of getting a red ball in the first draw and a white ball in
the second draw. Then as 'RW' and WR' are mutually exclusive events, therefore
P (a white and ared ball )
= P(WRorRW)
P(WR) + P (RW)
=PW)PR)+PR)P (W)

MATHEMATICS



Probability

ID.E111 ) CHPA DA A dice is thrown 3 times. Getting a number 'S or 6'is a success. Find the
probability of getting
(a) 3 successes (b) exactly 2 successes (c) at most 2 successes (d) at least 2 successes.

Solution : Let S denote the success in a trial and F denote the ' not success'i.e. failure. Therefore,
2 1 2

1
P(S) === P(F)=1-—==

(a) As the trials are independent, by multiplication theorem for independent events,

1 1 1 1
= = —X—-—X — = —
P(SSS)=P(S) P(S) P(S) 353737 5
P ( SSF PSPSPF—leXz—i
Since the two successes can occur in 3C2 ways
P tly t =3C, x— = 2
(exactly two successes) 2 27 9
1 26
(c) P (atmosttwo successes) =1 — P(3successes) = 1 — 2—7 = 2—7

(d) P (atleast two successes) =P ( exactly 2 successes) + P ( 3 successes)

2 1 7
= —4 — = —
9 27 27

I EL ) U A card is drawn from a pack of 52 cards so that each card is equally likely

to be selected. Which of the following events are independent ?
@) A : the card drawn is a spade
B : the card drawn is an ace
(ii) A : the card drawn is black
B : the card drawn is a king
(iii) A : the card drawn is a king or a queen

B : the card drawn is a queen or a jack

. . 13 1

Solution : (i) There are 13 cards of spade in a pack. P (A) = =2
There are four aces in the pack. P (B) = —= = ——
ere are four aces in the pack. > 13
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Now

Since

A (N B = { an ace of spade }

P(AﬂB):é

1 1 1
P(A) P(B)=—X—=—
(A PB)=0X3375;

P (ANB)=P(A). P(B)

Hence, the events A and B are independent.

(i1) There are 26 black cards in a pack.

There are four kings in the pack. ..,

Now,

Since

P(A)=%=%

P(B)=i2

Probability

13

2 1
= i . P(ANB) =—=—
ANB ={2blackkings } -. P (ANB) =Y

1 1

P(ANB)=P(A) P (B)

Hence, the events A and B are independent.

(iii) There are 4 kings and 4 queens in a pack of cards.

. Total number of outcomes favourable to the event Ais 8.

Similarly,

Here,

8 2

P(A)=—=—
(A) 52 13

P (B)=£, AN B = {4queens }

13
4 1
PAANB) = — = —
ANB==5
2 2 4
P(A)xP (B) = —x— = —
(AP (B) = 13293 = 169

P(ANB)=P(A).P (B)

Hence, the events A and B are not independent.

@
A\ & @ CHECK YOUR PROGRESS 19.4

1. A husband and wife appear in an interview for two vacancies in the same department.

1 1
The probability of husband's selection is = and that of wife's selection is 5 What is the

probability that
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(a) Only one of them will be selected ? MODULE -V
(b) Both ofthem will be selected ? Statistics and
Probability

(¢c) None of them will be selected ?
(d) Atleast one of them will be selected ?

1
2. Probabilities of solving a specific problem independently by Raju and Soma are > and

Notes
1
3 respectively. If both try to solve the problem independently, find the probability that

(a) the problemis solved.
(b) exactly one of them solves the problem.
3. Adie is rolled twice. Find the probability of a number greater than 3 on each throw.

4. Sita appears in the interview for two posts A and B, selection for which are independent.

1 1
The probability of her selection for post Ais 5 and for post B is R Find the probability

that she is selected for
(a) both the posts
(b) at least one of the posts.

1 2 3
5. The probabilities of A, B and C solving a problem are 37 and s respectively. If all the
three try to solve the problem simultaneously, find the probability that exactly one of them
will solve it.

6. A draws two cards with replacement from a well-shuffled deck of cards and at the same
time B throws a pair of dice. What is the probability that

(a) A getsboth cards of the same suit and B gets a total of 6 ?
(b) A gets two jacks and B gets a doublet ?

7. Suppose itis 9 to 7 against a person A who is now 35 years of age living till he is 65 and
3:2 against a person B now 45 living till he is 75. Find the chance that at least one of these
persons will be alive 30 years hence.

8. A bag contains 13 balls numbered from 1 to 13. Suppose an even number is considered
a 'success'. Two balls are drawn with replacement, from the bag. Find the probability of
getting
(a) Two successes (b) exactly one success
(¢) at least one success (d) no success

9. One card is drawn from a well-shuffled deck of 52 cards so that each card is equally
likely to be selected. Which of the following events are independent ?

(a) A:The drawn card is red
B : The drawn card is a queen

(b) A:The drawn card is a heartB: The drawn card is a face card
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19.7 CONDITIONAL PROBABILITY

Suppose that a fair die is thrown and the score noted. Let A be the event, the score is 'even'.
Then

31
= L PA)=Z==
A=(2.4,6}, . P(A) s~

Now suppose we are told that the score is greater than 3. With this additional information what
willbe P(A) ?

Let B be the event, 'the score is greater than 3'. Then B is {4, 5, 6 }. When we say that B has
occurred, the event 'the score is less than or equal to 3'is no longer possible. Hence the sample
space has changed from 6 to 3 points only. Out of these three points 4, 5 and 6; 4 and 6 are
even scores.

2
Thus, given that B has occurred, P (A) must be g .

Let us denote the probability of A given that B has already occurred by P (A | B) .

S A B

‘

Fig. 19.7

Again, consider the experiment of drawing a single card from a deck of 52 cards. We are
interested in the event A consisting of the outcome that a black ace is drawn.

Since we may assume that there are 52 equally likely possible outcomes and there are two
black aces in the deck, so we have

2
P(A) =—
(A) 5
However, suppose a card is drawn and we are informed that it is a spade. How should this

information be used to reappraise the likelihood of the event A ?

Clearly, since the event B " A spade has been drawn " has occurred, the event "not spade" is no
longer possible. Hence, the sample space has changed from 52 playing cards to 13 spade
cards. The number of black aces that can be drawn has now been reduced to 1.

Therefore, we must compute the probability of event A relative to the new sample space B.
Let us analyze the situation more carefully.

The event A is " a black ace is drawn'. We have computed the probability of the event A
knowing that B has occurred. This means that we are computing a probability relative to a new
sample space B. That is, B is treated as the universal set. We should consider only that part of
A which is included in B.
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Fig. 19.8 Notes

Hence, we consider A [ B (see figure 31.8).
Thus, the probability of A. given B, is the ratio of the number of entriesin A (| B to the number
of entries in B. Since n (A (1 B) =1and n (B) =13,

n(ANB) 1
P(AIB) =———F= —
e AT T
1
Notice that n(ANB)=1 = P(AﬂB):S_2
13
n(B)=13= P (B)=_
1
_1 _5 _PANB
P(AIB)_B_Q_ o)
52

This leads to the definition of conditional probability as given below :

Let A an B be two events defined on a sample space S. Let P(B) > 0, then the conditional
probability of A, provided B has already occurred, is denoted by P(AIB) and mathematically
written as :

P(A N B)
P (AIB) P(B) ° P (B)>0
P(A(B
Similarly. P(BIA):(PT”)), P(A)>0

The symbol P( Al B ) is usually read as "the probability of A given B".

I Bel i BRI Consider all families "with two children (not twins). Assume that all the

elements of the sample space { BB, BG, GB,GG} are equally likely. (Here, for instance, BG
denotes the birth sequence "boy girls"). Let Abe the event { BB} and B be the event that 'at
least one boy'. Calculate P (A| B).

Solution : Here, A={BB}, B={BB,BGGB}
ANB=(BB}. PMANB= +
P(B) = l+l+l:§
4 4 4

MATHEMATICS 443



MODULE -V
Statistics and
Probability

Notes

444

Probability

1
P(ANB a 1
Hence, P(AIB)=TE) 41

P(B) 3°
4
1D el ERUPPA Assume that a certain school contains equal number of female and male

students. 5 % of the male population is football players. Find the probability that a randomly
selected student is a football player male.

Solution : Let M = Male
F =Football player

We wish to calculate P (M () F). From the given data,

1
P (M)= ) ( -+ School contains equal number of male and female students)

P(FIM)=0.05
But from definition of conditional probability, we have
P(MNF
P(FIM) = —( nF)
P(M)
= P(MNF)=P(M)xP(FIM)

= %x 0.05 = 0.025

IBe) i) WEPRE If A and B are two events, such that P (A) =0.8,

P(B)=0.6, P(ANB)=0.5,find the value of
(i) P(AUB) (i) P(BIA) (iii) P(AIB).
Solution:i) P(AUB)=P(A)+P(B)-P(ANB)
=08+0.6-05=09

P(A(]B
) p(B|A):w=E=5

P(A) 88

P(ANB) 05 5
(iii) P(AIB)=————= =2~ _ =~
P(B) 6 6
IDheln ) EIERZE A coin is tossed until a head appears or until it has been tossed three times.
Given that head does not occur on the first toss, what is the probability that coin is tossed three
times ?
Solution : Here, it is given that head does not occur on the first toss. That is, we may get the
head on the second toss or on the third toss or even no head.

Let B be the event, " no heads on first toss".
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Then B={TH,TTH,TTT } MODULE - V
. Statistics and
These events are mutually exclusive. Probability
P(B)=P(TH)+P(TTH) + P(TTT) .. (D)

1
Now P(TH) = N (- This event has the sample space of four outcomes)
Notes

and P(TTH) =P(TTT) = — (.- This event has the sample space of eight outcomes)

0 | —

Putting these valuesin (1), we get
I 1 4 1

1

- 4+ — = =

4 8 8 8 2

Let A be the event "coin is tossed three times".
Then A ={TTH,TTT}

~. Wehavetofind P(AIB).

P(B) =

P(AIB):P(:(—Q)B)
pP(AIB)=4-1

Here, A (B =A,

>
L'L § CHECK YOUR PROGRESS 19.5

1. A sequence of two cards is drawn at random (without replacement) from a well-shuffled
deck of 52 cards. What is the probability that the first card is red and the second card is
black ?

2. Consider a three child family for which the sample space is

{ BBB, BBG, BGB, GBB, BGG GBG, GGB, GGG }
Let A be the event " the family has exactly 2 boys " and B be the event " the first child is
aboy". What is the probability that the family has 2 boys, given that first child is a boy ?

3. Two cards are drawn at random without replacement from a deck of 52 cards. What is
the probability that the first card is a diamond and the second card isred ?

4. If Aand B are events with P(A)=0.4,P(B)=0.2, P (A () B) = 0.1, find the probabil-
ity of A given B. Also find P ( BIA).

5. From a box containing 4 white balls, 3 yellow balls and 1 green ball, two balls are drawn

one at a time without replacement. Find the probability that one white and one yellow ball
is drawn.

D ==
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Mstalidl | 19.8 THEOREMS ON MULTIPLICATION LAW OF

Sltfrt(';t;‘:"ﬁ;d PROBABILITY AND CONDITIONAL PROBABILITY.
Theorem 1 : For two events A and B,
P(A ﬂB) = P(A).P(B | A),
— and P(ANB)=P(B)P(AIB),

where P ( BIA) represents the conditional probability of occurrence of B, when the event A has
already occurred and P ( AIB ) is the conditional probability of happening of A, given that B has
already happened.

Proof : Let n (S) denote the total number of equally likely cases, n (A) denote the cases
favourable to the event A, n (B) denote the cases favourable to B and n (A () B) denote the
cases favourable to both A and B.

_n(A) _n(B)
P =) P =)
n(ANB
P(AﬂB)=ﬁ ..... (1)

For the conditional event AIB , the favourable outcomes must be one of the sample points of B,
i.e., for the event AIB, the sample space is B and out of the n (B) sample points, n (A () B)
pertain to the occurrence of the event A, Hence,

_n(ANB)
P(AIB)= 2 (B)
n(B) n(ANB)

Rewriting (1), we get PLAMB) ECEECE =RB.RAB

Similarly, we can prove
P(ANB)=P(A)P(BIA)

Note : If A and B are independent events, then
P(AIB)=P(A)and P(BIA)=P(B)
P(ANB)=P(A)P(B)

Theorem 2 : Two events A and B of the sample space S are independent, if and only if
P(ANB)=P(A)P(B)

Proof : If A and B are independent events,

then P(AIB)=P(A)
_P(ANB)

‘We know that P(AIB)= P(B)

= P(ANB)=P(A)P(B)
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Hence, if A and B are independent events, then the probability of 'A and B'is equal to the MOI_)U_LE -V
product of the probability of A and probability of B. Statistics and

Conversely,if P(ANB)=P(A).P(B),then Probability
P(ANB
P(AIB) :W gives
P(A)P(B) Notes
P(AIB) =W=P(A)

That is, A and B are independent events.

19.9 INTRODUCTION TO BAYES’ THEOREM

In conditional probability we have learnt to find probability of an event with the condition that
some other event has already occurred. Consider an experiment of selecting one coin out of

1 2 3 1
three coins : If I with P(H) = 3 and P(T) = 3 II with P(H) = n and P(T) = n and III

1 1
with P(H) = bR P(T) = 3 (a normal coin).

After randomly selecting one of the coins, it is tossed. We can find the probability of selecting

one coin [i.e. 5] and can also find the probability of any outcome i.e. head or tail; given

the coin selected. But can we find the probability that coin selected is coin I, IT or III when
it is known that the head occurred as outcome? For this we have to find the probability of
an event which occurred prior to the given event. Such probability can be obtained by using
Bayes’ theorem, named after famous mathematician, Johan Bayes Let us first learn some
basic definition before taking up Baye’s theorem

Mutually exclusive and exhaustive events.

For a sample space S, the set of events E |, E,, ... E s said to mutually exclusive and
exhaustive if

@ ENE;=¢,Vi#j=L2,...n ie. none of two events can occur together.

(i) E, UE,uU..UE, =S§,alloutcomesof S have been taken up in the events E,,
E,..E,
(i) P(E)>O0forali=1,2,... n

19.10 THEOREM OF TOTAL PROBABILITY

LetE,E,, ..., E are mutually exclusive and exhaustive events for a sample space S with
P(El.) >0, Vi=1,2,..n Let Abe any event associated with S, then

P(A)= P(E,) P(A/E,)) + P(E,) P(A/E,) + ... + P(E,) P(A/E,)
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- i P(E;)P(A/E;)
i=1

Proof : The events E, and A are shown in the venn-diagram

Given S = E,UE,,UE;,... UE and E, N Ej;tq).

We can write

A= ANS
= AU (E,UE,U..UE)
= ANE)NANE)U((ANE)..(ANE)

Since all E,; are mutually exclusive, so ANE,, ANE, ... will also be mutually
exclusive

= P(A) =P(ANE) + P(ANE,) + P(ANE,) + ... + P(ANE))
=P(E)) P(A/E)) + P(E,) P(A/E,) + ... + P(E ) P(A/En)
By using the multiplication rule of probability,

P(A) = ) P(E)P(A/E)
i=1

19.11 BAYE’S THEOREM

IfE,, E,, ... E, are non-empty mutually exclusive and exhaustive events (i.e. P(E)) >0 V i)
of a sample space S and A be any event of non-zero probability then

P(Ei/A) = nP(E") PATE) i=12,..n
> P(E;) P(A/E;)

i=1

Proof : By law of total probabilities we know that

P(A) =) P(E;) P(A/E) ()

i=1

Also by law of multiplication of probabilities we have

P(ANE)  P(E)P(A/E)

P(E/A) = PA)

P by using (i)
> P(E)P(A/E)

i=1

This gives the proof of the Baye’s theorem let us now apply the result of Baye’s theorem
to find probabilities.
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ID:e10 ) PR Given three identical coins (in shape and size) with following specifications

1 2
Coin I : with P(H) = 3 P(T) = 3
. . 3 1
Coin II : with P(H) = n P(T) = N
. . 1 1 .
Coin III : with P(H) = 3 P(T) = 3 (normal coin).

A Coin is selected at random and tossed. The out come found to be head. What is the
probability that the selected coin was coin I11?

Solution : Let E,, E,, E; be the events that coins I, IT or III is selected, respectively.

1
Then P(E) = P(E,) = P(E;) = 3
Also, Let A be the event ‘the coin drawn ‘has head on tossing’.
1
Then P(A/E,) =P(a head on coin I) = E
) 3
P(A/E,) =P(a head on coin II) = n

1
P(A/E;) =P(a head on coin III) = 3

Now the probability that the coin tossed is Coin III = P(E;/A)

P(E;) P(A] Ey)
= P(E,)P(A/E,)+ P(E,)P(A/ E,)+ P(E;)P(A/ E;)

1 1
6 6

= 4+9+6 19

+=+

— x J—

3 2 _
1.1 1.3 1_1 1 1
—X—+—X—F+—X— = —
33 3 4 3 2 3 2
I e1n N ERIN Bag [ contains 4 red and 3 black balls while another bag II contains 6
red and 5 black balls. One of the bags is selected at random and a ball is drawn from it.
Find the probability that the ball is drawn from Bag II, if it is known that the ball drawn is
red.

Solution : Let E, and E, be the events of selecting Bag I and Bag I, respectively and A
be the event of selecting a red ball.

1
Then, P(E)) = P(E,) = 3
4
Also, P(A/E,) = P(drawing a red ball from Bag I) = —
. 6
P(A/E,) = P(drawing a red ball from Bag II) = m
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Now, By Baye’s theorem

P(bag selected is Bag II when it is known that red ball is drawn) = P(E,/A)

1_4
_ P(E,) P(A/ Ey) ___2%7
P(E)) P(Al E)+P(E,)P(A/E,) 1 6 1 4
2711 277
oz
[IEE
17

D
L'L §CHECK YOUR PROGRESS 19.6

1.  UrnI contains 3 blue and 4 white balls and another Urn II contains 4 blue and 3 white
balls. One Urn was selected at random and a ball was drawn from the selected Urn.
The ball was found to be white. What is the probability that the ball was drawn from
Urn-11?

2. Afactory has two machines A and B. Past record shows that machine A produced 60%
of the items of output and machine B produced 40% of the items. Further, 2% of the
items produced by machine A and 1% by machine B were defective. All the items are
put in one stock pile and then one item is randomly drawn from this and is found to
be defective. Find the probability that the defective item was produced by machine A?

3. By examining the chest x-ray, the probability that T.B is detected when a person is

actually suffering from it is 0.99.
The probability that the doctor, diagnoses in correctly that a person has TB, on the
basis of the x-ray is 0.001. In a certain city, 1 in 10000 persons suffer from TB. A
person selected at random is diagnosed to have TB. What is the probability that person
has actually TB?

19.12 : PROBABILITY DISTRIBUTION OF RANDOM VARIABLE

19.12.1 Random Variables: In earlier section you have learnt to find probabilities of
various events with certain conditions. Let us now consider the case of tossing a coin four
times. The outcomes can be shown in a sample space as :
S = {HHHH, HHHT, HHTH, HTHH, THHH, THHT, HHTT, HTTH, TTHH, HTHT,
THTH, HTTT, THTT, TTHT, TTTH, TTTT}

On this sample space we can talk about various number associated with each outcome.
For example, for each outcome, there is a number corresponding to number of heads we
can call this number as X.

Clearly
X(HHHH) = 4, X(HHHT) = 3, X(HHTH) = 3
X(THHH) = 3, X(HHTT) = 2, X(HTTH) =2

MATHEMATICS
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X(TTHH) =2, X(HTHT) = 2, X(THTH) =2 MODULE -V
X(THHT) = 2, X(HTTT) = 1, X(THTT) = 1 Statistics and
Probability

X(TTHT) =1, X(TTTH) = 1, X(TTTT) =0
We find for each out come there corresponds values of X ranging from O to 4.

Such a variable X is called a random variable.

Notes

A random variable is a function whose domain is the sample space of a random experiment
and range is real number values.

I ERERPE Two dice are thrown simultaneously. Write the value of the random
variable X : sum of number appearing on the upper faces of the dice.

Solution : The sample space of the experiment contains 36 elements.

S={,1),(,2),1,3) ... (1, 6)
2, 1), (2,2), (2, 3) v, (2, 6)
6, 1), (6, 2), (6,3) wovrreen.. (6, 6)}

Clearly for each pair the sum of numbers appear ranging from 2 to 12. So the random
variable x has the following values.

X(1, 1) =2
X((1, 2), (2, 1)) = 3

X((1, 3), (2,2), 3, 1)) = 4

X((1, 4), (2,3), (3,2), (4, 1) =5

X((1,5), 2, 4), (3, 3), (4,2), 5, 1) =6

X((1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1), =7
X((2, 6), (3, 5), (4, 4), (5, 3), (6,2) =8

X((3, 6), (4, 5), (5, 4), (6,3) =9

X((4, 6), (5, 5), (6, 4) = 10

X((5, 6), (6, 5)) = 11

X((6, 6)) = 12

19.12.2 Probability Distribution of a Random Variable

Let us now look at the experiment of drawing two cards successively with replacement from
a well shuffled deck of 52 cards. Let us concentrate on the number of aces that can be there
when two cards are successively drawn. Let it be denoted by X. Clearly X can take the
values O, 1 or 2.
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The sample space for the experiment is given by S = {(Ace, Ace), (Ace, Non Ace), (Non
Ace, Ace), (Non Ace, Non Ace)}

For X(Ace, Ace) =2
X{(Ace, Non Ace) or (Non Ace, Ace)} =1
and X{(Non Ace, Non Ace)} =0
4
The probability that X can take the value 2 is P(Ace, Ace) = 52 X 52
4

Ace is drawing one card is 52

as probability of an

Similarly
P(X = 1) =P[(Ace, non Ace) or (Non Ace, ace)]
=P(Ace, non Ace) + P(Non Ace, Ace)

4 48 48 4 12 2 24

_— 4 — — —+ =
52 52 52 52 169 169 169

48 48 144
and P(X = 0) =P(Non Ace, Non Ace) = 5—2X5—2=@

The description given by the values of the random variable with the corresponding probabili-
ties is called probability distribution.

19.12.3 Probability Distribution: The probability distribution of a random variable X is the
distribution of probabilities to each value of X. A probability distribution of a random variable
X is represented as

X. : X
i 1

PX) P, P, P, 3

where P. >0, Zn:E =1,Vi=123,.n.
i=1
The real numbers x,, x,, ... x, are the possible values of X and P, is the probability of the
random variable X. taking the value X; denoted as
PX=x)=P,
Thus the probability distribution of number of aces when two cards are successively drawn,
with replacement from a deck of 52 cards is given by
X : 0 1 2
144 24 1
169 169 169

P(x,)
Note that in a probability distribution all probabilities must be between O and 1 and sum of

all probabilities must be 1.

144 24 1  144+24+1
YP. = +—+ = =
i~ 169 169 169 169

1
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e )P LRLN Check whether the distribution given below is a probability distribution | MODULE -V

or not Statistics and
Probability
X 2 1 0 -1 -2
PX) 0.1 0.2 0.3 0.2 0.2
Solution : All probabilities P(X) are positive and less than 1.
Also, TP(x) = 0.1 + 0.2 + 0.3 + 0.2 + 0.2 Notes
= 1.0

Hence, the given distribution is probability distribution of a the random variable X.

A random variable X has the following probability distribution :
X -1 -2 -3 -4 -5 -6
1 1
PX) 3 k n
Find (1) £ (2) P(X > 4) 3) P(X < —4)
Solution : (1) The sum of probabilities in the given distribution, must be 1.

2k E
4

1
6

1 1 1 k
—+k+—+2k+—+— =
= 3 4 6 4
4412k +3+24k+2+3k
= =1
12
39k + 9 =12
= 39k = 3
P
13
2) PX>-4)=Px=-3)+Pkx=-2)+Px=-1)
1 1 1 1 1 103
= —+k+—- = —+—+—=—
4 3 4 13 3 156
3) PX <-4) = P(x =-5) + P(x = -6)

k1, 12

1

N + =

6 4 6 13x4 156

I 6111 G BRI Find the probability distribution of number of tails in the simultaneous

tosses of three coins.

Solution : The sample space for simultaneous toss of three coins is given by
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}
Let X be the number of tails.
Clearly X can take values, 0, 1, 2 or 3.

Now,

w

MATHEMATICS 45



Probability

MODULE - V 11 1 1
Statistics and P(X = 0) =P(HHH) = Exaxazg
Probability

P(X = 1) =P(HHT or HTH or THH)
=  P(HHT) + P(HTH) + P(THH)

rtrrrrrr it _r 113
Notes 27272 27272 2727278 8 8 8
P(X = 2) =P(HTT or THT or TTH)
P(HTT) + P(THT) + P(TTH l+l+l—§
1
and P(X =3) = P(TTT) = 3
Hence, the required probability distribution is
X : 0 1 2 3
O - E R
X) ’ 8 8 8 8

’am\
L'L §CHECK YOUR PROGRESS 19.7

1. State which of the following are not probability distribution of a random variable. Justify

your answer
(a) X 100 [ 200 |300

P(x) 1 1 1

2 4 4

® | Y 0 1 2 3 4 5

PG | 0.1 0.2 0.3 0.4 0.5 0.6
© [ x -1 -2 0 2 1

P, 02 | 015 | 05 | 045 | 07

@ [ x 2 3 4 5

P, 0.4 0.1 0.2 0.2

2. Find the probability distribution of

(a) Number of red balls when two balls drawn are one after other with replacement
from a bag containing 4 red and 3 white balls.

(b) Number of sixes when two dice are thrown simultaneously

(c) Number of doublets when two dice are thrown simultaneously
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19.13 MEAN AND VARIANCE OF A RANDOM VARIABLE MODULE -V

Statistics and
19.13.1 Mean Probability

The mean of a random variable is denoted by W and is defined as

n
nw= leipi . Notes
=

where YP,=1,P, >0, vi=1,2, .. n

In other words we can say that the mean of a random variable is the sum of the product of
values of the variables with corresponding probabilities. Mean of a random variable X is
also called Expectation of the random variable ‘X’, denoted by E(x)

So Ex) == 2 %P,
i=1

19.13.2 Variance

Recall in frequently distribution we have studied that variance is a measure of dispersion or
variability in the values. The similar meaning is attached to variance of a random variable.

Definition : Let a probability distribution be given as
X : X,

P(X) : P

Let @ = E(x) be the mean of x.

Then the varaiance of X, denoted by var(x) or ze is defined as

62 =Var(x) = 2. (x,—W)’A
i=1

=Z(x121?i+u2pi—2uxipi) = Z(xlzpl +u2P,-—2lei pi)

i=1 i=1
n

n n n n n
=zxi2pi +ZU2PI' _ZZWQ pi = zxizpi +P~22Pi —Zuzxi )2
i=1 i=1 i=1 i=1 i=1

i=1

=Zx,-2pi+u2-1—2u-u = inzp,-—uz (v u= inzpi andeizl)
i=l1 i=l1 i=1 i=1
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(e \2
;xi pi _Lé xipiJ

We can also write

var(x) = E(X?) - [E(X)]?
I el CRERIN Find the mean and variance of the following distribution

X -2 -1 0 1 2

3
8

0|~

1
8

o |

1
P(x) g

Solution : Given distribution is

X, ) -1 0 1 2
2 3 1

PX) 5 5 5 85 %

2 2 1 2

XpX) g Ty 0§ 3

) 1 4

R ]

N SPX)X. = 2= 2404242 o —1
oW W= ZPXOX; = =g T0%g e = 7%

Var(x) = ZXizP(Xl.) - P(Xl.)Xl.]2

{4 2 1 4} ( 1)2
—+=+0+—+— |- —=
8 8 8 8 8

11 1 87

8 64 64

r1
\ & ] CHECK YOUR PROGRESS 19.8

1.  Find mean and variance in each of the following distributions

(a) X : 1 2 3 4
P(X) : 0.3 0.2 0.4 0.1
(b) Y, -2 -1 0 1 2

P(y,) 0.1 0.2 0.3 0.25 0.15

MATHEMATICS



Probability

2. Find the mean number of heads in three tosses of a fair coin. MODULE -V
3. Let X denote the difference of two numbers obtained on throwing two fair dice. Find | Statistics and
the mean and variance of X. (Take absolute value of the difference) Probability
4.  Find the mean of the numbers of tails obtained when a biased coin having 25% chances
of head and 75% of tail, is tossed two times.
5. Find the mean and variance of the number of sixes when two dice are thrown. Notes

19.14 BERNOULLI TRIALS

When an experiment is repeated under similar conditions, each repeat is called a trial of the
experiment. For example, if a coin is tossed three times, we say that there are three trials
of the tossing of the coin.

A particular event may be called success of a trial. Clearly non-happening of the event may
be termed as a failure. For, example in throwing a die, if the occurrence of a number less
then 4 is named as success then the non-occurrence of a number less than 4 is named as
failure. Thus, each trial can have two outcomes namely, success or failure.

Two or more trials of a random experiment can be performed in two ways :

1.  The probability of success or failure remain constant in each trial. For example tossing

1
a coin n number of times, but in each trial probability of getting head is 5 Such trials

are called independent trials.

2. The probability of success/failure varies with each trial. For example in drawing card
from a deck of cards one after the other without replacement, in such trials if success
is taken to be drawing a card of spade, the probability of success in respective trials

will change.
1e. Trial 1st 2nd 3rd, ...
Probabili E 2 ﬂ
robability 57 51 507

The trials of first type i.e. independent trials with two out comes success or failure are
called Bernoulli trials.

Definition : Trials of a random experiment are called Bernoulli trials, if each trial has
exactly two outcomes and trials are finite and independent.

19.15 BINOMIAL DISTRIBUTION

The probability distribution of number successes in Bernoulli trials of a random experiment
may be obtained by the expansion of (g + p)" where

p = prob. of success in each trial
g = 1 — p, = prob. of failure

n = number of trials
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Such a probability distribution is called Binomial Distribution. In other words we can

say that in n Bernoulli trials of a random experiment, the number of successes can have
the value, O, 1, 2, 3, ....n.

So the Binomial Distribution of number of success : X, is given by
P(X = 0) = Ist term of the expansion of (g + p)”*
P(X= 1) = 2nd term of the expansion of (g + p)"

P(X = r) = (r + 1)th term of expansion of (g + p)"

P(X = n) = (n + 1)th term of expansion of (g + p)n
We know that

(q+p)="Cyq"+"C,q" " p+"Cyq" *p*+..+"C, ¢" " p +..+"C,p"
=~ Px=0)="C,q"

Px=1)="Cq"'p

P(X — r) — nCr qn—rpr

P(X =n) = "C, p".

A Binomial distribution with n Bernoulli trials and probability of success in each trial as
P, is denoted by B(n, p)

Let us now understand Binomial Distribution with following examples.

i el i) ) CRERPA Write the Binomial Distribution of number of successes in 3 Bernoulli

trials.

Solution : Let p = prob. of success (S) in each trial

g = prob. of failure (F) in each trial
Clearly g=1-p
Number of successes in three trials can take the values O, 1, 2 or 3

The sample space for three trials .........
S = {SSS, SSF, SFS, FSS, SFF, FSF, FFS, FFF}
where S and F denote success and failure.
Now P(S = 0) = P(FFF) = P(F) P(F) P(F) = q.q.q = ¢°
P(S = 1) = P(SFF, FSF or FFS) = P(SFF) + P(FSF) + P(FFS)
P(S).P(F) P(F) + P(F).P(S).P(F) + P(F) P(F) P(S)
p-4.q9- + q.p-q + q.9p = 3 ¢°p
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P(S = 2) = P(SSF or SFS or FSS) MODULE -V
= P(SSF) + P(SFS) + P(FSS) Statistics and
= P(S).P(S).P(F) + P(S) P(F)P(S) + P(F) P(S) P(S) Probability
= pp.q+pqp+qp.p =3qp*

P(S =3) = P(SSS) =P(S) . P(S) . P(S) = pp.p = p?

Hence the prob. distribution of number of successes is Notes
X, : 0 1 2 3
PX) ¢  3¢°p  3qp* P’

Also (¢ + p)* = ¢ + 3¢°p + 3p°q + p’
Note that probabilities of 0, 1, 2 or 3 successes are respectively the 1st, 2nd, 3rd and
4th term in the expansion of (g + p)°.

A die is thrown 5 times. If getting ‘an even number’ is a success, what
is the probability of.

(@) 5 successes

(b) at least 4 successes

(c) at most 3 successes?

Solution : Given X : ‘“aneven number”

1
Thenp =P(an even number) = g 5

N | W
N |-

q = P(not an even number) =

Since the trials of throwing die are Bernoulli trials.

So, P(r successes) = "C, ¢""p"

N2 7012 03
5 5
Here, n =5 (5 > (5

Now P(5 °C [1)5 - L
(a) ow P(5 successes) = " Cs ) 30

(b) P(at least 3 successes)
= P(3 success or 4 successes or 5 successes)

= P(3 successes) + P(4 successes) + P(5 successes).
5 5 5
1 1 1
5 5 5
=oc( L) el (L] e (2]
2 2 N2
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MODULE -V 5 5
Statistics and — [l] [w+5+1) — [lj 10+5+1) =E=l
Probability 2/ \3x2x1 2 32 2
(c) P(at most 3 successes)
= P(0 successes or 1 success or 2 success or 3 successes)
Notes = P(0 successes) + P(1 success) + P(2 successes) + P(3 successes)

5 5 5 5
1 1 1 1

5 5 5 5
— c[—j+c(—]+c[—]+c[—]
2 2 2\2 32

1 1 5x4 1 5x4x3 1
= —+5X—+——X—F+—————X—

32 32 2x1 32 3x2x1 32
= i[1+5+10+10]:é:£.

32 32 16

@
X CHECK YOUR PROGRESS 19.9

1. Find the following probabilities when a fair coin is tossed 10 times.
(a) exactly 6 heads
(b) at least 6 heads
(c) at most 6 heads

2. A pair of dice is thrown 4 times. If getting a doublet (1, 1), (2, 2)... etc. is considered
a success, find the probability of two successes.

3. From a bag containing 3 red and 4 black sells, five balls are drawn successively with
replacement. If getting ““a black ball” is considered “success”, find the probability of
getting 3 successes.

4. In alot of bulbs manufactured in a factory, 5% are defective. What is the probability
that a sample of 10 bulbs will include not more than one defective bulb?

5. Probability that a CFL produced by a factory will fuse after 1 year of use is 0.01. Find
the probability that out of 5 such CFL’s.
(a) none
(b) not more than one
(c) more than one
(d) at least one
will fuse after 1 year of use.

LET US SUM UP

° Complement of an event : The complement of an event A consists of all those outcomes

N
55

which are not favourable to the event A, and is denoted by 'not A'or by A .
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PY Event 'A orB': The event 'Aor B' occurs if either A or B or both occur. MODULE -V
PY Event 'A and B' : The event 'A and B' consists of all those outcomes which are favourable | Statistics and
to both the events A and B. Probability

° Addition Law of Probability : For any two events A and B of a sample space S
P(AorB)=P(A)+P(B) — P(AandB)
° Additive Law of Probability for Mutually Exclusive Events : If A and B are two

mutually exclusive events, then Notes
P(AorB)= P(AUB)=P(A)+P(B).

a
° Odds in Favour of an Event : If the odds for Aare ato b, then P (A) = P
If odds against A are a to b, then P (A) = P
° Two events are mutually exclusive, if occurrence of one precludes the possibility of
simultaneous occurrence of the other.
° Two events are independent, if the occurence of one does not affect the occurence of

other. If A and B are independent events, then P (A and B) = P (A). P (B) or
P(AnB)=P(A).P(B)
° For two dependent events P(AN B) = P(A).P(%)whereP(A) >0

or

P(AN B)=P(B)where P(4/,)/ P(B) >0

A) A(ANB) P(ANB)
° Conditional Probability P B = P(B ( /4) P A)
° Theorem of Total Probability

P(A)=P(E). P(§j+P(E2)_ p(Eij+...+P(En)_P(EAJ

1 2 n

° Baye's Theorem: If B,, B, --- B, are mutually exclusive events and A is any event that

Y 5i)

Bi (
occurs with B or B, or B, then ( j ZP (Bi), (% )
i

PY Mean and Variance of a Random Varibale
u=E(x)=2xiPi o> =2(xi—u)’ =2 xi?pi— i
z z z

—r

e  Binomial Distribution, P(x=r)=nc,p".q"

MATHEMATICS 461



MODULE -V
Statistics and
Probability

Notes

462

Probability

&

SUPPORTIVE WEB SITES

http://en.wikipedia.org/wiki/Probability
http://mathworld.wolfram.com/Probability

http://fen.wikipedia.org/wiki/probability _distribution
http://fen.wikipedia.org/wiki/Probability_theory
http://en.wikipedia.org/wiki/Bernoulli_distribution

Sl TERMINAL EXERCISE

In a simultaneous toss of four coins, what is the probability of getting
(a) exactly three heads ?

(b) atleast three heads ?
(c) atmost three heads ?

Two dice are thrown once. Find the probability of getting an odd number on the first die
or a sum of seven.

An integer is chosen at random from first two hundred integers. What is the probability
that the integer chosen is divisible by 6 or 8 ?

Abag contains 13 balls numbered from 1 to 13. A ball is drawn at random. What is the
probability that the number obtained it is divisible by either 2 or 3 ?

Find the probability of getting 2 or 3 heads, when a coin is tossed four times.
Are the following probability assignments consistent ? Justify your answer.
@ P(A)=06,PB)=05,P(AandB)=0.4

(b) PA)=02,PB)=03,P (Aand B)=0.4

c0 PA=P®B)=0.7,P(AandB)=0.2

A box contains 25 tickets numbered 1 to 25. Two tickets are drawn at random. What is
the probability that the product of the numbers is even ?

A drawer contains 50 bolts and 150 nuts. Half of the bolts and half of the nuts are rusted.
If one item is chosen at random, what is the probability that it is rusted or is a bolt ?

A lady buys a dozen eggs, of which two turn out to be bad. She chose four eggs to
scramble for breakfast. Find the chances that she chooses

(a) allgoodeggs
(b) three good and one bad eggs
(c) two good and two bad eggs (d) at least one bad egg.
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10. Two cards are drawn at random without replacement from a well-shuffled deck of 52 MOI_)U_LE -V
cards. Find the probability that the cards are both red or both kings. Stat'St'cs_ .and
Probability
> 1 > 2 - |
11. Let A and B be two events such that P(A) =E,P(B) =§,P(Aﬁ3) =Z,F1nd
P(A/B)and p(B/A)- Notes

12. Abag contains 10 black and 5 white balls. Two balls are drawn from the bag succes-
sively whithout replacement. Find the probability that both the balls drawn are black.

13. Find the probability distribution of X; where X denotes the sum of numbers obtained
when two dice are rolled.

14. Anurn contains 4 black, 2 red and 2 white balls. Two balls (one after the other without
replacement) are drawn randomly from the urn. Find the probability distribution of
number of black balls.

15. Find the mean and variance of number of kings when two cards are simultaneously
drawn from a deck of 52 cards.

16. Ten bolts are drawn successively with replacement from a bag containing 5% defective
bolts. Find the probability that there is at least one defective bolt.

17. Find the mean of the Binomial B [4, %) .

18. A die is thrown again and again until three sixes are obtained. Find the probability of
getting the third six in the sixth throw.

19. How many times must a man toss a fair coin so that the probability of having atleast
one head is more than 90%?

20. Find the probability of getting 5 exactly twice in seven throws of a die.
21. Find the mean number of heads in three tosses of a fair coin.

22. Afactory produces nuts, by using three machine A, B and C, manufacturing 20%, 40%
and 40% of the nuts. 5%, 4% and 2% of their outputs are respectively found to be
defective, A nut is drawn of randomly from the product and is found to be defective.
What is the probability that it is manufactured by the machine C?
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Satstosand || 725
Probability LYJ
CHECK YOUR PROGRESS 19.1
Lo 2 1 3= 4.2
Nores 6 2 2 4
5. 2 (i1) 2
5 5
6. @ = (id) = (iii) L (iV)L
36 36 12 36
7. 2 8. - 9. +
9 12 2
10. () 1 (i) L (iii) =
4 13 52
1. @ = (i1) e (i) s
12 6 36
12. (@) 1 (i) ! (iii) -
8 8 8
CHECK YOUR PROGRESS 19.2
1. 1 2. 20 3.(a) 4 (b) 38
8 39 25 245
P 6 (1)i (ii) . (i) >~
5525 10 6 30
10 8. 4 0. 60 10. —
133 7 143 4
CHECK YOUR PROGRESS 19.3
1. i 2. L 3. 2 4. z
13 3 16 12
5 4 6. 1 7. z 8. >
9 2 13 12
9. (@ 2 (b) 0.7 10. 2
18 11
11.  (a) 3 (b) 3 12. 3
6 36 4
13.  (a) The odds for Aare 7 to 3 . The odds against Aare 3 to 7
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13. (b) The odds for A are 4 to 1 and The odds against A are 1 to 4 MODULE -V
14 Z b 115 g b E 16 17 i 18 l Slt:tcﬁ)téll(l:)sil?tnd
- @y b1 @y (b) g 16 (), () - 7 y
CHECK YOUR PROGRESS 194
| N E N £ L B | , 1
L @ B35 @5 @5 L @5 5 - o
) AT | S E N ¢
- @35 053 2 - @y ®ion " 80
. 36 84 120 49
- @g ® 60 © T69 D 60
9. (a) Independent (b) Independent
CHECK YOUR PROGRESS 19.5
LB S R N S
' 51 T2 T 204 274 7
CHECK YOUR PROGRESS 19.6
.3 , 3 10
' 7 ' 111
CHECK YOUR PROGRESS 19.7
1. (a) Yes (b) No, as XP; is not 1
©) No, as one of the P, is —ve  (d) No as XP; is not 1
2. (@  x 0 1 2 ® X o 0 1 2
oy . 22416 b 3 10 1
@ 393 @9 X;) 36 36 36
CHECK YOUR PROGRESS 19.8
1. (a) w =23, Var = 1.01 (b) w = 0.15, Var = 0.4275
, .3
) h=7
3. X : 0 1 2 3 4 5
bxy .6 1 8 6 4 2
(X) 36 36 36 36 36 36

MATHEMATICS 465



Probability

MODULE - V 3 3 : s
Statistics and | 4- Mean u = 7, Var. (X)) = 3 5. Mean = —, Var. = —
> ¢ 2 V=8 3 18
Probability
CHECK YOUR PROGRESS 199
L los 193 53
' @ 512 (@ 512 ey
Notes
25 90 x 64 9
. 3 ey
216 7 20/\20
5 5 4
99 99 99
; () o (2) s
@ 100 ®) 100/ T2 100°
99 )" 5%99* 99 \3
1— + | 2=
© {(woj 100° } @ 1 (100)
TERMINAL EXERCISE
1 1 b S 15 ’ 7 3 1
' @7 ® T6 © To : 12 : 4
;. 2 5. 2 6 Only(a)isconsistent 7. 56
. 3 . 3 . nly (a) is consisten . 635
g S 9 14 b 16 1 J 19
‘ 8 ‘ (@) 33 ® 33 © 1 @ 33
10 53 11 31 12 3
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