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Letter to Learner

Dear Learner,

I welcome all of you to the Senior Secondary course in Mathematics. It gives me a great
pleasure that you have opted for Mathematics as one of your subjects of study. Study of
Mathematics contributes to the development of precision, rational and analytical thinking,
reasoning and scientific temper. These qualities, no doubt, are essential for success in life,
whatever career you choose. Mathematics is important fields in many professions like-
Engineering, Architecture, Statisticians, Commerce and Accountancy related profession,
Econometrics etc.

The present curriculum in Mathematics has been divided into two Parts.

Part-1 contains 19 Lessons under five modules. These modules are Sets, Relations and
Functions; Sequences and Series; Algebra-1; Co-ordinate Geometry, and Statistics &
Probability. Similarly Part-2 contains 19 Lessons from five modules. These modules are
Algebra-1I; Relations and Functions; Calculus; Vectors and Three Dimensional Geometry;
and Linear Programming & Mathematical Reasoning.

All efforts have been made to give related illustrations and examples for your better
understanding. You should go through all solved examples and try to solve all problems
under “Check Your Progress” and “Terminal Exercise” independently given at the end
of each lesson.

If you face any difficulty, please do not hesitate to write to me. Your suggestions and
doubts are most welcome.

Wish you a bright future.

Yours,

NIOS Course Team




MATHEMATICS IN INDIA

Mathematics is considered to be a system of logic. It is the subject of systematic study of quantitative
phenomena around us. It is based on certain logical connotation of numbers and integral part of
human civilisation. Mathematics is a creative activity and is one of the most useful, fascinating
and stimulating divisions of human knowledge. It is a process of managing and communicating
information and has the power to predict and provide solutions to practical problems as well as
enabling the individual to create new imaginative worlds to explore. We use Mathematics in
everyday life, in science, in industry, in business and in our free time. Mathematics education is
concerned with the acquisition, understanding and application of skills. Mathematical literacy is
of central importance in providing the learner with the necessary skills to live a full life as a child
and later as an adult. Society needs people who can think and communicate quantitatively and
who can recognize situations where Mathematics can be applied to solve problems. Itis necessary
to make sense of data encountered in the media, to be competent in terms of vocational
mathematical literacy and to use appropriate technology to support such applications.

The earliest traces of Mathematical knowledge in the Indian subcontinent appear right from the

ancient period. The three main contributions in the field of Mathematics were the notation system,
the decimal system and the use of zero. Aryabhata worked on the place value system using
letters to signify numbers. The most significant contribution of Indian Mathematicians were the
introduction of zero (0) to the Mathematics, which is understood as “nothing”. The concept itself
was one of the most significant inventions in the ascent of humans for the growth of culture and
civilization. Brahmagupta introduced negative numbers and operations on zero into Mathematics.
He wrote Brahm, Sputa Siddantika through which Arabs came to know them the Mathematical
system. Bhaskaracharya otherwise known as Bhaskara-1I was one of the most powerful and
creative mathematicians of ancient India. He contributed the idea of infinity, negative numbers
and Zero rules in the field of Mathematics.

Baudhayan was the first one ever to arrive at several concepts in Mathematics, which were
later rediscovered by the western world. The value of Pi (72’ ) was first calculated by him. Pythagoras

theorem is already found in Baudhayan’s Sulvasutra, which was written several years before the
age of Pythagoras. Mahaviraacharya another prominent Mathematician in India contributed
on trigonometric functions and cubic equations. He described Fraction, algebraic equations,
logarithms and exponents in a very interesting manner. Sridhar another highly esteemed Indian
Mathematician who has contributed to the solution quadratic equation.

Astronomy is the applied Mathematics that used Mathematical equations to describe the universe
or to predict various aspects of the universe. Mathematics is and always has been of central
importance to astronomy. In ancient India, Nagarjuna a famous astronomer as well as
mathematician used different equations of Mathematics to describe motion of stars and planets.
Varahamihira was an Indian astrologer whose main work was on mathematical astronomy. He
discovered a version of Pascal’s triangle and worked on magic square much before Pascal’s
period. He was also aware of gravity over a millennium before Newton.




During modern period, Srinivasa Ramanujan was one of India’s greatest Mathematical geniuses.
Ramanujan’s contribution was mostly on Number theory and he had obtained over mastery the
number 1729. Ramanujan discovered that 1729 is the smallest number which could be represented
in two different ways as a sum of two cubes. After that,1729 has been called “Ramanujan-Hardy
number”. Shakuntala Devi is a world renowned Indian Mathematician. She has been nicknamed
‘Human Computer’” because of her innate ability to solve complex mathematical problems without
using any kind of aid.

The main goal of Mathematics education in schools is the Mathematisation of the child’s thinking.
Clarity of thought and pursuing assumptions to logical conclusions is central to the Mathematical
enterprise. There are many ways of thinking, and the kind of thinking one learns in Mathematics
is an ability to handle abstractions, and an approach to problem solving. The procedural knowledge
1.e. to solve problems for getting answers only is not enough. At the Senior Secondary stage one
needs to develop both procedural as well as conceptual knowledge for better understanding of
Mathematics. Success in Mathematics requires more than just computational skills. It also requires
the ability to apply Mathematics in solving problems, to more information from a variety of
sources. Senior Secondary stage is the launching pad from which the learner is guided towards
career choices, whether learners aspire in university education or otherwise. By this time, the
learners’ interests and aptitude have been largely determined, and Mathematics education in
these two years can help in sharpening their abilities.

Many university degrees require Mathematics as a pre requirement. Learners who choose not to
take Mathematics seriously or to ignore it in secondary and senior secondary level forfeit many
future career opportunities that they could have. They essentially turn their backs on more than
half the job market. The importance of mathematics for potential careers cannot be over
emphasized. To get degrees in the following areas i.e. the Physical Sciences (Chemistry, Physics,
Engineering), the life and health sciences (Biology, Psychology, Pharmacy, Nursing, Optometry),
Social Sciences, including Anthropology, Communications, Economics, Linguists, Education,
Geography the Tech Sciences, like Computer Science, Networking, Software development,
Business and Commerce Medicine, Actuarial science, used by insurance companies, one need
to have good knowledge of Mathematics and Statistics. Learning Mathematics at Senior
Secondary stage helps to choose a career in several areas. The diagram below depicts some of
these fields.
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How to Use the Study Materials

You should note that taking admission in the National Institute of Open Schooling (NIOS), you
have entered in a system where studying is different than in a formal school.

You Are a Self Learner Now

Inaschool, a teacher is always available to take classes, clarify doubts, guide and encourage.
There you also must be discussing with your peer-group, going to the library, doing practicals,
participate in co-curricular activities, watching educational TV, Radio programmes etc. All this
was also contributing to your learning.

However, in the NIOS, there is no teacher available and you have to learn on your own, It means
that you have become a self-learner. Responsibilities of a self-learner are much more than a
normal learner who is dependent on a teacher; but at the same time it is also challenging. Here it
is solely you, who is responsible for your learning. It means that you have to organize your study,
learn regularly, keep up your motivation and achieve your goal.

Understanding Your Learning Material

The NIOS will help you by providing learning material, part of which is in your hands at this
moment. We call them learning materials because these are different from the textbooks you
have read in your schools. Here the textbooks and the teachers have been put together. You will
find that the contents, concepts and topics have been explained here in a way the teacher does in
a classroom. You will also find examples and illustrations to help you understand the things

properly.

This is the reason you will find them bulky, but let this shall not frighten you. You will find a few
sections in your lessons. Let us know the purpose of these:

Introduction: It introduces the topic to you.

pe Objectives: Here you will find the list of objectives, which you shall achieve after

L@ learning the lesson. You can actually check whether or not you have achieved these
because these are presented in measurable terms.

N Check Your Progress: These will appear after every section of the lesson. They will

NN contain objective, very short answer, short answer and long answer type questions

based on each lesson. This will help you to find whether you have learnt the section or
not. Your will find the key to these questions at the end of the lesson. If you are able
to answer the questions, then you can proceed further otherwise you should learn the
section again.

Let us Sum up: Here you will find the summary of the main concepts of the lesson
for recapitulation and revision.

N
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Terminal Exercise: Here short answer and long answer type questions are given to
help you enhance your learning and give you an opportunity to practice for examination.

Answers: Answers of all “Check Your Progress” and ‘“Terminal Exercise” are given
at the end of each lesson. Some hints are also given in case of difficult questions.

$

Apart from the learning material, you will also get, sample papers, previous year
question papers, etc., for help in your studies and for practice for examination.




Personal Contact Programmes

A few sessions/ classes would be provided to you at the center. You should, however, note that
those are not meant for teaching you as it happens in a normal school. Here you will have an
opportunity to clarify your doubts, solve your problems and get guidance and advice on your
study. So go to the classes well prepared to get maximum benefit.

Use of Audio and Video Programmes

NIOS has also developed a few audio and video programmes, which will be very interesting for
you and will help you in your studies. You can take copies of this from your Center.

Planning and Organizing Your Study
Let me also give you some tips for planning and organizing your study.

First of all, you need to understand that there is no substitute for hard work. Harder you work
better you achieve. Also, there are no short cuts to success. If someone has given you assurance
of helping you in passing, then that will not work as there will be strict checking and vigilance in
the exam. Even if you are able to get through somehow, you will not gain any learning. So in order
to succeed in an honest way and get benefit of your learning in your life, you need to learn.

As you must have understood by now, the NIOS provides a lot of freedom and flexibilities in
your study. For example, there is no need to take examination in all the subjects simultaneously.
So, first of all, think about the time available with you and decide whether you wish to study all
the subjects together or you wish to learn them one after the other. Just gambling in all the
subjects will bring you to a situation where you will not be able concentrate on any subject.

Now fix up a time for study, evening, morning or daytime whichever is convenient Draw a
timetable giving justified time to the subjects you have taken up for study and follow this as far as
possible. While you study, underline the concepts you feel are important. You should study from
NIOS learning material. In addition you may read other-books, if you have time. However, for
your purpose, this material will be sufficient. Keep a copy each for the subjects you are preparing.
Note down the points you did not understand. Discuss these with your parents, friends or teachers
at the centres.

Solve all the exercises, and practice exercises of each module appearing in the material. This
will not only help you in learning, but also provide practice for your examination. You may also
like to solve sample papers and previous years’ question papers. Show your answers to your
parents and friends and discuss with them.

These were a few hints to help you. You may find some other techniques which may work
better with you. Follow those, if you like. I am sure you will be successful in your endeavor.
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MODULE-VI:
Algebra-I1

Lesson-20: Matrices
Lesson-21: Determinants

Lesson-22: Inverse of a Matrix and its Applications

Scope and Approach:

The study of the field of Linear Algebra will equip you with the requisite background knowledge
and understanding which will enable you to understand such topics as simple linear equations
and their solutions; vectors and operations on vectors; matrices and operations on matrices.
Matrices are used in a large number of disciplines. In this module you shall learn about matrices
and shall confine yourself to the study of basic laws of matrix algebra. You shall also understand
the concept of elementary row and column operation and invertible matrices. In this module
you shall learn about determinants, their expressions, minors and cofactors, their elementary
properties, applications of determinants in finding the area of triangle, adjoint and inverse of a
square matrix, consistency and inconsistency of system of linear equations and unique solution
of linear equations in two or three variables using inverse of a matrix.







20

MATRICES

In the middle of the 19th Century, Arthur Cayley (1821-1895), an English mathematician created
a new discipline of mathematics, called matrices. He used matrices to represent simultaneous
system of equations. As of now, theory of matrices has come to stay as an important area of
mathematics. The matrices are used in game theory, allocation of expenses, budgeting for
by-products etc. Economists use them in social accounting, input-output tables and in the study
of inter-industry economics. Matrices are extensively used in solving the simultaneous system of
equations. Linear programming has its base in matrix algebra. Matrices have found applications
not only in mathematics, but in other subjects like Physics, Chemistry, Engineering, Linear
Programming etc.

In this lesson we will discuss different types of matrices and algebraic operations on matrices in
details.

\&Z| OBJECTIVES

After studying this lesson, you will be able to:

° define a matrix, order of a matrix and cite examples thereof;

° define and cite examples of various types of matrices-square, rectangular, unit, zero,
diagonal, row, column matrix;

° state the conditions for equality of two matrices;

° define transpose of a matrix;

° define symmetric and skew symmetric matrices and cite examples;

° find the sum and the difference of two matrices of the same order;

° multiply a matrix by a scalar;

° state the condition for multiplication of two matrices; and

° multiply two matrices whenever possible.

° use elementary transformations

° find inverse using elementary trnsformations

. Knowledge of number system

° Solution of system of linear equations

MODULE - VI
Algebra -lI

Notes

MATHEMATICS



MODULE - VI
Algebra -lI

Notes

20.1 MATRICES AND THEIR REPRESENTATIONS

Suppose we wish to express that Anil has 6 pencils. We may express it as [6] or (6) with the
understanding that the number inside [ ] denotes the number of pencils that Anil has. Next
suppose that we want to express that Anil has 2 books and 5 pencils. We may express it as
[2 5] with the understanding that the first entry inside [ ] denotes the number of books; while
the second entry, the number of pencils, possessed by Anil.

Let us now consider, the case of two friends Shyam and Irfan. Shyam has 2 books, 4 notebooks
and 2 pens; and Irfan has 3 books, 5 notebooks and 3 pens.

A convenient way of representing this information is in the tabular form as follows:

Books Notebooks Pens
Shyam 2 4 2
Irfan 3 5 3

We can also briefly write this as follows:

First Column Second Column Third Column
l d l
First Row 2 4 2
Second Row 3 5 3

This representation gives the following information:

(1) The entries in the first and second rows represent the number of objects (Books,
Notebooks, Pens) possessed by Shyam and Irfan, respectively

2) The entries in the first, second and third columns represent the number of books, the
number of notebooks and the number of pens, respectively.

Thus, the entry in the first row and third column represents the number of pens possessed
by Shyam. Each entry in the above display can be interpreted similarly.

The above information can also be represented as

Shyam Irfan
Books 2 3
Notebooks 4 5
Pens 2 3

MATHEMATICS



which can be expressed in three rows and two columns as given below:

2 3
4
2 3

The arrangement is called a matrix. Usually, we denote a matrix by a capital letter of

English alphabets, i.e. A, B, X, etc. Thus, to represent the above information in the form of a
matrix, we write

2 2 3
Am 4 or 4 5
2 2 3

Note: Plural of matrix is matrices.

20.1.1 Order of a Matrix: Observe the following matrices (arrangement of numbers):

1 i 1 0 -1 =2

2 -1 ) )
() |:3 4} (b) ] 1+ © 2 3 4 5
1+ 1 4 -1 -2 0

In matrix (a), there are two rows and two columns, this is called a 2 by 2 matrix or a matrix of
order 2 x 2. This is written as 2 x 2 matrix. In matrix (b), there are three rows and two
columns. Itis a3 by 2 matrix or a matrix of order 3 x 2. Itis writtenas 3 x 2 matrix. The
matrix (c) is a matrix of order 3 x 4.

Note that there may be any number of rows and any number of columns in a matrix. If there
are m rows and n columns in matrix A, its orderis m x nandit isread asanm x »n matrix.

Use of two suffixes i and j helps in locating any particular element of a matrix. In the above
m x nmatrix, the element a, belongs to the ith row and jth column.

ayap ayz--a; - dy,
Ay Ay Uyttt Uyttt ly,
A=|ayas;, Ayt dy; -l
a, a4z a; - a,
| Gy Gy @y, |

A matrix of order m x n can also be written as

A= [aij], i=1,2,....,m; and
Jj=12,..,n

MODULE - VI
Algebra -lI

Notes

MATHEMATICS



MODULE - VI
Algebra -lI

Matrices

| 'e1110) (P11 8 8 Write the order of each of the following matrices:

2 3 4 1 2 3
O g 5] @ 7 G 237 @ |4 5 10

Notes

Solution: The order of the matrix
{)is2 x 2 ()is3 x 1
(ii)is1 x 3 (iv)is2 x 3

|5V 111) PN For the following matrix

A=

W O
N W O
W N =
AN B

(i) find the order of A
(i) write the total number of elements in A

(ii1) write the elements a,, d,, a, and a,, of A

(iv) express each element 3 in A in the form a,
Solution: The order of the matrix
(i) Since A has 3 rows and 4 columns, A is of order 3 x 4.

(i) number of elementsinA =3 x 4=12
(i) a,, =2; a, =2; a, =4 anda, =6

(iv) a,,,a,, and a,,

D eV PR [f the element in the ith row and jth column ofa 2 x 3 matrix A is given by
i+2j

, write the matrix A.

. i+2j
Solution: Here, a; = T (Given)

1+2x1 3 1+42%x2 5 1+2%x3 7

1= =50 4p = =55 a3 = =7

2 2 2 2 2 2
2+2x1 2+2%2 2+2%3

21 = 2 :2; a22 = 2 :3; a23 = 2 :4

[ 4 | MATHEMATICS



a e a2 2 7
Thus A= { 1 12 13 } _|3 > >
’ ay as Ay o) 3 4

I el PR E There are two stores A and B. In store A, there are 120 shirts, 100 trousers

MODULE - VI
Algebra -lI

and 50 cardigans; and in store B, there are 200 shirts, 150 trousers and 100 | Notes

cardigans. Express this information in tabular formin two different ways and

also in the matrix form.
Solution:
Tabular Form 1 Matrix Form
Shirts Trousers Cardigans
Store A 120 100 50 . 120 100 50
Store B 200 150 100 200 150 100
Tabular Form 2 Matrix Form
Store A Store B 120 200
Shirts 120 200
Trousers 100 150 = 100 150
Cardigans 50 100 50 100

CHECK YOUR PROGRESS 20.1

Marks scored by two students A and B in three

tests are given in the adjacent table. Represent Test1| Test2 | Test3

this information in the matrix form, in two ways | A 56 65 71

B 29 37 57

2. Three firms X, Y and Z supply 40, 35 and 25
truck loads of stones and 10, 5 and 8 truck

loads of sand respectively, to a contractor. Express this information in the matrix form

in two ways.
3. In family P, there are 4 men, 6 women and 3 children; and in family Q, there are 4 men,
3 women and 5 children. Express this information in the form of a matrix of order 2 x 3.
4. How many elements in all are there in a
(a) 2 x 3 matrix (b) 3 x 4 matrix (c) 4 x 2 matrix
(d) 6 x 2 matrix (e) a x b matrix (f) m x nmatrix
MATHEMATICS



Matrices

MODULE - VI 5. What are the possible orders of a matrix if it has
Algebra -lI (a) 8 elements (b) 5 elements (c) 12 elements (d) 16 elements

6. In the matrix A,

Notes

A W 9
A O O~
0 W N oo
N
— O O\ W

find: (a) number of rows;
(b) number of columns;
(©) the order ofthe matrix A;

(d) the total number of elements in the matrix A;
(©) 4505550505 and a,,
7. Construct a3 x 3 matrix whose elements in the ith row and jth column is given by

i2 +2 N2
(@)i—j ® ©) % (d) 3/ —2i

8. Construct a 3x 2 matrix whose elements in the ith row and jthcolumn is given by

@i+3j  (0)5ij. () di+j-2

20.2 TYPES OF MATRICES

Row Matrix: A matrix is said to be a row matrix if it has only one row, but may have any

number of columns, e.g. the matrix [1 6 0 1 2] iS a row matrix.

T[he order of arow matrixis 1 x n.

Column Matrix: A matrix is said to be a column matrix if it has only one column, but may

have any number of rows, e.g. the matrix is a column matrix. The order of a column

~N O W

matrixism x 1

Square Matrix: A matrix is said to be a square matrix if number of rows is equal to the

[ 6 | MATHEMATICS



number of columns, e.g. the matrix

MODULE - VI

having 3 rows and 3 columns is a square | Algebra -lI

w O =
A~ O N
N = W

matrix. The order of a square matrix is n x n or simply n.

Notes
The diagonal of a square matrix from the top extreme left element to the bottom extreme right

element is said to be the principal diagonal. The principal diagonal of the matrix

2 35
4 1 7 |containselements 2,1 and9.
3 8 9

Note:Inany given matrix A = [a,] of order m x n, the elements of the principal diagonal are

a . .a,,,a a

11>%%222%33%°°°>nn

Rectangular Matrix: A matrix is said to be a rectangular matrix if the number of rows is not

equal to the number of columns, e.g. the matrix 2 3 45 having 3 rows and 4 columns
1 2 3 0
-1 2 1 3

is a rectangular matrix.It may be noted that a row matrix of order 1Xn (n # 1) and a column

matrix of order m X 1 (m # 1) are rectangular matrix.
Zero or Null Matrix: A matrix each of whose element is zero is called a zero or null matrix,

e.g. each of the matrix

0 0|0
0 0|0 0O
[0 0], : .0 0,[0 0 0
0 0|0 OO
0 0]1]0
is a zero matrix. Zero matrix is denoted by O.

Note: A zero matrix may be of any order m x n.

Diagonal Matrix: A square matrix is said to be a diagonal matrix, if all elements other than
those occuring in the principal diagonal are zero, i.e., if A = [a; ] is a square matrix of order m

x N, then it is said to be a diagonal matrix if a,= Oforalli# j.
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For example, are diagonal matrices.

300
0 4 0y
0 0 5

S O O N
S O W O
S = O O
o O O O

Note: Adiagonal matrix A = [a;],,,is also writtenas A = diag [4,,,4,, ,4,;,...,4,, ]

Scalar Matrix: A diagonal matrix is said to be a scalar matrix if all the elements in its

principal diagonal are equal to some non-zero constant, say k e.g., the matrix | ~ 300
0 -3 0
0 0 -3

is a scalar matrix.

Note: A square zero matrix is not a scalar matrix.

Unit or Identity Matrix: A scalar matrix is said to be a unit or identity matrix, if all of its
elements in the principal diagonal are unity. Itis denoted by 7, ifitis of order n e.g., the

1 0 O
0O 1 O
matrix 0 0 1 1s a unit matrix of order 3.

0, wheni # j
Note: Asquare matrix A = [a; ] is a unit matrix if ¢; =

1,wheni= j
Equal Matrices: Two matrices are said to be equal if they are of the same order and if their
corresponding elements are equal.
If A is amatrix of order m x n and B is a matrix of order p x r, then A = Bif
(1) m=p;n=r; and
(2)a;, =b; forall 3 x 2 andj=1,2,3,..,n

Two matrices X and Y given below are not equal, since they are of different orders, namely
2 x 3and 3 x 2 respectively.

[ 8 | MATHEMATICS



7 1 3
X = , Y=
215

Also, the two matrices P and Q are not equal, since some elements of P are not equal to the
corresponding elements of Q.

b |1 37 [-1 36
_012’Q_021

| €111 (P L8 Find whether the following matrices are equal or not:
2 1 25
O A=s 6] P71 6

_ 0

.. 01 7

@ P= ,0=|2 3 5
2 35 0

W =
N = N

2 1 3 2 1 3
.. X=|-1 0 6| Y=|-1 0
(i) ,
7 1 0 7 1 0]
Solution:
@) Matrices A and B are of the same order 2 x 2. But some of their corresponding

elements are different. Hence, A # B.
(ii) Matrices P and Q are of different orders, So, P # Q.

(i) Matrices X and Y are of the same order 3 x 3, and their corresponding elements are
also equal.

So, X =Y

| €111 LI Determine the values of x and y, if

O [x 5]=[2 5] G m:m (it B _2y}:B ﬂ

Solution: Since the two matrices are equal, their corresponding elements should be equal.

) x=2 (i) x=4, y=3 (i) x=1, y=-5
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MODULE - VI | D@V i) P WA For what values of a, b, ¢ and d, are the following matrices equal?
Algebra -lI
a -2 2b 1 2 4
o A= » B=
6 3 d 6 5¢ 2
a b-2d 5 1
Notes
(ii) P=| -3 2b |, 0=|-3 6
a+c 7 4 7
Solution:
@) The given matrices A and B will be equal only if their corresponding elements are
equal, i.e. if

a=1, 2b=4,3=5¢, and d=2
3
= a=1, b=2, c=§ and d=2

3
Thus,fora=1, b=2, c= g and d = 2 matrices A and B are equal.

(i) The given matrices P and Q will be equal if their corresponding elements are equal,
re.if

2b=6, b—2d =1, a=5anda+c=4
= a=5b=3, c=—landd =1

Thus, for a =5, b=3, ¢ =—1 and d =1, matrices P and Q are equal.

e\
LAA CHECK YOUR PROGRESS 20.2

1. Which of the following matrices are

(a) row matrices (b) column matrices (c) square matrices (d) diagonal matrices
(e) scalar matrices (f) identity matrices and (g) zero matrices

2

7 0 0O 20
9C: D= .

8 [O 0 O}; |:() 2j|

0

2>

Il
©c o
S v o
o © o

>

Il
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12 4 100
E=|3 9 8| F=|0 10
102 00 1
2 -1
2 3 7
G=[3 4 10 8], H= L I=13 2
1 4 9 Lo

2. Find the values of a, b, ¢ and d if
b 2 ] [10 12 a+2 47 [4 2
@ p+d c-24]| |8 2| ® |p+3 25| |6 54

2a b] [3 -2
© |4 6| |d 3

3. Can a matrix of order 1 x 2 be equal to a matrix of order 2 x 1?

4, Can a matrix of order 2 x 3 be equal to a matrix of order 3 x 3?

20.3 TRANSPOSE OF A MATRIX

Associated with each given matrix there exists another matrix called its transpose. The
transpose of a given matrix A is formed by interchanging its rows and columns and is denoted

by A" or A, e.g. if

A=[4 0 3| thn?=|2 06
76 1 33 1

In general, If A = [aij] isanm x n matrix, then the transpose A” of Aisthen x m

matrix; and, (aij)th element of A = (aﬁ)th element of A’

20.3.1 Symmetric Matrix

A square matrix A is said to be a symmetric matrixif A" = A.

For example,
2 3 I 2 3 1-i
ffa=3 4 2i) thenA'=| 3 4 2
=iz s 1-i 2i 5
MATHEMATICS
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Since A” = A, A is asymmetric matrix.

Note: (1) In a symmetric matrix A = [aij]n .

a.=a_foralliandj
ij Ji K .
2) A rectangular matrix can never be symmetric.

20.3.2 Skew-Symmetric Matrix

A square matrix A is said to be a skew symmetricif A" = — A, i.e. a,=-a, for all i
and j.
For example,
0 c d 0 — —-d
IfA= - 0 f,thenA'=c 0 —f
-d —-f 0 d f 0
0 — —-d
Bud =|¢ 0 =/ , which is the same as A’

A'=-A

Hence, A is a skew symmetric matrix

nX,

Note: Ina skew symmetric matrix A = [a,-j] = 0, fori=j

1.e. all elements in the principal diagonal of a skew symmetric
matrix are Zeroes.

20.4 SCALAR MULTIPLICATION OF A MATRIX

Let us consider the following situation:
The marks obtained by three students in English, Hindi, and Mathematics are as

follows:
English Hindi Mathematics
Elizabeth 20 10 15
Usha 22 25 27
Shabnam 17 25 21

It is also given that these marks are out of 30 in each case. In matrix form, the above
information can be written as

MATHEMATICS



20 10 15 (It is understood that rows correspond to the
2225 27 names and columns correspond to the subjects)
17 25 21

If the maximum marks are doubled in each case, then the marks obtained by these girls will also
be doubled. In matrix form, the new marks can be given as:

2x20 2x10 2x15 40 20 30
2x22 2x25 2x27 which s equal to 44 50 54
2x17 2x25 2x21 34 50 42

So, we write that

20 10 15 2x20 2x10 2x15 40 20 30
2x|22 25 27| =|2x22 2x25 2x27|=|44 50 54
17 25 21 2x17 2x25 2x21 34 50 42

Now consider another matrix

3 2
A=|-2 0
1 6

Let us see what happens, when we multiply the matrix A by 5

3 2 5x3 5%x2 15 10
ie. SXA=5A=5%x|-2 0|=|5%x(-2) 5x0|=|-10 O
1 6 S5x1 5x6 5 30

When a matrix is multiplied by a scalar, then each of its element is multiplied
by the same scalar.

For example,
2 -1 kx2 kx(=1) 2k —k
if A= then kA = =
6 3 kx6  kx3 6k 3k

2 1
Whenk=-1,kA=(-DA=|_o _,
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-2 3 4
I eI PR E If A = , find
-1 0 1

2
O 24 G LA G) -A @) —A
2 3
Solution:
, {—2 3 4} {2><(—2) 2%x3 2x4} {—4 6 8}
(i) Here, 2A =2X = =
-1 0 1 2x(=1) 2x0 2xl1 -2 0 2
X(=2) —x3 —x4 A
-2 3 47 |7XE2) 3 5 -1 =
(i) %A_%X{l 0 1}: 1 =00
B —x(-1) —x0 —xI1 -— 0 =
2 2 2
A—(l)x_2 3 4] [2 -3 -4
(@) N 10 1] |1 0 -1
4, 8
2A=Z =2 3 4 - 3 3
iv) 3 3[-1 0 1] [_2 4 2
3 3
@
L ' @ CHECK YOUR PROGRESS 20.3
M
1. If A= find:
2 3
(a) 4A (b) -A (o) lA (d) —EA
2 2
. 0 -1 2
2. wA=|; | | find:
1 1
@ S5A b 34 © -A @ -——-A
3 2
MATHEMATICS
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3. 1A= 2| find(-7)A
0 -1
3 01 Notes
4. IX=| 4 -2 0/, find:
-1 05
1 1
@ X 0 “4X © X @ ;X
5. Find A’ (transpose of A):
A_'z —1 A_‘4 10 9
@ "4 3 ®) “l6 8 7
(1 =2 1 0 0
o A=l4 - @ A=[0 10
6 9 0 0 1

6. For any matrix A, prove that (A”)" = A

7. Show that each of the following matrices is a symmetric matrix:
) 1 -1 2
2 -4
-1 2 -3
(@ } (b)
-4 3 2 3 4
la b ¢ 1 0 0
b d 01 0
© ‘ @
c e f 0 0 0
8 Show that each of the following matrices is a skew symmetric matrix:
0 i 4
0 -3 . .
- 0 2—i
(@) [ } (b) ’
3.0 4 2+i 0

MATHEMATICS 15
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0 -2 0 0o -1 7
2 +

© 0 ) 1 0 5
0 -4 0 -7 =5 0

20.5 ADDITION OF MATRICES

Two students A and B compare their performances in two tests in Mathematics, Physics and
English. The maximum marks in each test in each subject are 50. The marks scored by them
are as follows:

First Test Second Test
M P E M P E
A 50 38 33 A 45 32 30
B { 47 40 36} B {42 30 39}

How can we find their total marks in each subject in the two tests taken together ?

Observe that the new matrix giving the combined information of two matrices

M P E M P E
A {50+45 38432 33+30} A [95 70 63
B | 47+42 40430 36439 B |89 70 75

This new matrix is called the sum of the given matrices.

If A and B are any two given matrices of the same order, then their sum is
defined to be a matrix C whose respective elements are the sum of the corresponding
elements of the matrices A and B and we write thisas C =A + B.

1. The order of the matrix C will also be the same as
that of A and B.
2. Itisnot possible to add two matrices of different
orders.
5 2
Example 20.9 BisINGIE WS L ol then find A + B.
Solution: Since the given matrices A and B are of the same order, i.e. 2 x 2, we can
add them. So,
145 342
A+ B =
4+1 2+0

MATHEMATICS
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0O 1 -1 3 0 4
Example 20.10 QiR and B = , then find A + B.
2 3 0 1 2 1 Notes
Solution: Since the given matrices A and B are of the same order, i.e. 2 x 2, we can
add them. So,

0+3 1+0 —1+4 313
A+B= _
2+1 342 0+1 35 1

20.5.1 Properties of Addition

Recall that in case of numbers, we have

) X+ Yy = y+X, ie., addition is commutative
(i) x+(y+2)=(x+y)+z, ie., addition is associative
(iii) x+0 = x, ie., additive identity exists

(iv) x+(—x) =0, ie., additive inverse exists

Let us now find if these properties hold true in case of matrices too:

1 2 0o 2
Let A= 1 3 and B = 1 3 , Then,

140 2-2] [1 O
A+B = =
—1+1 3+3 0 6
and ~ _
0+1 -2+2 1 0
I+  3+3 | [O 6}

We see that A + B and B + A denote the same matrix. Thus, in general,
For any two matrices A and B of the same order, A+ B=B +A

i.e. matrix addition is commutative

0 3 1 -4 1 0
Let A= , B= and C = . Then,
-2 1 0o 2 2 3

MATHEMATICS
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[0 3] [1+1 —4+0] [0 3] [2 —4
A+(B+C) = + = +
2 1] [0+2 243 |T|=2 1] [2 5
[0+2 3+(-4)] [2 -
“|2+2 145 |T |0 6
A+ B+ C [0+1 3+(=H] [1 0 1 =11 [1 0
+B)+C = + - +
and 2+0 1+2 | |2 3] 7|2 3] |2 3
[ 1+1 —-1+0] [2 -1
- [-2+2 3+43] 7|0 6

We see that A + (B + C) and (A + B) + C denote the same matrix. Thus, in general
For any three matrices A, B and C of the same order,
A+ B +C)=(A +B) + Ci.e., matrix addition is associative.

Recall that we have talked about zero matrix. A zero matrix is that matrix, all of whose elements
are zeroes. It can be of any order.

0 O

0 0l Then,

2 2
A:4 5 and O =

Let
240 —2+0] [2 =2
A+0 = - = A
440 540 |4 5
oo a_[0¥2 0-2]_[2 2]_
+ = = =
and 0+4 0+5] |4 5

We see that A + O and O + A denote the same matrix A.
Thus, we find that A + O =A = O + A, where O is a zero matrix.
The matrix O, which is a zero matrix, is called the additive identity.

Additive identity is a zero matrix, which when added to a given matrix, gives

the same given matrix, i.e., A+ O =A4=0 + A.

Example 20.11 IfA—2O g=| > 1 d -0
find:  (a)A+B ) B+C () (A+B)+C () A+(B+C)
MATHEMATICS



Solution:

(@)

(b)

(©

(d

Example 20.12 i [ 1

Solution:

(b)

(2 0 -3 1
A+B= + —
1 3} { 1 2}
-3 1 -1 0
B+C = + —
-1 1
(A+B)+C =
2 5

B -D+(-1) 1+0
= 5+3

[2 O}
A+(B+(C)=
1 3

2+(-4) 0+1
- 3+5

}andO

1+1

3 5
-1 0

then find (a) A+ O (
What do you observe
-2

(a) A+O=[1

-2+0 3+0
1140 -1+0

+
0
2+0

—4
+
1

b)O+A
?

3 5]
-1 0]

5+0]
O+O_

3

2+(=3) 0+1
1+1  3+2

{(—3) +(=D

1+0
1+0 2+3
0
3

... [From (a)]
2 1

2 8

... [From (b)]
-2 1

2 8

0O 0 0
0 0 O

0 0 0
+

0 0 0
[-2 3 5
11 -1 0

)

|

>

—4
1

0 0 0] [
O+4=1g o ol |1

5
-1 0

1
5

|
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0+3 O0+5
0+(-1) 0+0

0+(=2)
Tl 0+1

-2 3 5
1 -1 0
From(a) and (b), we see that
A+O=0+A=A
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20.6 SUBTRACTION OF MATRICES

Let A and B two matrices of the same order. Then the matrix A—B is defined as the subtraction
of BfromA. A~B isobtained by subtracting corresponding elements of B from the corresponding
elements of A.

We can write A=B = A+(—B)

Note: A—B and B—A do not denote the same matrix, except when A= B.

3 2

10
Example 20.13 Qi A{z _J and B = L 4} then find

(a) A—B (b) BA
Solution : (a) We know that
A—B=A+ ("B)

3 2 -3 =2
Since B = 1 4 ,wehave —B= 1 -4

Substituting it in (1), we get

1 0] [-3 -2
ATB=1o 4% |21 -4
3 1+(-3) 0+(-2) -2 -2
T 24D D+ 7|1 -5
(b) Similarly,
B-A =B +(-A)

3 2 -1 0 3+(=1) 2+0 2 2
BA=I1 4] * 22 1|7 1+(=2) 4+41|7|-1 5
Remarks : To obtain A=B, we can subtract directly the elements of B from the corresponding
elements of A. Thus,

1-3 0-27 [—2 -2
AB=157_1 _1-4|=|1 =5

3-1 2-0 2 2
and = B7A=\1_ o 41 |T|-1 5

MATHEMATICS
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Example 20.14 @i%E 1 4 :B= c d and A+B =0, find B.

Here, it is given that A+B = O

BRI

24+4a 3+b 0 B
= “1+c 4+d |70 o]

3+b6=0

Solution :

= 24a=0 ;

—1+4c¢=0 ; 4+d=0

= a="2; b= —3; c=1land d=—4

e ol

In general, given a matrix A, there exists another matrix B = (— 1) A such that
A + B= 0, then such a matrix B is called the additive inverse of the matrix of A.

r1

L ' @ CHECK YOUR PROGRESS 20.4
3 4 0 =

1. IfA=A 5 9 and B= B 3 o |thenfind:

(a) A+B (b)2A+B  ()A+3B  (d)24+3B
123 1 2-3
2. 1P=0, | slandQ=|, | | thenfind:
(2) P~Q (b) QP (©P=2Q  (d)2Q3P
MATHEMATICS
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1 -2 3 -1 40
3. IfA= 4 -1 2 and B = B=1 6 1 , then find:
4 5 0 2 07
(a)A+B (b)A—B (c) “A+B (d) 3A+2B
0 1
A= 0 - . e
4. IfA= , find the zero matrix O satisfying A+O = A.
-1 1
-2 -1 0
5. IfA= 12 3 then find :
-4 0 1
(a)~A M A+(CA) (0 CA+A

19 5 1
6. IfA= A 3 olandB=| |, thenfind:

(2)2A  (b)3B (c)2A+3B  (d) If2A+3B+5X=0, what is X ?

2 0 -1 -1 0 1
7. IfA= 4 3 2 and B= "4 0 , then find :

(a) A’ (b) B’ (c) A+B (d) (A+B)Y’ (e) A’+B’
What do you observe ?

1 4 1 2 c 2 -
8. IfA= o ,B= 3 ] and C = 3 2,thenﬁnd:

(@)A“B (b)) BC (¢)A=C (d)3B2C (e)A—B—C (f)2A-B-3C

20.7 MULTIPLICATION OF MATRICES

Salina and Rakhi are two friends. Salina wants to buy 17 kg wheat, 3 kg pulses and 250gm
ghee; while Rakhi wants to buy 15 kg wheat, 2kg pulses and 500 gm ghee. The prices of
wheat, pulses and ghee per kg respectively are Rs. 8.00, Rs. 27.00 and Rs. 90.00.How much
money will each spend? Clearly, the money needed by Salina and Rakhi will be :

Salina

Costof 17 kg wheat — 17 x Rs. 8 = Rs. 136.00
Costof 3 kgpulses —3 x Rs.27 =Rs. 81.00
Cost of 250 gm ghee = i x Rs. 90 =Rs. 22.50

Total =Rs. 239.50

MATHEMATICS



Rakhi

Cost of 15 kg wheat = 15 x Rs. 8 = Rs. 120.00
Costof 2kg pulses = 2 x Rs.27 =Rs. 54.00
Cost of 500 gm ghee => 3~ x Rs. 90 = Rs. 45.00

Total =Rs.219.00
In matrix form, the above information can be represented as follows:

Requirements Price Money Needed

17%x8+3%27+0.250x90

17 3 0.250 27| = _1239.50
15x8+2x27+0.500x90 219.00

Wheat pulses ghee 8
15 2 0.500 90

Another shop in the same locality quotes the following prices.

Wheat : Rs. 9 per kg.; pulses : Rs.26 per kg; ghee : Rs. 100 per kg.
The money needed by Salina and Rakhi to buy the required quantity of articles from this shop
will be

Salina
17 kg wheat = 17 x Rs.9 =Rs. 153.00
3kgpulses =3 x Rs.26 =Rs.78.00
250 gmghee => - x Rs. 100 =Rs. 25.00
Total =Rs. 256.00
Rakhi

15 kg wheat = 15 x Rs.9 =Rs. 135.00
2kgpulses =2 x Rs.26 =Rs.52.00

500 gmghee=> - x Rs. 100=Rs. 50.00
Total =Rs.237.00
In matrix form, the above information can be written as follows :

Requirements Price Money needed

{17 3 0.250} 22-88 17 X 9.00 + 3 x 26.00 + 0.250 x 100 | [256.00
15 2 0500|100.00| |15x900+2 x26.00+0.500 x100 |~|237.00

To have a comparative study, the two information can be combined in the following way:

8 9
{17 3 0.250} — 127 26 ={239.50 256.00}

15 2 0500 90 100 219.00 237.00
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Let us see how and when we write this product :

1) The three elements of first row of the first matrix are multiplied respectively by the
corresponding elements of the first column of the second matrix and added to give element of
the first row and the first column of the product matrix. In the same way, the product of the
elements of the second row of the first matrix to the corresponding elements of the first column
of the second matrix on being added gives the element of the second row and the first column
of the product matrix; and so on.

ii) The number of column of the first matrix is equal to the number of rows of the second matrix
so that the first matrix is compatible for multiplication with the second matrix.

a] b1 C] al Bl
Thus, IfA= a, b, c, and B=|% B, , then
a‘S B3
al b] Cl al Bl
Ax B = a b ¢ X 0% Bz
2 2 2 (x3 [-))3

a0, +bo, +c0,
~|a,o, + b0, +c,0,

aLBl +blBZ +CLB3j|
a,B, +b,B, +¢,p;

Definition: If A and B are two matrices of order m x p and p x nrespectively, then their
product will be a matrix C of order m x n; and if a,, bij and c; are the elements of the ith
row and jth column of the matrices A, B and Crespectively, then

p
Cyj = Z by
k=1

)
e PRGN [fA=[1 -1 2]andB= , then find:
2
(a) AB (b) BA
Is AB= BA?

Orderof Ais 1x 3
OrderofBis3x 1
Number of columns of A = Number of rows of B

Solution :

AB exists
=2
0
Now, AB =[1 -1 2]
2
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=[Ix(=2)+(=Dx0+2x2]=[-2+0+4] = [2]
Thus, AB :[2] ,amatix oforder 1 x 1

Again, number of columns of B = number of rows of A.

BA exists
Now,
-2
B =% -1 2]
2

2x1 (2)x(=1) (2)x2| [2 2 -4

=|0x1 Ox(-=1 0x2 (=] 0 0 0
2x1 2x(-1) 2x2 2 2 4
-2 2 -4
Thus, BA = 0 0 0 , amatrix of order 3 x 3
2 =2 4

From the above, we find that AB # BA

| €110 (A8 L Find AB and BA, if possible for the matrices A and B:

-1
2 0
A= {o 1} . B2
3
Solution : Here, Number of columns of A # Number of rows of B

.. AB does not exist.

Further, Number of columns of B # Number of rows of A
.. BA does not exist.

1 2 2 1
Example 20.17 [i#hSS [_1 O} and B = {2 2} , then find AB and BA. Also find if AB=BA.
Solution : Here, Number of columns of A=Number of rows of B
.. AB exists.

Further, Number of columns of B = Number of rows of A
.. BA also exists.
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1 2112 1
Now, AB =1_1 oll2 »2

[(1x2+2x2
:4x2+0x2

[2+4  1+4] (6 5
“|-2+40 -1+0] |-2-1],,

2 1 1 2
and BA = > 211=1 o

2xX1+1x(-1)
T l2x1+2x%x(=1)

2-1 4+0 [1 4}
T[2-2 4+0] TLO 4],

Thus, AB # BA

IxX1+2x%x2
—1Ix1+0x2

2x2+1x0
2x2+2x%0

Remarks : We observe that AB and BA are of the same order 2 x 2, but still AB # BA.

2 0 4 0
Example 20.18 IfA={0 3} andB:{O _J,fmdABandBA.IsAB:BA?

Solution : Here, both A and B are of order 2 x 2. So, both AB and BA exist. Now

[2 0} {4 0} [8+0 0+0} {8 0}
AB = = = and
0 3 2%2 0 -1 2x2 0+0 0-3 0 -3 2x2

4 072 0] [8+0 0+0] [8 O
BA=lo —1]lo 3]7|o+0 0-3][0 -3,

Here, both AB and BA are of the same order and AB = BA.
Hence, if two matrcies A and B are multiplied, then the following five cases arise:

(i) Both AB and BA exist, but are of different orders

(i) Only one of the products AB or BA exists.

(ii1) Neither AB nor BA exist.

(iv) Both AB and BA exist and are of the same order, but AB# BA.
(v) Both AB and BA exist and are of the same order. Also, AB=BA.

MATHEMATICS
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0 1 0
3 and [ = 0 1 , verify that A>=2A—-31=0

06 3|

12y 3)-lo o

3
Example 20.19 Bi¥E A{O
Solution: Here,
3
2 —
A’=AA = 0
and 31
9
2 — —_ —
A2A-31 =" 1o

o
.

1o o)
o1
1o )

o0 5%s)-].

IDeN i) PRI N Solve the matrix equation :

Hence, verified.

N

-l

O}
-
6

;]
>3

00
0o o|=°

0+0 0+9

9+0 0+0} {9 0

0 9

|

MODULE - VI
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Solution : Here,
2 3| |x 2x -3y 2x -3y 1

— - = —

LHS. = 1 1 ||yl | x+y x+y | |3
=2x-3y=Lx+y=3

Solving these equations, we get

x=2andy=1

MATHEMATICS
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Example 20.21 Qi¥E 11 and B = 1 -1l then find AB

Soution : Here,

1 1 -1 1 IX(D+1x1 1x1+ (-1
A=B=11 1711 <1 T lixED+1x1 1x1+ (=)

-1+1 1-1]1|0 O
= — O
—1+1 1-1{(0 O
Hence, we conclude that the product of two non-zero matrices can be a zero matrix,
whereas in numbers, the product of two non-zero numbers is always non-zero.

1 =2 4 0 -1 0
| el A | Pl For A = 3 5 ,B= 1 2 and C = 0 3 , find

(@(AB)C  (b)A(BO)

Is (AB)C= A(BC) ?

(s e

Solution : (a) (AB)C =

(4+2 0-47[-1 0
~|12-5 0+10[[ 0 3
6 —4][-1 0
|7 10/[0 3
[—-6+0 0-12 —6 —12
~|-7+0 0+30] T [-7 30
1 21 ([4 of-1 0

®  ABO =13 5|]|-1 2|0 3

MATHEMATICS
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1 =2][-4+0 0+0
13 5] 1+0 O0+6

1 =2][-4 O]
13 5]l 6

[—4-2 0-12] [-6 -12
~|-12+5 0+30]7|-7 30

From (a) and (b), we find that (AB)C = A(BC), i.e., matrix multiplication is associative.

Q)
A\ & _ @ CHECK YOUR PROGRESS 20.5

0
. IfA=[2 3 0]and B=| 2| find AB and BA.Is AB=BA?
1
2 -3 1 2 3
2. 1A= B=E|1 3l andB=| ! 1| find AB and BA. Is AB = BA?
1 2 3 0 -2
[a
3. IfA= b and B= [x y Z],ﬁndAB and BA, whichever exists.

-1 2 0
4. IfA= :| and B =[ }, find BA. Does AB exists?

| 0 1 -3
0
2 3 _1
5. IfA= and B =
0 1 >

(a) Does AB exist? Why? (b) Does BA exist? Why?

2 1 -1 0
6. IfA= [0 3} and B = |: ) 5} , find AB and BA. Is AB=BA?

MODULE - VI
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10.

11.

12.

13.

14.

15.

Matrices

1 2 0 2 =3 1
-3 5 4 1 0 3
= = = 9
IfA 5 3 and B L 2 3 I find AB and BA . Is AB=BA?

2 0 5 0
IfA= and B = ,find AB and BA. I« AB=BA?
Find the values of x and y if

ofs JE-G] o 2G)-

2 0 0 0
For A= { } and B= [ } verify that AB=O
1 0 3 4)

2 5
For A= { 1 3} , verify that A—5A+I = O, where I is a unit matrix of order 2.

13 22 4 -3
IfA=45, | |.B=B7 | jrandC==| , .|, find:

(a)ABC)  (b)(AB)C  (c) (A+B)C

(d)AC+BC (e) A’—B* () (A-B)(A+B)

2 -1 0 12
IfA=47, | [(B=47, ,|andC=Cq | find: (@) AC (b) BC

Is AC =BC ?What do you conclude?

-1 0 1 -1 3 8
IfA=1 -2 ,B= 2 0 and C= 7.1 ,ﬁnd:

(a) B+C (b)A(B+C)  (c)AB (A)AC  (e) AB+AC

What do you observe?

2 -1 2 =3
FormaticesA=|; , | andB= , verify that (AB)'=B'A'

MATHEMATICS
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16. IfA= [ ) _J and B =M, find X such that AX =B. Algebra -li
a b 1 0
17. If A= c d and I= 1 ol show that , A>—(a+d) A= (bc—ad) I
Notes

0 1 0 1

18 IfA= 1 and B = 1 1l is it true that
(a) (A+B)>=A’+B>+2AB? (b) (A-B)?>=A>+B*-2AB?

() (A+B) (A-B) = A>-B*?

20.8 INVERTIBLE MATRICES

Definition: A square matrix of order 7 is invertible if there exists a square matrix B of the
same order such that

AB = I, =BA, Where I, is identify matrix of order n.

In such a case, we say that the inverse of A is B and we write, A~' = B.
Theorem 1 : Every invertible matrix possesses a unique inverse.
Proof : Let A be an invertible matrix of order

Let B and C be two inverses of A.

Then,

AB=BA =1 (1)
and AC=CA=1, ..(2)
Now, AB =1
= CAB)= CI [Pre-multiplying by C]
= (CAB=CI, [by associativity]
= InB=CI (- CA =1, from (ii)]
= B=C [ InB=B,CI =C]

Hence, an invertible matrix possesses a unique inverse.
CORROLLARY If A is an invertible matrix then (A~1)"1 = A
Proof : We have, AAT=1I=A'TA

= Ais the inverse of A ™! ie., A= (A ))!

MATHEMATICS
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Theorem 2 : A square matrix is invertible iff it is non-singular.

Proof : Let A be an invertible matrix. Then, there exists a matrix B such that
AB = I, =BA
= IABI=1T|

= |Al'IBl =1
[ IABI = Al IBI]

= IAl#0
= Aisanon-singular matrix.

Conversely, let A be a non-singular square matrix of order n, then,

1 1 1
—adiA| =1 = | —uadj A 1A l#0..——exists
- A[IAIa] ] g [IAIaJ ]A{ N }

1
= A= madj A [By def. of inverse]

Hence, A is an invertible matrix.
Remark: This theorem provides us a formula for finding the inverse of a non-singular square
matrix.
The inverse of A is given by
1

-l = —adj A
AT =AY

20.9 ELEMENTARY TRANSFORMATIONS OR ELEMENTARY

OPERATIONS OF A MATRIX

The following three operations applied on the rows (columns) of a matrix are called elemen-
tary row (column) transformations.

(i) Interchange of any two rows (columns)

If i row (column) of a matrix is interchanged with the jth row (column), it is dennoted
by R, < Rj or (C, & Cj).

21 3

forexample, A= |-1 2 1], then by applying R, <> R,
3 2 4]
- {3
we get B=| 3 2 4
-1 2 1

MATHEMATICS



(i) Multiplying all elements of any row (column) of a matrix by a non-zero scalar

If the elements of ith row (column) are multiplied by a non-zero scalar k, it is denoted
by R, > kR, [C;, - k C]

For example
3 2 -1 6 4 =2
IfA=| O 1 2| thenby applying R, > 2R, wegetB=|0 1 2
-1 2 =3 -1 2 3

(iii) Adding to the elements of a row (column), the corresponding elements of any other
row (column) multiplied by any scalar &

If k times the elements of jth row (column) are added to the corresponding elements
of the ith row (column), it is denoted by R, - R, + kRj C,—>C +k C].).

2 1 3 1
IfA=|{—-1 -1 0 2|, thenthe application of elementary operation
o 1 3 1| Ry—=>R;+2R,,givesthe matrix

2 1 3 1
B=|-1 -1 O
4 3 9 3

20.9.1 Inverse of a Matrix by Elementary Operations
We can find the inverse of a matrix, if it exists, by using either elementary row operations
or column operations but not both simultaneously.

Let A be an invertible square matrix of order n, if we want to find A~' by using elementary
raw operations then we write

A=T1 A ()

As an elementary row operation on the product of two matrices can be affected by
subjecting the pre factor to the same elementary row operation, we shall use elementary
row operations on (1) so that its L.H.S reduces to In and R.H.S (after applying corre-
sponding elementary row operations on the prefactor I ), we get

I = BA ...(11)
Which means matrix B and matrix A are inverse of each other i.e. A™! = B

Similarly if we want to find A~' by using elementary column operations, we write
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Now use elementary column operations on (iii) so that its L..H.S reduces to I, and R.H.S

(after applying corresponding elementary column operations on the post factor I ) takes the

shape

[, = AB
Notes
Then A!'=B

The method is explained below with the help of some examples.

IBeln )P/ ®AR Find the inverse of matrix A, using elementary column operations where,
2 -6
A=
1 -2

Solution : Writing

2 0] [13
= | 1}‘6‘[0 1}
10 LI
= |1 | =A|2 Operating C, — C, + 3C,
L2 0 1
1 0 -b3 . 1
= 0 JzA 1 | OperatmgCIAEC1
B 2
-1 3
= 1, = AB, where B = 1 ] Operating CIACI—%C2
2
-1 3
Hence A = | _1 1
2

| 1) A2 B Find the inverse of the matrix A using elementary row operations, where

N 10 -2
|

MATHEMATICS



Solution : Writing
A=LA
10 2] [1 0 A
= |5 1] |01
i 1 1
e I 1
= S|=10 A Operating R, - — R,
-5 1 0 1 10

1 — 0
P o5|=[10 A
= 1 Operating R, - R, + 5 R,
o 0 5 1

As the matrix in L.H.S contain, a row in which all elements are 0. So inverse of this matrix
does not exist. Because in such case the matrix in L.H.S can not be conversed into a unit
matrix.

|h'e) i) (P]IPAR Find the inverse of the matrix A, where

3 -1 =2
A=2 0 -1
3 -5 0

Solution : We have
A=TA

3 -1 =2 1 00
or |2 O —-1{=/0 1 0]A

= 2 0 -bi=0 1 0lA Operating R, > R, — R,

3 -5 0] [0 O 1

1 -1 -1 [ 1 -10
= |V 2 U==2 3 0IAGoeating R, > R, - 2R,, R,5R, - 3R,
02 3|3 31 ’

MATHEMATICS
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1 -1 —11 . -1 0
0 1 =|=-1 3/2 . 1
= 2 5 3 Operating R, — 3 R,
0O 8 3
_ .
1 0 —— L
AR
01 Yl=|-1 ¥ o|a .
= 0 0 4 < e Operating R,— R+ R,, R; = R+ 2R,
~ e | .
Lo -2 |0 Voo 1
| -1 3 inc R, > —R
= 0 1 l 1 A 0 |A Operating &5 — e
2l |5 31
10 0 15 5 4
-5/ 5 |
1 00 A A 4 . |
= [0 1 0= _% % _% A Operating R1—>R1+ER3,R2 %R2—5R3
00 1] |5/ 3/ 1
N H N

Hence A~! = _y y -1
YA N

HECK YOUR PROGRESS 20.6

1. Find inverse of the following matrices using elementary operations :

7 1 16 5 10
S P ® {—3 5} © 15 6

BN
NS
PN

o0
AN
o0

N
Q

-
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d |3 0 -1 e |2 3 O
2 1 0 0 4 1
== Notes
7%
@eZdl LET US suM UP

° A rectangular array of numbers, arranged in the form of rows and columns is called
a matrix. Each number is called an element of the matrix.

P The order of a matrix having ‘m’rows and ‘n’ columns is m x n.

° If the number of rows is equal to the number of columns in a matrix, it is called a square
matrix.

° A diagonal matrix is a square matrix in which all the elements, except those on the
diagonal, are zeroes.

° A unit matrix of any order is a diagonal matrix of that order whose all the diagonal
elements are 1.

° Zero matrix is a matrix whose all the elements are zeroes.

° Two matrices are said to be equal if they are of the same order and their corresponding
elements are equal.

° A transpose of a matrix is obtained by interchanging its rows and columns.

° Matrix A is said to be symmetric if A” =A and skew symmetric if A" =—A.

° Scalar multiple of a matrix is obtained by multiplying each elements of the matrix by the
scalar.

° The sumof two matrices (of the same order) is a matrix obtained by adding corresponding
elements of the given matrices.

° Difference of two matrices A and B is nothing but the sum of matrix A and the negative
of matrix B.

'Y Product of two matrices A of order m x n and B of order n x p is a matrix of order
mx p, whose elements can be obtained by multiplying the rows of A with the columns
of B element wise and then taking their sum.

° Product of a matrix and its inverse is equal to identity matrix of same order.

° Inverse of a matrix is always unique.

° All matrices are not necessarily invertible.

° Three points are collinear if the area of the triangle formed by these three points is
Z€r0.
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e SUPPORTIVE WEB SITES

Notes

http://www.youtube.com/watch?v=xZBbfLLfVV4
http://www.youtube.com/watch?v=ArcrdMkEmKo
http://www.youtube.com/watch?v=S4n-tQZnU60
http://www.youtube.com/watch?v=obts_JDS6_Q
http://www.youtube.com/watch?v=01c12NaUQDw

http://www.math.odu.edu/~bogacki/cgi-bin/lat.cgi?c=sys

Sl TERMINAL EXERCISE

1.

How many elements are there in a matrix of order

(@2 x1 (b) 3 x 2 (©)3x3 (d)3 x4
Construct a matrix of order 3 X 2 whose elements a, are given by
o - 3.
(a) a, = i—2j (b) a, = 3ij (¢ a, =i+ EJ
What is the order of the matrix?
2
3
(a) A= ®» B=[2 3 5]
-1
2 3
2 -1 5
-1 0
(©) C= d) D= {7 6 J
0 1

4. Find the value of x, y and z if

[x y I 2 X+y z
@ 1z 2|73 2 (b) 6 x-y |
[x-2 3 1 z |
© 0 y+5 “ly+z 2]
[ x+y y-z 3 —4]
@ |[z—2x y-—X 11 -1

MATHEMATICS



1 -2 2 4
5. If A= and B= ,find :

(c) 2A-B

4 2 -1 4
(a) A+B (b) 2A
6. Find X, if
45 10 -2
@ 3 6] *F| 1 4
13 2] [2 -1
®) 2 0 2/*|1 o0

7. Find the values of @ and b so that
3 =2 2 a—b
1 0 17| 4

8. For matrices A, B and C

1 00 0
“11*%X=10 0 0

B

22| [6 o0
a bl |52a+b

1 3 2 1 5 6
A= 0 2 B= 1 4 and C= 7 1
5 7 3 7 4 1
verify that A+(B+C) = (A+B)+C
1 3
9. If A= and B = , find AB and BA. Is AB= BA?
2 3 5 6 5
1 2 0 -2
10.If A= and B = ,find AB and BA. Is AB =BA?
0 0 0 1
1 -3 —4
e a=|"' 3 4| fndA
1 -3 —4

12. Find A (B+C), if

1 2 3 -1
A= 4 “1|°B=lo 1
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13. IfA= s 1 and B = y -1 and (A+B)?= A%+ B?, find the values of x and y.
-8 5
Notes | 14- Show that A= 4 satisfies the matrix equation A+ 4A—21= 0.

Find inverse of the following matrices using elementary transformations.

5 2 2 5
15. 16.
2 1 13
17 3 10 s |20
) 2 7 ) 2 4
_ 2 0 1
a b
19. } 20. 5 10
c d
- 01 3
2 3 1
21. |2 4 1
3 7 2

MATHEMATICS
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CHECK YOUR PROGRESS 20.1
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Notes

i 56 29 40 10
1 56 65 71] 65 37 , [40 35 25}‘ 35 5
29 37 57)° |4 59 105 8] |5 g
(4 6 3
3 |4 35
4. (@6 (b)12 (c)8 () 12 (e) ab () mn
5. (a) 1 x82x4:4x2;8x1 (b1l x5;5%x 1
©) 1 % 12;2%x6;3x4:;4%x3;6x2;12x1
(d) 1 % 16;2 % 8;4 x 4;8 x 2,16 x 1
6. @4 (b5 (0)4x5 (d) 20
ea,=0a,=7a,="3;a,=landa,=3
)
0 -1 -2 >3 2 2 2 14
4 2 — 8 18 32
1 0 -1 -1 2
7 (a) (b) 31 (d)
2 1 0 o 2 5| 1B 2 8130
7 2 7] L2 2 2 |
4 7 5 10 1 1 0 1
g @ 5 8 ) 10 20 (C)z 4 @ 1 2
9 15 30 3 9 2 3
CHECK YOUR PROGRESS 20.2
1. @G (b)B (c)A,D,Eand F (d)A,Dand F
(e)DandF (HF @C
2. (@a=2, b=10, c=6, d=—2
b)a=2, b=3, c¢=2,d=5
(c)a=5,b=—2,c=2, d=—"4
3. No 4. No
MATHEMATICS



MODULE - VI
Algebra -lI

Notes

CHECK YOUR PROGRESS 20.3

Matrices

7 21
Lo = 3
28 8 7 2] |2 2
L@ |g 1o O, sl@]] 3] @ | -9
2 i 2
o L 2
0 -5 10 0 3 -6 303
> @ |15 5 20 ®oo 3 - ©@ |} L 4
- 3 3
0 L 70
2
(d) -3 -1 3. —28 -14
2 2 7 L0 7
5 0 5 —12 0 —4
i@ 20710 0| |16 8 0
-5 0 25 4 0 20
] - _ _
1 0 - — —
3 =3 0 -1
_ 2 2
42 0 210
© |3 3 @ |1, -5
L 9 3 2 2
|3 3 - .
4 6 10 0
2 4 1 4 -6
10 8 010
5. (a) {_ } (b) (© {_ } (d)
13 o 7 2 -1 9 0 0 1
CHECK YOUR PROGRESS 20.4
32 6 -3 3 -4 6 -5
Lo @lg 4| ®3 6] ©@lia 8] D19 10
(1 3 6 -1 -3 -6 0 1 9 -4 -11 -15
2 @53 5/®]5 5| @9 2 10]D 11 -10 -10
MATHEMATICS



-6 3 2 2 3
-7 1
3 () 5 5 3 (b) 3
5 7 2 5 -7
0 0
4 (@) 0 0
0 0
2 1 0 0O 0
—1 -2 -3
5. (@ DI
4 0 -1 00

2 18 15 3]
6 @l 4] ® o 27] ©
2 4] -1 2]
1
. @’ 0 wl? e {6
-1 2 10
1 6] 16
@0 1] @ |0 -
0o 2] |o 2

We observe that (A + B)v =B +A

[0 2 -1 3

5 2] ®lo 3]©
2 3 -5 9

©| 8 o] D|-16 =3

CHECK YOUR PROGRESS 20.5

8. (a)

-1
-5

2

©l3 7
2 -5

0 0

0| |0

0 0

17 21

27 31| @

0 0

1 2

5 -1
-1) @3

-3
-1
7

(d)

¥

1
14
16

-14 9

9
15

MODULE - VI
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8
14

Notes

0O 0 O
. AB=[-6] :BA=|* 6 0lAB+BA
2 3 0
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12.

13.

2 2
AB = 1 -6 :BA

[ax ay az
AB:_bx by bz

B
BA=|_

Matrices

-3 13 -4
| -1 2 AB # BA
2 -6 0

} : BA does not exist.

} ; AB does not exist.

Both AB and BA do not exist. AB does not exist since the number of columns of A is not
equal to the number of rows of B. BA also does not exist since number of coluumns of B is
not equal to the number of rows of A.

0 5
AB=l6 15|
(4 —3 7
|3 1724
14 —-13 17
10 0
AB=l o 1]

(@)x=3, y=-1

~14 18
| 26
2 6
0 3

1 2
4 8

(@)

(d)

(a)

BA

: BA=

BA

(b)

©)

(b)

I

AB #BA
16 -8 -11
161131 Ap2BaA.
10 21 11

10 O
= o _i|[;AB#BA.

b)yx=-1, y=2

[ _14 18 2 6
| 2 6 ©o 3
[5 0 2 -3
K Dlg 15
1 2

4 g|iAC=BC

Here, A#B and C#0, yet AC= BC
1.e. cancellation law does not hold good for matrices.

MATHEMATICS



(4 7 (4 -7
4 @] _J ®|_, 9}
11 (3 -8 4 =7
©1] 3 —J @ —UIO} @)L44 9}
We observe that A(B+C) = AB+AC
16, x= i} 18.(@No  (b)No (¢)No

CHECK YOUR PROGRESS 20.6

113 1 115 -6
1. (a) 25la 7 (b) 2303 | (¢) does not exist

1 -2 -3 3 -4 3
@ |2 4 Tl |2 3 =2
3 5 9 8 12 9

TERMIAL EXERCISE
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=

Notes

I @2 (b) 6 (©)9 (d) 12
; 4
1 -3 2 1 7
0 @ |V 7w P © |3
-1 8 7 9 ¢
12 ]
3. @3 x1 b)1x 3
()3 x2 (d)2x3
4. (@x=1,y=2,z=3 (b) x=5,y=1,z=5
(©x=3y=-3z=3 (d) x=2y=1z=5
3 2 2 4 0 -8
> @3 6 ®|g 4 © o 0
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10.

11.

13.

15.

17.

19.

21.

Matrices

5 10 17

BA_|6 14 24| .5 b
4 21 37
[0 0

BA=|( ([:AB=BA

9 1 1

12. -1 -4 10
16 3 -5
-1 2

1|4 +5
22|1+2 43

18.
3 -1 1
20. [-15 6 =5
5 =2 2
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DETERMINANTS

311en21

Every square matrix is associated with a unique number called the determinant of the matrix.

In this lesson, we will learn various properties of determinants and also evaluate determinants
by different methods.

\Z| OBJECTIVES

After studying this lesson, you will be able to :

. define determinant of a square matrix;

define the minor and the cofactor of an element of a matrix;

find the minor and the cofactor of an element of a matrix;

find the value of a given determinant of order not exceeding 3;

state the properties of determinants;

evaluate a given determinant of order not exceeding 3 by using expansion method;

EXPECTED BACKGROUND KNOWLEDGE

° Knowledge of solution of equations
° Knowledge of number system including complex number
. Four fundamental operations on numbers and expressions

21.1 DETERMINANT OF ORDER 2

Let us consider the following system of linear equations:
a,x+by=rc,
a,x=b,y+c,

On solving this system of equations for x and y, we get

= byc, —bc, _ 46 T

p, and V= p, Provided ab, —a,b, #0
1 1

ab, —a, ab, - a,

The number a,b, — a, b, determines whether the values of x and y exist or not.
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Algebra -l The number a b, — a, b, is called the value of the determinant, and we write
a'l a'2
b, b,|~ a,b, —a,b,

NotesB 1€ a, belongsto the I* row and 1* column
a , belongs to the 1* row and 2™ column
a, belongs to the 2" row and 1* column

a,, belongs to the 2" row and 2™ column

21.2 EXPANSION OF A DETERMINANT OF ORDER 2

A formal rule for the expansion of a determinant of order 2 may be stated as follows:

a,  dp

In the determinant,
ay; Ay

write the elements in the following manner :
ay i

ay " Ay

Multiply the elements by the arrow. The sign of the arrow going downwards is positive, i.e., a,,

a,, and the sign of the arrow going upwards is negative, i.e., —a, a,

Add these two products, i.e., a,a,, +(— aﬂ.an) ora, a, —a, a, which is the required

value of the determinant.
D'l (AW Evaluate :
6 4 a+b 2b X4+ x+1 x+1
Dl 2 W12y a+b ()12 vl x—1

Solution :

6 4

(1) 8 2=(6 x2)—8x4)=12 - 32=-20
a+b 2b

(i) vy aap =(@+h) (@rb)—(2a) (2b)

= a*+2ab + b*> — 4ab = a*+b*> — 2ab = (a—b)?

XX+x+1 x+1

= (X*+x+1) (x—1) = (X*=x+1) (x+1)

(iii)

x—x+1 x-—1

= (F-1)— (F+]) =2
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| D100 [PAWA Find the value of x if

x—3 X 6 2x—1 2x+1
O lxe1 ox+3 M 41 4x42 =0
Solution :
x—3 X
D Now | .| 43 =E3)@E+3) - x@+D)

=(?-9) X-x=-X-9
According to the question,
—X-9=6

= X = —15

2x—1 2x+1

@ Now, 4x+2

= (2 1) (4x+2) — (x+1) (2x+1)

x+1
=8x+4x —4x—2-2x"—x—2x— 1
=6x’—3x-3=32x—x-1)
According to the equation
32x=x—1)=0

or, 2x*=x-1=0

or, 2x" —2x+x—-1=0

or, 2x(x—D+1l(x-1)=0

or, 2x+1) (x—1)=0

1
x=1—
or, L 5

21.3 DETERMINANT OF ORDER 3

G

S

a

S

c . ..
2 2
contains nine quantitiesa, b, ¢, a,, b,, ¢,, a,, b, and c, aranged
c
3

. la
The expression | 2

S

a,

in 3rows and 3 columns, is called determinant of order 3 (or a determinant of third order). A
determinant of order 3 has (3)? =9 elements.

Using double subscript notations, viz., a,,, a,,, @, a,,, 4, A,,, 4, 4,,, d., for the elements

117 77122 77132 7217 TT222 U237 U310 32

MATHEMATICS
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a,b,c,a,b,c,a,b,and c, ,we write a determinant of order3 as follows:

a

all 12 a13

a21 a22 a23

Qs Az Ay

Usually a determinant, whether of order 2 or 3, is denoted by A or |Al, IBl etc.

A:Iaijl,wherei: 1,2,3andj=1,2,3

21.4 DETERMINANT OF A SQUARE MATRIX

With each square matrix of numbers (we associate) a “determinant of the matrix”.
Withthe 1 x 1 matrix [a], we associate the determinant of order 1 and with the only element

a. The value of the determinant is a.

all 12
IfA= [ u } be a square matrix of order 2, then the expression a,a,
21 22
—a,,a,is defined as the determinant of order 2. It is denoted by
all a12
|A| = a,, a, = 4y — ayay,
11 a12 a13 al] alZ 13
With the 3 x 3 matrix Ay Gy Gy , we associate the determinant Ay Ay Ayl ang
a31 a32 a33 a31 a32 a33
its value is defined to be
a22 a23 ( 1) a21 a23 a21 a22
a . X +(1l)a,, X + a
1 32 33 12 31 a33 1 a31 a32
3 6
I e i PIRE [fA= 1 5> find Al
3 6
Solution : Al = 1 5:3 x5 71x6=156 =9
a+b a
Example 21.4 Qi b a—bl’ find 1Al
MATHEMATICS



a+b a
3 . — —_ - — —_ a2— 2
Solution : Al = b a—bl = (a+b) (a=b) —bxa =a= b*—ab
Note : 1. The determinant of a unit matrixIis 1.

2. Asquare matrix whose determinant is zero, is called the singular matrix.

21.5 EXPANSION OF A DETERMINANT OF ORDER 3

In Section 4.4, we have written

a22 a23 a21 a23 aZI a22

+ (—1)(112 X +a, x

32 33 31 a33 a31 a32

which can be further expanded as

a]l a12 al3

a, 4y dy —dy (a22a33 - a32a23) —da, (a21a33 - a31a23) ta;, (a21a32 - a22a31)

=A),0y 0y + Q0505 + 430,05, — A),0y05, — A0, 0y — 01305, 05,

We notice that in the above method of expansion, each element of first row is multiplied by the
second order determinant obtained by deleting the row and column in which the element lies.

Further, mark that the elements a,,, a,, and a, have been assigned positive, negative and
positive signs, respectively. In other words, they are assigned positive and negative signs,
alternatively, starting with positive sign. If the sum of the subscripts of the elements is an even
number, we assign positive sign and if it is an odd number, then we assign negative sign.
Therefore, a, has been assigned positive sign.

Note: We canexpand the determinant using any row or column. The value of the determinant
will be the same whether we expand it using first row or first column or any row or column,
taking into consideration rule of sign as explained above.

|9>°611113) (04 Bl Expand the determinant, using the first row

W N =
[\O I SN \O)
N = D

MODULE - VI
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1 2 3

) 4 1 4 1‘ 2 1 2 4‘
Solution: A = =1x -2 % +3 %

39 s 2 5 35 3 2

=1x(20-2)-2 x (10-3)+3 x (4-12)

= 18-14-24

=20

I e ) EPANN Expand the determinant, by using the second column

1 2 3
31 2
2 3 1
1 2 3
31 2 3 2 13 1 3
Solution : A =2 - =(_1)><22 1+1>< ) 1+(_1)3>< 3 5
=2x 34H+1x (1-6)-3 x (279)
=2-5+21
=18
71
L "'44 CHECK YOUR PROGRESS 21.1
1. Find IAl, if
2+43 5 cosO.  sin
WA= 2 2_\/5 (b) A= —sin®  cosQ

sina+ cosp cosB+c0soc} |:a+bi c+d1}
(d)

© A:[ c—di a-bi

cosf—cosa sino—sinf3

2. Find which of the following matrices are singular matrices :

5 51 -2 31 2 30 2 3
@) -5 1 1 (b) 3 2 1 © 301 ) 3 -1 2
10 7 1 -1 -8 1 0 2 1 1 5

MATHEMATICS



3. Expand the determinant by using first row

21 =5

2 31 a b c X y z

0 -3 0
() 1 2 3 b © b d e @ 1 2 1
3 21 4 2 -1 c e f 2 3 2

21.6 MINORS AND COFACTORS

21.6.1 Minor ofal.j in 1Al

To each element of a determinant, a number called its minor is associated.

The minor of an element is the value of the determinant obtained by deleting the row and
column containing the element.

Thus, the minor of an element a, inlAl is the value of the determinant obtained by deleting the
i row and j" column of |Al and is denoted by Mij. For example, minor of 3 in the determinant

is 7.

3 2
5 7

ID e ) PIWA Find the minors of the elements of the determinant

all alZ al3

Al = a21 a22 a23

a31 a32 a33

Solution :

Let Mij denote the minor of a,. Now, a,, occurs in the 1* row and 1* column. Thus to find
the minor of a , we delete the 1* row and 1* column of |Al.

The minor M, of @, is given by

MODULE - VI
Algebra -lI

Notes

a22 a23
M, = a,, da, = Gyylyy — A3yl
Similarly, the minor M, of a , is given by
M a21 a23 M a21 a22
= =a,a,—a.d, ; = =a,a,—a,d
12 217733 23731 ° 13 21732 31722
a3l a33 a3l a32
M a12 a13 M all
= =a.,a,.—a,d,; = a
21 127733 32713 22 31713
a;, 4 as,
all alZ
My = a, a, = dydy dydg,
Similarly we can find M, , M, and M ..
MATHEMATICS
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The cofactor of an element a, in a determinant is the minor of a, multiplied by
(=1)™. It is usually denoted by Cij, Thus,

21.6.2 Cofactors of a in 1Al

Cofactor of a,=C,= (—1)* M,

1D E1T) PIRE Find the cofactors of the elements @, a,,,and a,, of the determinant

11° 7122

a a

all 12 13
Al = Qy Ay Ay
as;; 4z Ay

Solution :

The cofactor of any element a, is (—1)" M., then

C, =CD"M, =(C1)Y(ay,a,~ay,a,
=(ay, a,;~ ay, a,y)
C, =CH"M, =-M,=-(a,a,~a,a,)=(a,a,~ a,a,)
and c,, = (_1)2+1M21 ="M, = (a,a,"a,a,

I PIRA Find the minors and cofactors of the elements of the second row in the

determinant
1 6 3
Al = 5 2 4
7 0 8
Solution : The elements of the second row are a, =5; a,,=2; a,,=4.
6 3
Minor of a,, (ie., 5) = 0 8= 48 -0 =48
1 3
Minor of a,, (i.e., 2) = 7 gl = 8—21=-13
1 6
and Minor of a,, (ie., 4) = 7 o= 0-42=—-42

The corresponding cofactors will be

MATHEMATICS



C21 - (_1)2+1M21: _(48) — _48 MODULE - VI

Algebra -lI
C,, = (-1)*’M, = +(-13) =—13

and  C, = (-1)*M = —~(~42) = 42

@\
Lel § CHECK YOUR PROGRESS 21.2 Notes

1. Find the minors and cofactors of the elements of the second row of the determinant
1 3
-4 3 6
2 -7 9
2. Find the minors and cofactors of the elements of the third column of the determinat
2 3 2
1 2 1
31 2
3. Evaluate each of the following determinants using cofactors:
2 1 0 -1 0 1 3 4 5
(a) 1 0 2 (b) 0 1 -1 © -6 2 -3
3 4 3 1 -1 O 8 1 7
1 a bc b+c a a 1 a b+c
@ 1 b ca © b c+a b (f)l b c+a
1 ¢ ab c c a+b 1 ¢ a+b
4. Solve for x, the following equations:
x 0 0O x 3 3 x> x 1
(3)123=0 (b)33x=0 (0)021=28
1 0 2 2 3 3 3 1 4

21.7 PROPERTIES OF DETERMINANTS

We shall now discuss some of the properties of determinants. These properties will help us in
expanding the determinants.

MATHEMATICS



MODULE - VI Property 1: The value of a determinant remains unchanged if its rows and columns are
Algebra -ll } interchanged.

2 -1 3
Leta=0 = 0
Notes 4 2 -1

Expanding the determinant by first column, we have

-3 0
2 -1

-1 3

A =2 ]

+4_3 0

-1 3
-0
=230)-0(1-6)+4(0+9)
=6+36=42

Let A” be the determinant obtained by interchanging rows and columns of A. Then

2 0 4
K -1 -3 2
30 -1

Expanding the determinant A by second column, we have (Recall that a determinant
can be expanded by any of its rows or columns)

2
3

+(—3)‘

—ol 2 0°
J— + —
3 -1 -1 -1 2
=0+ (3)(2-12)+0
=42
Thus, we see that A=A

Property 2: If two rows ( or columns) of a determinant are interchanged, then the value of the
determinant changes in sign only.

Let A=

(OSTEEN \)
—_ N W
N W =

Expanding the determinant by first row, we have

MATHEMATICS



2 3
1 2

1 3

=2 3 2

+131

1 2
-3

=2 (4-3)-3(2-9) + 1 (1-6)
=2+21-5=18

Let A be the determinant obtained by interchanging C,and C,

Then A =

—_— N W
[OS TR \9)
N W =

Expanding the determinant A by first row, we have

1 3
3 2

2 3

3 1 2

+11 3

2 1
-2
=329 —-24-3)+1(6-1)
=—-212+5=-18
Thus we see that A =— A

Corollary
If any row (or a column) of a determinant is passed over ‘n’ rows (or columns), then the

resulting determinant A is A = D" A

For example ,

S = N
~ L W
D N W

=2(1024)-3(2-0)+54)
=—28-6+20=-14
Property 3: Ifany two rows (or columns) of a determinant are identical then the value of the
determinant is zero.
a b ¢
Proof:LetA=|% b, ¢

a; by ¢

be a determinant with identical columns C, and C, and let A determinant obtained from A by

MODULE - VI
Algebra -lI

Notes
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Algebra -Il | nterchanging €, and C,
Then,
a b ¢
Notes A =la b ¢
a, b, «c

which is the same as A, but by property 2, the value of the determinant changes in sign, if its any
two adjacent rows (or columns) are interchnaged

Therefore A=-A

Thus, we find that

or 2A=0 =A=0

Hence the value of a determinant is zero, if it has two identical rows (or columns).

Property 4: If each element of a row (or column) of a determinant is multiplied by the same
constant say, k # 0, then the value of the determinat is multiplied by that constant k.

2 1 =5
LetA = 0 -3 0
4 2 -1

Expanding the determinant by first row, we have
A =23-0)=1(0-0)+(5)(0+12)
=6-60=-"54

Let us multiply column 3 of A by 4. Then, the new determinant Ais :

2 1 =20
A=l0 -3 0
4 2 -4

Expanding the determinant Aby first row, we have

A =2(12-0)—1 (0-0) + (—20) (0+12)
=24 —-240 =216
=4 A

MATHEMATICS



Corollary :

If any two rows (or columns) of a determinant are proportional, then its value is zero.

a, b ka,
Proof: LetA = |% b, ka,
a, b, ka,

Note that elements of column 3 are k times the corresponding elements of column 1

1 bl al
By Property 4, A =k |* b, a,
Cl3 b3 a3
=k X0 (by Property 2)
=0

Property 5: If each element of a row (or of a column) of a determinant is expressed as the
sum (or difference) of two or more terms, then the determinant can be expressed as the sum
(or difference) of two or more determinants of the same order whose remaining rows (or

columns) do not change.

a,+a b+ c, +7y

Proof: Let A= |22
a3 b, C;3

Then, on expanding the determinant by the first row, we have
A= (a,+a)(b,c, —b,c,)— (b, + B)a,c, —ac,)+ (¢, + ¥)a,b; —ash,)
= a,(b,c, —b,c,) —b/(a,c,—a,c,) +c (a,b, —ab,) +a(b,c, —byc,)

_B(azc3 - ascz) +7 (azbs - asbz)

a, b, ¢ a By
b

™)
o
™)

a; b, c, a; b

w
o
w

Thus, the determinant A can be expressed as the sum of the determinants of the same order.

Property 6: The value of a determinant does not change, if to each element of a row (or a
column) be added (or subtracted) the some multiples of the corresponding elements of one or

more other rows (or columns)

MODULE - VI
Algebra -lI
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Proof: Let A= | b, ¢
b3

A’ be the determinant obtained from A by corresponding elements of R,

ie. R — R +kR,

a, +ka, b +kb, c +kc,
Then, AN =| a, b, c,

as b, C3

2 b2 CZ + a2 bZ C2
a3 b3 C3 a3 b3 C3
a, b ¢ a; by c;
’
A" =lJa, b, c¢,| +kla, b, ¢,
a; by c; a; by c;

or, A =A+kx0 (Row 1 and Row 3 are identical)
A=A

21.8 EVALUATION OFADETERMINANT USING PROPERTIES

Now we are in a position to evaluate a determinant easily by applying the aforesaid properties.
The purpose of simplification of a determinant is to make maximum possible zeroes in a row
(or column) by using the above properties and then to expand the determinant by that row
(or column). We denote 1%, 2" and 3" row by R, R,, and R, respectively and 1st,2nd and
3rd column by C,, C, and C, respectively.

w
2

1 w’
ID el EPANIE Show that wow 1 =0
I w

2
w

where w is a non-real cube root of unity.

m MATHEMATICS



w

1 w?
2

Solution : A = wow 1

1 w

2
w

Add the sum of the 2" and 3™ column to the 1* column. We write this operation as
C,—>C+(C+C))

l+w+w’ w w 0 w w
2 2 2
Az W AL ows L 0w 1 (on expanding by C,)
w+l+w 1w 0O 1 w

(since w is a non-real cube root of unity, therefore, 1+w+w?=0)

1 a bc
Showthat | ? €4 = (a-b) (b—c) (c—a)
1 ¢ ab
1 a bc
Solution : A= 1 b ca
1 ¢ ab
0 a—-c bc—ab
=0 b—c ca=abip , R _R andR,— R, —R|]
1 c ab
0 a-c b(c—a) 01 —-b
=0 b—c a(c=b)=(a—c)b-0c))0 1 —a
1 c ab 1 ¢ ab

Expanding by C,, we have

1
A =(a=ob=a) _a‘:(a—c)(b—c)(b—a)

=(a-b)b-c)c—a)

MODULE - VI
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(o[-, ]: I | B | Example 21.12
b+c a a
Prove that b cta b =4 abc
Notes c c a+b
b+c a a
Solution : A _| b c+a b
c c a+b
0 -2¢ -2b

_|p cta b | R—>R-(R+R)
c c a+b

Expanding by R , we get

b b
c a+b

c+a b b c+a
—(—20¢) -2b

c a+b c c

= 2c [b(a+b)—bc]—2blbc —c(c+a)]
= 2bc [a+b—c]—2bc[b—c—a]
=2bc[(a+b—c)—(b—c—a)]
=2bcla+b—c—b+c+al]

=4abc

1D e ) PINRE Evaluate:

Solution : A =

MATHEMATICS



MODULE - VI

0 b-c c-a Algebra -Il
=0 c—a a-b
0O a-b b-c

I eI EPANER Prove that

C,—>C+C,+C, =0,

Notes
1 bc alb+c)

1 ca b(c+a) ~0
1 ab c(a+b)

1 bc alb+c)
1 ca b(c+a)
1 ab c(a+b)

Solution : A =

1 bc bc+ab+ac
1 ca ca+bc+ba

= C,—>C,+C,
1 ab ab+ca+cb
1 bc 1
=(ab+bc+ca)l ca 1
1 ab 1
= (ab+bc+ca) x 0 (by Property 3)
=0
|hel ) VAN ER Show that
-a> ab ac
A _ |ab -b>  bc _ dabe
ac bc ¢’

ab —b* bc

ac bc -—c

Solution : A =

MATHEMATICS n
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= abc —b ¢
a b —c
Notes
-a b ¢
R, > R, +R
0O 0 2¢
= abc R, —> R, +R,
0O 2 O
0 2c
= abc(—a) %0 (on expanding by C))
= abc(—a)(—4bc)
= 4a*b*c?
1+a 1 1
1 1+a 1 = & (a+3)
1 1 1+a
1+a 1 1
Solution : A = | l1+a |
1 1 1+a
a+3 1 1

a+3 l1+a 1

a+3 1

11
_(@+3)l 1+a
11

C,—>C+C,+C
1+a

1
1

1+a

MATHEMATICS



1 0 O
C,—>C, —C
_(@+3)]1 a O
= C,—>C,—-C
1 0 a
a
— (a+3)x(1)
0 a
=(a+3)(a’)
=a’(a+3)
raa
@4 CHECK YOUR PROGRESS 21.3
x+3 X X

X x+3 X

1. Show that =27 (x+1)
X X x+3
a-b-c 2a 2a

2 Show that 2b b—c—a 2b  |=(a+b+c)’
1+a 1 1

s Showdat| | 1P 1 |=bc+catab+abe
1 1 1+c¢
a a+b a+2b

4. Showthat [ F2P @ a+bh =957 (a +b)
a+b a+2b a

(a+D)(a+2) a+2 1
(a+2)a+3) a+3 1|=-2
(a+3)a+4) a+4 1

5. Show that
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a+b b+c c+a a b c
6. Showthatb+c c+a a+b|l=21b ¢ a
c+a a+b b+c c a b
7. Evaluate
a a+b a+b+c (b+c) a’ a’
@) 2a 3a+2b 4a+3b+2c ®) b’ (c+a)’ b’
3a 6a+3b 10a+6b+3c c’ c’ (a+b)’
8. Solve forx :
3x—8 3 X
3 3x—8 3 ~0
3 3 3x—8

pAR BN ) L0 R @Sy i Bl Tl Determinant is used to find area of a triangle.

21.11.1 Area of a Triangle

We know that area of a triangle ABC, (say) whose vertices are (x,y,), (x,y,) and (x;y,)
is given by

1 .
Area of (AABC) = E[xl(yz —y)+ x5 (y3 = )+ X3y — y))] (i)
x oy 1
Als A I T ding along C
0, 2 M = 1y3 1 zy3 1 3y2 1[expan ing along C ]
xooy3 1

= (V= y3) =% —y3)+ x50 —¥)

= (V2= y3)+ (=) + x50 — ) . (iD)
from (i) and (i)
| o on 1
Area AABC = 5 X X 1
y3 y3 1

Thus the area of a triangle having vertices as (x, y,), (x, y,) and (x; y,) is given by

m MATHEMATICS



lxl y o1
_ —lx, x, 1
A= > 2 2

3 oy 1
21.11.2 Condition of Collinearity of Three Points
Let A(x, y,), B(x, y,) and C(x; y;) be three points then
A, B, C are collinear if areca of AABC =0

1 x oy 1
= —l|x 11 =0
5 %2 Y2
Xy 1
x oy 1
= |x ¥y, =0
Xy 1

21.11.2 Equation of a Line Passing through the given Two Points

Let the two points be P(x,, y,) and Q(x, y,) and R(x y) be any point on the line joining
P and Q since the points P, Q and R are collinear.

x y 1
x o y» =0
X, y, 1

x y 1
Thus the equation of the line joining points (x, y,) and (x, y,) is givenby |x; y; 1/ =0
X oy 1
Find the area of the triangle with vertices P(5, 4), Q(-2, 4) and R(2, —6)
Solution : Let A be the area of the triangle PQR, then

) 5 41
=—-2 41

A 2
2 -6 1

= %[5(4— (—6)) —4(-2-2)+1(12-8)]

1 1
= 5[504‘164‘4] = 5(70) = 35 sq units.

I e EPIBEY Show that points (a, b + ¢), (b, ¢ + a) and (c, a + b) are collinear.
Solution : We have
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MpaDUbLE-|\|" 4 bic 1
gebra - A=1b c+a 1
c a+b 1
c, > ¢, +¢
Notes

a a+b+c 1
b b+c+a 1

¢ cta+b 1
a 1 1
= (a+b+co)b 1 1l =(@+b+c)x0=0
c 1 1

Hence, the given points are collinear.
| 'e111) (A W B BIFind equation of the line joining A(1, 3) and B(2, 1) using determinants.
Solution : Let P(x, y) be any point on the line joining A(1, 3) and B(2, 1). Then

X 1
1 =0
2 1

—_ W =

= x@B3-)y1-2)+1(1-6)=0
= 2x+y-5=0
This is the required equation of line AB.

N
@4 CHECK YOUR PROGRESS 21.4

1. Find area of the AABC when A, B and C are (3, 8), (-4, 2) and (5, —1) respectively.
2. Show that points A(S, 5), B(=5, 1) and C(10, 7) are collinear.
3. Using determinants find the equation of the line joining (1, 2) and (3, 6).

T2
@l LET US suM UP

e  The expression a,b, —a,b, is denoted by

a b
a, b,

° With each square matrix, a determinant of the matrix can be associated.

e  The minor of any element in a determinant is obtained from the given determinant by
deleting the row and column in which the element lies.
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The cofactor of an element a;; in a determinant is the minor of @; multiplied by (—1)™
A determinant can be expanded using any row or column. The value of the determinant
will be the same.

A square matrix whose determinant has the value zero, is called a singular matrix.
The value of a determinant remains unchanged, if its rows and columns are interchanged.

If two rows (or columns) of a determinant are interchanged, then the value of the deter-
minant changes in sign only.

If any two rows (or columns) of a determinant are identical, then the value of the deter-
minant is zero.

If each element of a row (or column) of a determinant is multiplied by the same constant,
then the value of the determinant is multiplied by the constant.

If any two rows (or columns) of a determinant are proportional, then its value is zero.

If each element of a row or column from of a determinant is expressed as the sum (or
differenence) of two or more terms, then the determinant can be expressed as the sum
(or difference) of two or more determinants of the same order.

The value of a determinant does not change if to each element of a row (or column) be
added to (or subtracted from) some multiples of the corresponding elements of one or
more rows (or columns).

Product of a matrix and its inverse is equal to identity matrix of same order.
Inverse of a matrix is always unique.
All matrices are not necessarily invertible.

Three points are collinear if the area of the triangle formed by these three points is
zero.

e\ SUPPORTIVE WEB SITES

http://www.math.odu.edu/~bogacki/cgi-bin/lat.cgi?c=det
http://mathworld.wolfram.com/Determinant.html
http://en.wikipedia.org/wiki/Determinant
http://www-history.mcs.st-andrews.ac.uk/Hist Topics/Matrices_and_determinants.html

Sl TERMINAL EXERCISE

1 2 3
1. Find all the minors and cofactorsof [3 4 2
2 3 1

MATHEMATICS

MODULE - VI
Algebra -lI

Notes



MODULE - VI
Algebra -lI

Notes

10.

43 1 6
Evaluate 35 7 4| byexpanding it using the first column.
17 3 2
2 -1 2 01 0
Evaluate 2 -3 4. Solve for x, if x 2 x=0
3 -1 4 1 3 x
Using properties of determinants, show that
(a) 1 a a
1 b b’l=Mb-c)c—a)a—-Db)
1 ¢ ¢

(b) 1 x+y xz+y2

1 y+z Y+ == -2)(z—x)
1 z4+x zZ24+x?

o2 3 1w w
Evaluate: (a) [2° 3° 4% (b) wo1ow!
3 45 wow 1

,w being an imaginary cube-root of unity
Find the area of the triangle with vertices at the points :
(1) (2’ 7)’ (1’ 1) and (105 8) (11) (_1, _8)7 (_2’ _3) and (3’ 2)
(11) (O’ 0) (6’ O) and (4’ 3) (IV) (1’ 4)’ (2’ 3) and (_5’ _3)
Using determinants find the value of k so that the following points become collinear
@ (k,2-2k),(—k+1,2k)and (-4 —k,6—2k)
()  (k,—2),(5,2) and (6,8)
(i) (3,-2),(k,2) and (8,8)
V) (1,-5)(-4,5)(k,7)
Using determinants, find the equation of the line joining the points
® (1, 2) and (3, 6) @) (3, 1) and (9, 3)

If the points (a, 0), (0, b) and (1, 1) are collinear then using determinants show that
ab=a+b

MATHEMATICS
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| ANSWERS

CHECK YOUR PROGRESS21.1

1. (a) 11 (b) 1 ©0 () (@+b)—(+d)

2. (a) and (d)
3. (a) 18 (b) =54

(©) adf +2bce—ae® — b2 —dc?>  (d) x—1
CHECK YOUR PROGRESS 21.2

1. M, =39; C,, =-39
M, =3 C,=3
M, =-11; C, =11

2. M.,=-5 C,=-5
M, ==T, C;=7
M;,=1 C;=1
3. (a) 19 (b) 0 (c)-131
(d (a=b)b—-c)c—a) (©) 4abc o
4. (a) x=2 by x=2,3 c)x=2,——

CHECK YOUR PROGRESS 21.3
7. (@) a’ (b) 2abc(a +b+c)’

1
b 3 2

1

1
3
CHECK YOUR PROGRESS 21.4

75 )
1. ) sq units (3) y = 2x

MODULE - VI
Algebra -lI

Notes
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MODULE - VI § TERMINAL EXERCISE

Algebra -lI
1. M, =-2 M,=-1,M,=1, M, =-7, M,, =-5 M,, =—1,
M, =-8 M, ==7, My; =-2
¢, =-2,C,=1,C,=1CC,=7,C,=-5,C, =1,
Notes C31 = -8, C32 =17, C33 =-2
2. 0
3. =31
4. x=0, x=
6. ()-8 (b) O
45 ) )
7. @) X sq units (@) 5 sq units
. 15 .
(ii7) 9 sq units (iv) B sq units
1 13
- k =_1,_ .o - =
8. () > (i) k 3
i) k=5 (iv) k=-5
9. () y=2% @) x = 3y

MATHEMATICS
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INVERSE OF A MATRIX AND ITS Notes

APPLICATIONS

Let us Consider an Example:

Abhinav spends Rs. 120 in buying 2 pens and 5 note books whereas Shantanu spends Rs.
100 in buying 4 pens and 3 note books.We will try to find the cost of one pen and the cost of
one note book using matrices.

Let the cost of 1 pen be Rs. x and the cost of 1 note book be Rs. y. Then the above information
can be written in matrix form as:

3l Lol

This can be writtenas A X =B

25 < X 4B 120
= s A= an =
where A 43 y 100

X
Our aimisto find X = {y}

In order to find X, we need to find a matrix g-!sothatX= A-'B

This matrix A'is called the inverse of the matrix A.

In this lesson, we will try to find the existence of such matrices. We will also learn to solve a
system of linear equations using matrix method.

\Z| OBIECTIVES

After studying this lesson, you will be able to :

° define a minor and a cofactor of an element of a matrix;

° find minor and cofactor of an element of a matrix;

MATHEMATICS
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find the adjoint of a matrix;
° define and identify singular and non-singular matrices;
° find the inverse of a matrix, if it exists;
° represent system of linear equations in the matrix form AX = B; and
° solve a system of linear equations by matrix method.
° Concept of a determinant.
° Determinant of a matrix.
° Matrix with its determinant of value O.
° Transpose of a matrix.
. Minors and Cofactors of an element of a matrix.

22.1 DETERMINANT OF A SQUARE MATRIX

We have already learnt that with each square matrix, a determinant is associated. For any given

25
matrix, say A=

4 3
25
its determinant will be 4 3 Itis denoted by |A| .
1 3 1
Similarly, for the matrix A =2 4 5|, the corresponding determinant is
1 -1 7
I 3 1
|Al=2 4 5
1 -1 7

Asquare matrix A is said to be singular if its determinant is zero, i.e. |A| =0

Asquare matrix A is said to be non-singular if its determinant is non-zero, i.e. | A # 0

| ):¢11111) (P28 B Determine whether matrix A is singular or non-singular where

MATHEMATICS



6 3 1 2 3
(a)A={4 2} b A=|0 1 2
1 4 1
A| B -6 -3
Solution: (a) Here, V)

= (-0)(2) - (D(=3)
=—-12+12=0

Therefore, the given matrix A is a singular matrix.

(b)

1 2 0 2 0 1
-2 +3
4 1 I 1 1 4

= -7+4-3=-620

Therefore, the given matrix is non-singular.

|11 P2»®A Find the value of x for which the following matrix is singular:

1 2 3
A=1 2 1
x 2 -3
Solution: Here,
1 2 3
|A|= 1 2 1
x 2 3
:1‘2 1+21 1+31 2‘
2 3 x -3 x 2

=1(-6-2) +2(-3—x) +3(2—-2x)
=—-8—-6—-2x+6—6x
=—-8-8x

MODULE - VI
Algebra-Ii

Notes
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Since the matrix A is singular, we have |A| =0

|A|=—8—8x=0
or x=-—1

Thus, the required value of xis —1.

1 6
Example 22.3 JE\S WSS |:3 2}. Show that |A| = |A' ,where A’ denotes the

transpose of the matrix.

1 6
Solution: Here, A = 3

2
13
This gives A" =
6 2
16
Now, |A| = 3 5| =1X2-3x6=-16 (1)
L3
and \A\=6 2=1><2—3><6=—16 2

From (1) and (2), we find that |A| = |A’

22.2 MINORS AND COFACTORS OF THE ELEMENTS OF

SQUARE MATRIX

all 12 13

. . A=|a a a
Consider a matrix 21 2 23
a31 a32 a33

The determinant of the matrix obtained by deleting the ith row and jth
column of 4, is called the minor of aijand is denotes by Mij .

Cofactor Cl_j of a, 1s defined as

(jij = (_I)Hj M,j

. a; ap
For example, M,, = Minor of a,=

Qs as

and C,= Cofactor of a,,

MATHEMATICS



| 11110 B9PX W Find the minors and the cofactors of the elements of matrix A= {

Solution: For matrix A,

25
A|={6 3}=6—30=—24

M,, (minorof2)=3; C, = (-)"" M, =(-1)’M, =3
M, (minor of 5)=6; C,, = (=)"> M, = (=1)’ M,,= -6
M,, (minorof 6)=5; C,, = (=1)*"' M,, = (=1)* M,,= -5

M,, (minorof3)=2; C,, = (-1)** M, =(-1)"M,,=2

I e PPER Find the minors and the cofactors of the elements of matrix

-1 3 6
A=|2 5 2
4 1 3

Solution: Here, M, = ‘1 3 ‘ =15+2=17;C, = (-D)"' M, =17

M, = i _3‘ =6+8=14;C, = (-)"> M, =—14

M, = j i‘ =2-20=—18,C,=(-)" M, =-18

M, = T j =9-6=3C, =(-1)*" M, =-3

M, = _4 j =(-3-24) =27, C,, = (-1)** M, =27
MATHEMATICS

25
6 3
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—1 3 243
M, = 4 1 =(-1-12)=-13,Cy; =(-D"" M,, =13
M ‘3 0= (=6-30)=-36; Cy, = (~1)*"' My, =36
31 = 5 _2 = - H 31 — 31 —
—1 6 3+2
M, = 2 2 =(2-12)=-10; C, = (=)™ M,, =10
-1 3
and M33:‘2 5‘:(_5_6):_11; C33:(_1)3+3 M33:_11

Q)
\ & CHECK YOUR PROGRESS 22.1

1. Find the value of the determinant of following matrices:
4 5
0 6
— B=|-1 0 1
@ A= { } (b)
23 2 1 2
2. Determine whether the following matrix are singular or non-singular.
1 -1 2
(@) A= 2 b o=|2 3 1
a 9 ¢ (b) =
4 5 -1
3. Find the minors of the following matrices:
3 -1 [0 6
a A= b B =
S Y I N

4. (a) Find the minors of the elements of the 2™ row of matrix
1 2 3
A=|-1 0 4
-2 -3 1

MATHEMATICS



(b) Find the minors of the elements of the 3™ row of matrix
2 -1 3
A=|5 4 1
-2 0 -3
5. Find the cofactors of the elements of each the following matrices:
@ A 3 2 ) B 0 4
a = =
9 7 -5 6
6. (a) Find the cofactors of elements of the 2™ row of matrix
2 0 1
A=|-1 3 O
4 —2
(b) Find the cofactors of the elements of the 1st row of matrix
2 -1 5
A=l6 4 =2
-5 -3 0

2 3 -2 3
7. If A= and B = , verify that
4 5 7 4

@ |Al=|a B

and |B| =

& |48[=||B =[5
22.3 ADJOINT OF A SQUARE MATRIX
2 1‘

2 1
Let A= be a matrix. Then |A| =
5 7 5 7

Let M, and C; be the minor and cofactor of ¢, respectively. Then
M, =[1=7,C,=D" 7| =7
M,=5=5C,=-D"[5=-5

M, =[=5C,=D"" 1| =-1

MODULE - VI
Algebra-Ii
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Algebra-ll M, =2[=2C,=(D)"[2=2

We replace each element of A by its cofactor and get

. { 7 —5} M
Notes -1 2

The transpose of the matrix B of cofactors obtained in (1) above is

B - 7 -1 2)
- _5 2 s

The matrix B” obtained above is called the adjoint of matrix A. It is denoted by Adj A.

Thus, adjoint of a given matrix is the transpose of the matrix whose elements are
the cofactors of the elements of the given matrix.

Working Rule: To find the Adj A of a matrix A:
(a) replace each element of A by its cofactor and obtain the matrix of
cofactors; and

(b) take the transpose of the marix of cofactors, obtained in (a).

IDeln)) PPAN Find the adjoint of

4 5
A=
—4 5
2 -3

Al=

Solution: Here, Let Al.j be the cofactor of the element a;

Then, A =DM (3)=-3 A, =D (5)=-5

A, =DM 2Q)=-2 A, =D (4)=-4

We replace each element of A by its cofactor to obtain its matrix of cofators as

3 -2 |
Iy (D)

m MATHEMATICS




Transpose of matrix in (1) is Adj A. MODULE - Vi
Algebra-Il
-3 -5
Thus, Adj A =
-2 -4
I -1 2 Notes
Find the adjointof 4 =3 4 1
5 2 -1

Solution: Here,

1 -1 2
A= |-3 4 1
5 2 -1

Let Al.jbe the cofactor of the element a, of ‘A‘

1+1 4 1 2] 1
Then A11 =(-1) y 1 =(—4—2)=—6; A12 =(-1) 5 =—3-5=2
143 4 2+1| 2
Ay=(-D" 0 =(6-20)=-26; Ay = (=D T l=(-1-4)=3

1 2 -

A31 — (_1)3+1

-1 2 342
4 1 =(-1 —8)=—9; A, =(=1)

L2 (1+6)=-7
-3 1] B

1 -1
3 4

and Ass :(_1)3+3 :(4_3):1

Replacing the elements of A by their cofactors, we get the matrix of cofactors as

-6 2 =26 -6 3 -9
-9 -7 1 =26 -7 1

If Ais any square matrix of order n, then A(AdjA) =(AdjA) A=IAIT

where Inis the unit matrix of order n.

MATHEMATICS
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2 4
(1) Consider A:[—l 3}
2
Notes Then |A|=‘_1 3 or JAl=2%x3—-(-1) x(4)=10

Here, A”:S; A12:1; Az1: — 4 and A22:2

3 -4
Therefore, AdjA =

12
2 4|3 4]0 o0 1 0
Now. AGIA=_ 5y o [Flo 1070 M
3.5 7
) Consider, A=12 =31
S )
Then, [A| =3(=6-1) =5@4-1)+7 (2+3) = -1

Here, A = -7;A = —3;A13=5
Ay=-3A=-1LA =2
A, =26, A =11; A = —19

-7 =3 26
Therefore, AdjA = - -1
5 2 —-19

3 05 71[-7 -3 26

Now (A)(AdjA)=|2 =3 1||= -1 1
11 2| s 2 -19

-1 0 0] 1 00
0 0 1] 00 1

MATHEMATICS
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-3 -1 11 2 =31

5 2 19 |1 1 2

Also, (AdjA)A ~

-1 0 O 1 00
_ _ Notes
0O 0 -1 0 0 1

Note: If Ais a singular matrix, i.e. |Al=0, then A(AdjA)=0

N
L‘ CHECK YOUR PROGRESS 22.2

1. Find adjoint of the following matrices:

2 -1 a b cosx sina
@13 ¢ ®) . 4 © | _sinar cosax

2. Find adjoint of the following matrices :

ol ol

Also verify ineach case that A(AdjA) = (Adj A) A=IAIL.
3. Verify that
A(AdjA) = (AdjA) A=Al L, where Ais given by

6 8 -1 2 7 9
@) 0 5 4 b 0o -1 2
32 0 3 -7 4
[cosa —sina 0 (4 -6 1
© sin¢ cosa O ) -1 -1 1
0 0 1 4 11 -1
22.4 INVERSE OF A MATRIX

a b
Consider a matrix A = [c d:| . We will find, if possible, a matrix

MATHEMATICS
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Xy
B= suchthat AB=BA =1
u v

S B

ax +bu ay+bv 1 0
or cx+du cy+dv| |0 1
On comparing both sides, we get

ax + bu = lay + bv = 0

cx +du =0 cy +dv =1

Solving for x, y, u and v, we get

d —b —c a

= s y = , u , v ==
ad —bc ad —bc ad —bc ad —bc

X

a b
provided ad —bc #0,i.e., {c a’} 0

d -b
ad—bc ad —bc
Thus, —c a

ad —bc ad —bc

B 1 d b
or "~ ad—-bc|l-c a

It may be verified that BA =1.

It may be noted from above that, we have been able to find a matrix.
1 d -b 1 )
= = Ad A (1)
ad —bc|—c a |A|
This matrix B, is called the inverse of A and is denoted by A~.

For a given matrix A, if there exists a matrix B such that AB = BA = I, then B is
called the multiplicative inverse of A. We write this as B= A".

MATHEMATICS



Note: Observe that if ad — bc = 0, i.e., Al =0, the R.H.S. of (1) does not exist and
B (=A") is not defined. This is the reason why we need the matrix A to be non-singular
in order that A possesses multiplicative inverse. Hence only non-singular matrices possess
multiplicative inverse. Also B is non-singular and A=B"'.

| D)) PR Find the inverse of the matrix

4 5T
4=2 3

(4 5
Solution : A= 2 -3

Therefore, IAl = —12 —10 = =22 #0

..A is non-singular. It means A has an inverse. i.e. A” exists.

-3 =5
Now, AdjA =

-2 4
33
A =L adias L -3 S22 22
|A| 22|12 4] |1 2
11 11

Note: Verify that AA”" =A7'A =1

| .11 (YA M Find the inverse of matrix

3 2 =2

A=|1 -1 6

5 4 -5
3 2 =2
Solution : Here, A=l -1 6
5 4 -5

IAl=  3(5 —24) —2(=5 —30) —2(4 +5)
= 3(=19) -2(-35) -2(9)
= -=57+70-18
= =5#0

A~ lexists.

MODULE - VI
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MODULE - VI Let Aij be the cofactor of the element a,.
Algebra-li Then,
A = (=™ 4 _5‘ =5—24=—19,
Notes | 6
A, = (_1)1+2 5 _5‘ =—(-5-30) = 35
1 =
A13:(_1)135 4‘24—529’
2 2
= (D™ =—(-10+8) =2
A= DT = (1048)
3 _
A, = (=D =-15+10=-5
5 -5 ’
3 2
= (=D =-(12-10)=-2
Ay = (=D 5 4‘ ( )
2
A, = (=™ 1 ‘ =12-2= 10’
3 -2
A =(=1)*"2 =—(18+2)=-20
32 1 6
3 2
and Ay, = (=™ =-3-2=-5
1 -1
-19 35 9 -19 2 10
Matrix of cofactors = 2 - 2 . Hence AdjA= 35 =5 20
10 20 -5 9 -2 -5
w2,
| | -19 2 10 5 5
A‘l—H.AafjAz—5 35 -5 -20| =[-7 1 4
9 -2 -5 —?9 % |

m MATHEMATICS



Note: Verify that A”A = AA" =1,

1 O -2 1

() (AB) ' @B AT (ii)Is(AB) " =B A ?

1 0|2 1
Solution : (i) Here, AB = 1 0 -1

—2+0 1+0] [-2 1
“|—4+0 2+1|7|—4 3
2 1

ABI =| , .

= 6+4 =-2%0.

Thus, (AB)™" exists.
Let us denote AB by C, ij

Let Cij be the cofactor of the element Cij of ICI.
Then, C = (=D 3)=3 C, = (=D* ()= -1
C=(~1)'? (~4) =4 C,=(~1(~2)= -2

3 -1
Hence, Adj (C) =

4 -2
-3 1
3 -1 1= =
C—1=iAdJ(C)—i =l 2 2
C| 2|4 20 |5
-3 1
c'=@aB) =2 2
-2 1

() TofindB™ A~ first we willfind g-!.

MODULE - VI
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Algebra-Il —2 -2
gebra- Now. B=| g _/[~Bl=|  _;|=2-0=2%0

B! exists.

Let B, be the cofactor of the element bij of IBI

Notes then B, =(-D" (=1)=-1 B, =(-D*(1)=-1
B,=(-1)"(0)=0 and B, =(-1)*?*(-2)=-2

-1 -1
Hence, Adj B=

0o -2
o |2 2
B'=L agip=1 =2 2
Bl 20 2] o -
1 0 1 0
Also, A= ’ Therefore, A|= ) 1 =1-0=-1 =0

Therefore, A exists.
Let Aij be the cofactor of the element a, of |Al

then A, =(-D"(=1)==1 A, =(=1*(0)=0
A =(=D*(@2)=-2and A =(-D*(1)=1

-1 0
Hence, Adj A=

-2 1
-10] [1 0
= A" =L agia =L =
A 112 1] |2 -1
e -2y 07 104l ) =1
Thus, =2 21, =2 20=12 2
0 -1 0-2 0+1| |2 1

(iii) From (i) and (ii), we find that

-3

(AB)—lzB—lA—l _=| 2
—2

—1A—1

Hecne, (AB) '=B

MATHEMATICS
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N\ ' @l CHECK YOUR PROGRESS 22.3

1. Find, if possible, the inverse of each of the following matrices:

13 -1 2 2 -1
@12 s ®]3 4 ©11 o

2. Find, if possible, the inverse of each of the following matrices :
1 0 2 3 -1 2
@) 2 1 3 (b) 5 2 4
4 1 2 1 -3 =2

Verify that g-14 = g4~ =Ifor (a) and (b).

1 2 3 2 -1 0
3 If A= 0 -1 4 and B= L4 , verify that (AB)_1 =B'A"'
3 1 5 3 0 2
1 -2 3
4 Find (A)"if A 0 -1 4
-2 2 1
0 1 1 b+tc c-a b-a
5 If A= 1 0 1 andB=§ c—-b c+a a-b
1 1 0 b—-c a-c a+b

show that 4gA~! is a diagonal matrix.

cosx -—-sinx O
-1

6.  If¢(x)=|sinx cosx O} showthat [¢(x)] =¢(-x).
0 0 1

I tanx ,. ., |cos2x —sin2x
7. IfA = , show that AA” = |
—tanx 1 sin2x  cos2x

MODULE - VI
Algebra-Ii
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3 If A= 1+bc -1,
. =|c ,showthataA =(a*+bc+1)/—-aA
L a |
-1 2 0]
Notes 11 1
9. If A= , show that A "' = A?
(0 1 0]
. -8 1 4
10. IfA=g¢g 4 = 7| showthat A = A’
1 -8 4

22.5 SOLUTION OF A SYSTEM OF LINEAR EQUATIONS

In earlier classes, you have learnt how to solve linear equations in two or three unknowns
(simultaneous equations). In solving such systems of equations, you used the process of elimination
of variables. When the number of variables invovled is large, such elimination process becomes
tedious.

You have already learnt an alternative method, called Cramer’s Rule for solving such systems of
linear equations.

‘We will now illustrate another method called the matrix method, which can be used to solve the
system of equations in large number of unknowns. For simplicity the illustrations will be for
system of equations in two or three unknowns.

22.5.1 Matrix Method

In this method, we first express the given system of equation in the matrix form AX = B, where
A is called the co-efficient matrix.

For example, if the given system of equationis a x +b y=c and a,x + b,y =c,, we express
them in the matrix equation formas :

a, b, ||y (&
a, b X c
Here, A= , X= and B =
a, b, y (&

If the given system of equationsisa x+b y+c¢,z=d,a x+b,y+c,z=d,and

a,x+b,y+c,z=d,.then this system is expressed in the matrix equation form as:

m MATHEMATICS



a b ¢ ||x d,

a, b, ¢ |y|=|d,

a3 b3 C3 i | < d3

a, b ¢ | X d,
Where, A = a, b2 G , X = y and B= d2

a, by ¢ z d;

Before proceding to find the solution, we check whether the coefficient matrix A is non-singular
or not.

Note: If A is singular, then IA|=0. Hence, A does not exist and so, this method does not
work.

a, b X C
Consider equation AX = B, where A = ,X= and B =
a, b, y (&

2

When |Al #0, i.e. when a b,_a b # 0, we multiply the equation AX = B with A” onboth side
and get

A(AX)=A"'B
=  (A'A)X=A"'B

—  IX=A'B (-- AA=1)
= X=A'B

1 b, -b ]
Since A= ’ 1

albz - a2b1 |~ 4, a,

X = 1 bz _bl ¢
ab,-ab |-a, a, |c
byc,—bc,
x 1 b,c,—bc, | = ab,—a, b,
Yy - ab, —ab, | —a,c, +apc, L
a,b,—a, b,

u bzc1 B blcz d a,c, — a,c,
ence, X = and y=
a1b2 - aZbl albz - a2bl
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D€l PPAIR Using matrix method, solve the given system of linear equations.

4x—3y:11}

3x+7y=-1

Solution: This system can be expressed in the matrix equation form as

Here,

SO,

Now,

Since

LR
ooy Tl e[l

(i1) reduces to
AX=B (iii)

4
| Al= =284+9=37+#0
3 7

Al # 0, A exists.

Now, on multiplying the equation AX = B with A" onboth sides, we get

ie.

Hence,

So,

AT (AX)=A"B
(ATA)X=A"B
IX=A"B
X=A'B

1
X=— (Adj A) B
A

x] 1 [7 3] 1[77-3
y| 37|-3 4||-1] T37|-33-4
_x__l 74 x| 2
y| 37|-37] y| |-

x =2,y= — 1 isunique solution of the system of equations.

| V111 (P2A PR Solve the following system of equations, using matrix method.

x+2y+3z=14
x—2y+2z=0
2x+3y—z=5

MATHEMATICS



Solution : The given equations expressed in the matrix equation formas : MODULE - VI
Algebra-Ii
1 2 3 ||x 14
=2 1Thy=]0 .. ()
2 3 -1||z 5
Notes

which is in the form AX = B, where

1 2 3 X 14
a=|l 21 X=|Y|andB=
2 3 -1 z 5
X=A'B ... (ii)

Here, 1Al=1(2-3) =2(-1-2)+3 (3+4)

=26#0
A exists.
-1 11 8
Also, Adj A=|3 =7 2
1 —4
. Xx=A"1B=1 AgjA.B
Hence, from (ii), we have - - | A| LJA-
. -1 11 8 ||14 . 26 1 X 1
X=—|3 -7 2 0| =—|52|=|2 y|=12
26 26 of,
7 1 4|5 78 3 Z 3

Thus, x =1, y=2 and z =3 is the solution of the given system of equations.

22.6 CRITERION FOR CONSISTENCY OF A SYSTEM OF
EQUATIONS

Let AX = B be a system of two or three linear equations.

Then, we have the following criteria :
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Notes

Q8 If1A | # 0, then the system of equations is consistent and has a unique
solution, given by X=A"'B.

2) If IAl = 0, then the system may or may not be consistent and if
consistent, it does not have a unique solution. If in addition,

(a) (AdjA) B # O, then the system is inconsistent.

(b) (AdjA) B =0, then the system is consistent and has infinitely
many solutions.

Note: These criteria are true for a system of n’ equations in 'n' variables as well.

We now, verify these with the help of the examples and find their solutions wherever possible.
Sx+7y=1
@ 2x—-3y=3

5 7

#0 ;
2 3 Here, the matrix

This system is consistent and has a unique solution, because

..5 7 x_l
equationis | , 5 y E

ie. AX=B (i)

5 7 X 1
where, A = 3 , X = y and B = 3

Here, IAlI=5X(-3) -2X7=-15-14=-29%0

aa o L agias LT
an = =— --
‘A‘ 9l 29l s ... (1)

From (i), wehave X = A™'B

24
X 1 |3 -7]|1 29
ie., L} T 29 [_2 5 }L} “| 13| [From(i)and (ii)]
29
24 —13 . . . . .
Thus, x= 2—9 ,andy = 29 1 the unique solution of the given system of equations.
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Algebra-ll
(b) 6x+4y=38 g

In the matrix form the system can be written as

PRIINEN

or, AX=B
3 2 X 7
where A= 6 4 , X= y and B = 3
Here, IAlI=3 x4 -6x2=12-12=0
4 -6
AdjA = 6 3
4 671 [-20
Also, (AGAB=| 5 (g7 s #0

Thus, the given system of equations is inconsistent.

3x—y=7
©  9x_3y=21

In the matrix form the system can be written as

G

or, AX =B, where

ooy el ool

3 -1
Here, IAI=‘9 _3‘ =3X(-3)-9x(-1) =-949=0

-3 1
AdjA= 9 3
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Notes

3 11[77 Jo
Ako, (AGAB=| o  3||5|7|o|=°

The given system has an infinite number of solutions.

Let us now consider another system of linear equations, where |Al = 0 and (AdjA) B#O.
Consider the following system of equations

X+2y+z=5
2x+y+2z=-1
x=3y+z=6

In matrix equation form, the above system of equations can be written as

1 2 1][x 5
2 1 2)|y|=|-1
1 -3 1||z 6
ie., AX=B
1 2 1 5
where A= 2 12 , X = Y| and B= 1
1 -3 1 Z 6
1 2 1
Now, ar=1>2 1 220 (€ =C)
1 -3 1
(7 -5 3 5
Also, (Adj A)B= 0 0 0l [ Verify (Adj A) yourself]
-7 5 -3]|6
[ 58
=| 0 #0
| -58
Since IAl=0and (AdjA)B#0,

“ MATHEMATICS
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y|= i(Adj AB Algebra-Ii
| Al

Z

58

l 0 ichi Notes
=0 which is undefined.
-58

The given system of linear equation will have no solution.

Thus, we find that if Al = 0 and (Adj A) B # O then the system of equations will have no
solution.

We can summarise the above findings as:

1) If 1Al # 0 and (Adj A) B # O then the system of equations will have a non-
Zero, unique solution.

(i) IflAl#0and (AdjA) B =0, then the system of equations will have trivial
solutions.

(i)  IflAl=0and (AdjA) B = O, then the system of equations will have infinitely
many solutions.

(iv) IflAl =0 and (Adj A) B # O, then the system of equations will have no

solution Inconsistent.
Q
&
1. Solve the following system of equations, using the matrix inversion method:
(@) 2x+3y=4 (b) x+y=7
x—=2y=5 3x=T7y=11
2. Solve the following system of equations using matrix inversion method:
(a) x+2y+z=3 (b) 2x+3y+z=13
2x—y+3z=5 3x+2y—z=12
x+y—z=7 xX+y+2z=5
(©) —x+2y+5z=2 (d) 2x+y—z=2
2x—=3y+z=15 x+2y—-3z=-1
-Xx+y+z=-3 Sx—y—-2z=-1
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3. Determine whether the following system of equations are consistent or not. If consistent, find
the solution:

(a) 2x=3y =5 (b) 2x=3y=5
x+y=7 4x—-6y =10
(©) 3x+y+2z=3
—2y—-z=7
x+15y+3z=11

A square matrix is said to be non-singular if its corresponding determinant is non-zero.

The determinant of the matrix A obtained by deleting the i row and j* column of A, is
called the minor of ¢ . It is usually denoted by M.

The cofactor of a, is defined as C,=(- 1) M,

Adjoint of a matrix A is the transpose of the matrix whose elements are the cofactors of
the elements of the determinat of given matrix. It is usually denoted by Adj A.

If A is any square matrix of order n, then
A (AdjA) =(AdjA) A=|A| I where] is the unit matrix of order n.

For a given non-singular square matrix A, if there exists a non-singular square matrix B
such that AB = BA =, then B is called the multiplicative inverse of A. Itis writtenas B
=A"

Only non-singular square matrices have multiplicative inverse.

If a,x + by=c, anda,x + b,y = c,, then we can express the system in the matrix
equation form as
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X=A"'B= S N BT Algebra-Il
aby —a,b; | —a, a, ||c,

° A system of equations, given by AX = B, is said to be consistent and has a unique

solution, if Al = ().

Notes

° A system of equations, given by AX = B, is said to be inconsistent, if [Al = 0 and

n a1 A)B#0.
° A system of equations, given by AX = B, is said be be consistent and has infinitely

many solutions, if IAl =0, and (AdjA) B=0.

e SUPPORTIVE WEB SITES

http://www.mathsisfun.com/algebra/matrix-inverse.html

http://www.sosmath.com/matrix/coding/coding.html

@
qil TERMINAL EXERCISE
1. Find IAl, if
1 2 3 -1 3 4
(@) A=|-3 -1 O (b) A=7 5 0
-2 5 4 0O 1 2
2. Find the adjoint of A, if
-2 3 7 I -1 5
(@) A=|-1 4 5 (b) A= 3 1 2
-1 0 1 -2 1 3

Also, verify that A(Adj A) = |All, = (Adj A) A, for (a) and (b)
3. Find A, if exists, when

3 6 2 1 3 -5
@ |7 5 ® 13 5 © |4 2

Also, verify that (A")'=(A™")’, for (a), (b) and (¢)

MATHEMATICS “



MODULE - Vi 4. Find the inverse of the matrix A, if

Algebra-li
I 0 O 1 2 0
(@) A=|3 3 0 (b) A=|0 3 -1
5 2 -1 1 0 2
Notes |l 5. Solve, using matrix inversion method, the following systems of linear equations
x+2y=4 6x+4y =2
b
@) 2x+5y=9 ®) 9x+6y=3
2x+y+z =1
x—y+z=4
Dy—r=2
© T (d 2x+y-3z=0
3y-5z =9 xX+y+z=2
x+y-2z=-1
(e) 3x=2y+z=3
2x+y—-z=0
6. Solve, using matrix inversion method
%4_24_&:4; i_g+§:1; §+2_§:3
Xy z Xy z Xy z
7. Find the value of A for which the following system of equation becomes consistent
2x—=3y+4=0
5x-2y—-1=0
21x-8y+A4=0
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CHECK YOUR PROGRESS 22.1

(a)—12 (b) 10 2.
@M, =4M, =T,M, =-1M,,=3
(a) M, = 11; M, = 7 M23 =1
@C,=7.C,=-9,C,, =2,C,,=3
(@ C,=1,C,=-8,C,,=-2
CHECK YOUR PROGRESS 22.2

o Uk w =

MODULE - VI
Algebra-Ii
(a) singular (b) non-singular
(b)M11=5;M12=2; M21=6;M22=0 Notes

b)yM, =-13; M ,=-13; M, =13
(b)C,,=6,C,=5C, =-4C,=0
(b) C,,=-6;C,,=10; C,,=2

6 1 d -b cosa —-sina
1. @) _—3 2 (b) - a ©) sin@ cosa
1 -2 i
@2 ® 1
CHECK YOUR PROGRESS 22.3
42
-5 3 10 10 0 1
L. () b 1 & 13 11 © |4,
- 10 10
1 2 2] 1 1 1]
5 5 5 3 3 3
_8 6 _1 _1 1 1
2. (a) 5 5 5 (b) 12 3 12
2 1 _1 17 _1 _11
L 5 5 5] | 24 3 24 |
9 -8 -2
4. wp=|8 7 2
5 -4 -1
CHECK YOUR PROGRESS 22.4
1 M b 1
) () - y 7 (b) x=6,y=
58 2 21
2. =, y=-", z=-" b =2, y=3,2=0
@ = YT it T ® =2 y=32

MATHEMATICS
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MODULE'VI (C) X=2,y=—3,2=2 (d) X=1,y=2,Z=2
Algebra-li
) 26 9 . . .
3. (a) Consistent; X = ?, y= g (b) Consistent; infinitely many solutions
(©) Inconsistent
Notes
TERMINAL EXERCISE
1. (a) =31 (b) 24
4 -3 -13 1 8 -7
7 (@) -4 5 3 (b) —-13 13 13
4 3 -5 5 1 4
1 1 S _1 1 _5
18 6 7 7 7 14
3. (@) 7 1 ® | 3 2 © | 2 3
36 12 7 7 7 14
_ _ "3 » 1
1 0 0 2 2
1 1 1 1
-1 L 0 _1 1 1
4. (a) 3 (b) 4 2 4
2 _ 3 1 3
L 3 3 1_ . 4 2 4 |
5 ) 2 1 b) x=k I3 k
. X = , = = 5 = —
(a Yy ( y > o
x=1 ! Z 5 d 2 1 1
=1, = = - X =24, =—1 =
(© y > > (d) y Z
L A |
(© 2 YT T T,
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MODULE-VII:

Relations and Functions

Lesson-23: Relations and Functions-I1

Lesson-24: Inverse Trigonometric Functions

Scope and Approach:

In this module you will learn about reflexive, symmetric, transitive and equivalence relations.
You will also learn about the composition of functions and their different properties. This
module will help you to test the bijectivity of functions and to find the inverse of any function.
The binary operations like addition and multiplication constitute the set of real numbers as one
of the most familiar algebraic structure. You will be able to find identity element and inverse of
an element of a set. You will also study about inverse trigonometric functions, its domain, and
range and simplify expressions involving inverse trigonometric functions. The inverse
trigonometric functions play a very important role in calculus and are used extensively in
science and engineering.







MODULE - VII
Relation and
Function
RELATIONS AND FUNCTIONS-II
Notes

We have learnt about the basic concept of Relations and Functions. We know about the ordered
pair, the cartesian product of sets, relation, functions, their domain, Co-doman and range. Now
we will extend our knowledge to types of relations and functions, composition of functions,
invertible functions and binary operations.

r

\Z| OBJECTIVES

After studying this lesson, you will be able to :

verify the equivalence relation in a set

verify that the given function is one-one, many one, onto/ into or one one onto

find the inverse of a given function

determine whether a given operation is binary or not.

check the commutativity and associativity of a binary operation.

find the inverse of an element and identity element in a set with respest to a binary
operation.

EXPECTED BACKGROUND KNOWLEDGE

Before studying this lesson, you should know :

° Concept of set, types of sets, operations on sets
° Concept of ordered pair and cartesian product of set.
° Domain, co-domain and range of a relation and a function

23.1 RELATION

23.1.1 Relation
Let A and B be two sets. Then a relation R from Set A into Set B is a subset of
A x B.
Thus, R is a relation fromAto B Rc A x B
e If(a, b) eR then we write aRb which is read as ‘a’ is related to b by the relation
R, if (4, b) ¢R, then we write a R _band we say that a is not related to b by the
relation R.

e Ifn(A)=m and n(B) = n, then A x B has mn ordered pairs, therefore, total number
of relations form A to B is 2",
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Relations and Functions-I1

23.1.2 Types of Relations

(i) Reflexive Relation :

A relation R on a set A is said to be reflexive if every element of A is related to itself.
Thus, R is reflexive < (a, a) €R for all a € A
A relation R is not reflexive if there exists an element a € A such that (a, a) € R.

Let A= {1, 2, 3} be a set. Then
R={(, 1), (@, 2), (@3, 3),(,3), (2, 1)} is areflexive relation on A.

but R, = {(1, 1), (3, 3) (2, 1) (3, 2)} is not a reflexive relation on A, because 2 € A
but (2,2) ¢R.

(ii) Symmetric Relation

A relation R on a set A is said to be symmetric relation if
(a, b) eR = (b, a) eR for all (a, b) €A
ie. aRb = bRa for all a, b € A.

Let A={1,2,3,4} and R, and R, be relations on A given by
R, ={(1,3), (1,4, (3, 1, (2,2), 4 1)
and R, = {(1, 1), (2, 2), (3, 3), (1, 3)}
e R, is symmetric relation on A because (a, b) eR; = (b, a) €R
or aRb = bR, a for all a,b € A
but R, is not symmetric because (1, 3) R, but (3, 1) R,.

A reflexive relation on a set A is not necessarily symmetric. For example, the relation
R ={(1, 1), (2, 2), (3, 3), (1, 3)} is a reflexive relation on set A= {1, 2, 3} but it is not
symmetric.

(iii) Transitive Relation:

Let A be any set. A relation R on A is said to be transitive relation if
(a, b) eR and (b, ¢c) eR = (a, c) eR for all a, b, c €A
i.e. aRb and bRc = aRc for all a, b, c €A

For example :
On the set N of natural numbers, the relation R defined by xRy
= ‘xis less than y’, is transitive, because for any x, y, z €N
x<yandy<z=x<72z
i.e. xRy and yRz = xRz
Take another example

Let A be the set of all straight lines in a plane. Then the relation ‘is parallel to” on A
is a transitive relation, because for any /,, [,, [; € A

LWL and Ll I = 111 1,
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Ih el PRANE Check the relation R for reflexivity, symmetry and transitivity, where R is
defined as [|RL, iff [, 1 [, for all [, I, € A

Solution : Let A be the set of all lines in a plane. Given that |\Rl, & [, L [,
foralll,l, eA

Reflexivity : R is not reflexive because a line cannot be perpendicular to itselfi.e. / L
[ is not true.

Symmetry : Let [, [, € A such that /|R/,
Then [, Rl, =, L], =1, L, = L,R]
So, R is symmetric on A

Transitive

R is not transitive, because [, L [, and [, L I, does not impty that /, L [,

23.2 EQUIVALENCE RELATION

A relation R on a set A is said to be an equivalence relation on A iff
(1) it is reflexive i.e. (a, a) eR for alla € A
@) it is symmetric i.e. (a, b)) eR = (b, a) eR for all a, b € A
(i) it is transitive i.e. (a, b) eR and (b, ¢) eR = (a, ¢) eR for all a, b, c €A

For example the relation ‘is congruent to’ is an equivalence relation because

(1 it is reflexive as A = A = (A,A) eR for all A €S where S is a set of triangles.
() it is symmetric as = ARA, = A=A, = A, =A
= A,RA
(i) 1t is transitive as A=A, and A, =A; = A=A,
it means (A;, A)) €R and (A,, Ay) eR = (A, A)) eR

Show that the relation R defined on the set A of all triangles in a plane as
R={(T,,T,) : T, is similar to T,) is an equivalence relation.
Solution : We observe the following properties of relation R;

Reflexivity we know that every triangle is similar to itself. Therefore, (T, T) € R for all
T € A = Ris reflexive.

Symmetricity Let (T, T,) €R, then
(T,,T,)eR = T, issimilarto T,
= T,issimilarto T,

= (T,, T)) €R, So, Ris symmetric.

MODULE - ViI

Relation and
Function

Notes
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Relations and Functions-II

Transitivity : Let T,, T,, T, € Asuch that (T,, T,) eR and (T,, T;) €R.
Then (T,, T,) eRand (T,, T;) €eR

= T, is similar to T, and T, is similar to T,

= T, is similar to T,

= (T, T;) eR

Hence, R is an equivalence relation.

1

@4 CHECK YOUR PROGRESS 23.1

-

Let R be arelation on the set of alllines ina plane defined by (/,, /,) e R= line /, is parallel
to [,. Show that R is an equivalence relation.

Show that the relation R on the set A of points in a plane, given by

R = {(P, Q) : Distance of the point P from the origin is same as the distance of the point
Q from the origin} is an equivalence relation.

Show that each of the relation R in the set A={xe€ z:0<x<12}, given by
i) R={(a,b):|a—b|ismultiple of 4}

(i) R={(a,b):a=D>}isanequivalence relation
Prove that the relationis afactor of' fromR to R isreflexive and transitive but not symmetric.
IfR and S aretwo equivalencerelations onaset Athen R A § isalso anequivalence relation.

Prove that the relation R onset ¥ x ) defined by (a,b) R (c,d) < a+d=Db + cforall

(a,b), (c,d) € N x N is an equivalence relation.

23.3 CLASSIFICATION OF FUNCTIONS

Let fbe a function from A to B. Ifevery element of the set B is the image of at least one element of
the set A i.e. if there is no unpaired element in the set B then we say that the function f maps the
set A onto the set B. Otherwise we say that the function maps the set A into the set B.

Functions for which each element of the set A is mapped to a different element of the set B are
said to be one-to-one.

One-to-one function

A > 1
B \ > / 2
C ] > { 3
4

Fig. 23.27
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The domainis { A, B, C}
The co-domainis {1,2,3,4}
The rangeis {1,2,3}
A function can map more than one element of the set A to the same element of the set B. Sucha

type of function is said to be many-to-one.
Many-to-one function

A > 1
B 2
C 3

4

Fig.23.2
The domainis { A, B,C}

The co-domainis {1,2,3,4}

Therangeis {1,4}
A function which is both one-to-one and onto is said to be a bijective function.

A > 1 A > 1

> 2 B \l > l/ 2

C > 3 Cc > 3
4

o
1 —
———

Fig. 23.3 Fig. 23.4
A > 1 A > 1
B 2 B 2
C 3 C
4
Fig.23.5 Fig. 23.6

Fig. 23.3 shows a one-to-one function mapping { A, B, C} into{1,2,3,4}.
Fig. 23.4 shows a one-to-one function mapping { A, B,C}onto {1,2,3}.
Fig. 23.5shows a many-to-one function mapping { A, B, C} into{1,2,3,4}.

Fig. 23.6 shows a many-to-one function mapping { A, B,C}onto {1,2}.

Function shown in Fig. 23.4 is also a bijective Function.

MATHEMATICS
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Note: Relations which are one-to-many can occur, but they are not functions. The following
figure illustrates this fact.

a
AW N =

Fig. 23.7
Without using graph proveg that the function
f :R — Rdefiend by f (x) = 4 + 3x is one-to-one.
Solution : For a function to be one-one function
f(x)=1f(xy) = x; =X, V Xq, X, € domain
Now f (x;) =f(x,) gives
4+4+3x; =4+3x, or X; =X,

fis a one-one function.

D e EPARE Prove that

f :R — Rdefined by f (x ) = 4x3 — 5 is a bijection
Solution : Now f (x;) =f(x,) V x;, X, €Domain

4xP2 =5=4x," -5

2 2
= X -xy =0= (Xz—x1)(x1 +X1X2+X2)=0
= X1 = Xp or
x12 + XXy + x22 = 0 (rejected). It has no real value of x; and x, .

fis a one-one function.

Againlet y = (x)  where y € codomain, x € domain.
y + 5 1/3
We have y=4x3 -5 or X = n

For each y € codomain 3 x € domainsuchthat f (x) =y.

Thus f is onto function.

fis a bijection.
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1BV PRREE Prove that f :R — R defined by f ( x

onto function.

) = x2 + 3 is neither one-one nor

Solution : We have f (x;) =f (x,) V x;, X, € domain giving

X12+3:X22+3 = X12 :X22
2 2 _ _ —
or X" =X" =0 = x; =X, or X =-Xp
or fis not one-one function.

Againlet y = f(x) where y € codomain

X € domain.

= y=x2+43 = x =+y-3

= ¥V y < 3 3 noreal value of x in the domain.
- f is not an onto finction.
23.4 GRAPHICAL REPRESENTATION OF FUNCTIONS

Since any function can be represented by ordered pairs, therefore, a graphical representation of

the function is always possible. For example, consider y = x2.

y = x?
x[0[1[-1]2]-2]3][-3] 4[-4
ylo[1] 1]4] 49| oli6]16
YA
(4, 16) - 4, 16)
(-3,9) - (3,9
(-2.4) - A
X'= |(_|1’ |1)| B |(1|, l)l T >X
-4 -3-2-1 12 3 4
vY’
Fig. 23.8

Does this represent a function?
Yes, this represent a function because corresponding to each value of x 3 a unique value of y.

Now consider the equation x2 + y2 = 25

x2 +y2 =25

MATHEMATICS

MODULE - ViI

Relation and
Function

Notes

111



Relations and Functions-II

MODULE - VI
Relation and x|0| 0|3 3(4| 4|5|-5|-3|-3|-4|-4
Function y|5|-5(4|-4|3|-3(0| O| 4(-4| 3|-3
AY
Notes

(5.0 <

This graph represents a circle.

Does it represent a function ?

No, this does not represent a function because corresponding to the same value of X, there does
not exist a unique value of y.

71
\ & §l CHECK YOUR PROGRESS 23.2

1. (1) Does the graph represent a function?

>
I

Y
Nl

Fig. 23.10
(ii) Does the graph represent a function ?

/TN
VARV

Fig. 23.11
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2. Which of the following functions are into function ? MODULE - ViI
(a) Relation and
A B Function
2 ] > { 4
> 6
10 Notes
Fig. 23.12
(b) f:N — N, definedas f (x) = x2
Here N represents the set of natural numbers.
(©) f:N — N, definedas f(x) = x
3. Which of the following functions are onto functionif f :R — R
(@) f(x)=115x +49 (b) f(x)=|x|
4. Which of the following functions are one-to-one functions ?

(a) f:{20,21,22} — {40,42,44 }defined as f (x ) = 2x
)  f:{7.8,9} — {10} definedas f(x) =10

(©) f:1— R definedas f (x)=x3

(d) f:R — R definedas f (x) =2+ x4

(d) f:N — N definedas f (x) = x2 +2x

5. Which of the following functions are many-to-one functions ?
() f:{-2,-1,1,2} > {2,5} definedas f (x) = x2 +1
(b) f:{0,1,2} —> {1} definedas f(x) =1

(©) A B

AW N =
\/
Y

Yy
/
ISR

Fig. 23.13
(d f: N — N definedas f (x) =5x +7
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23.5 COMPOSITION OF FUNCTIONS

Consider the two functions given below:
y=2x+1, xe{l,2,3}
z=y+1, ye {3,57}

Then zis the composition of two functions x and y because z is defined in terms of y and y in
terms of x.

Graphically one can represent this as given below :

fxX)=y=2x+1 g(y)=z=y+1

Fig. 23.18

The composition, say, gof of function g and f'is defined as function g of function f.
If f:A—>Band g:B —>C

then gof:AtoC

Let f(x)=3x+1and g(x)=x2+2
Then fog (x)=f(g(x)) =f(x>+2)
=3(x2+2)+1 =3x2+7 )
and (gof )(x) =g(f(x)) =g(3x+1)
=(3x+1)* +2=9x2 + 6x +3 (i

Check from (i) and (ii), if
fog = gof
Evidently, fog » gof

Similarly, (fof )(x) =f(f(x))=f(3x+1) [Read as function of function f].
=3(3x+1)+1 =9x+3+1=9x+4

(gog)(x)=g(g(x)) =g(x2 +2)[Readasfunctionoffunctiong]

2
=(x242)" +2 =x4+4x2+4+2 =x4 +4x2 +6
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IDEN NI PRRM If £ (x ) =+/x +1 and g(x) = x2 + 2, calculate fog and gof.

Solution : fog (x) = (g(x))
=f(x2+2) =Jx2+2+1 =/x2 +3
(gof )(x)=g(f(x))
=g(Jx+1) =(Jx71) 7 +2 =x+1+2 =x+3.

Here again, we see that ( fog ) # gof

1
1D PRMVA If f (x)=x3,f:R — Rand g(X)Z;, g:R-{0} >R -{0}

Find fog and gof.

Solution:  (f _f :f(lj_(lf_L
olution : (fog)(x)="f(g(x)) el el B
1
(gof )(x) =g(f(x)) =g(x*) =73
Here we see that fog = gof
N
L'L § CHECK YOUR PROGRESS 23.3
1. Find fog, gof, fof and gog for the following functions :
1
f(x)=x2+2, g(x)zl—l_ , X # 1.
2. For each of the following functions write fog, gof, fof and gog.

() f(x)=x2-4,g(x)=2x+5
(b) f(x)=x2,g(x)=3

(©) f(x)=3x—7,g(X)=§,x¢O

3. Let f(x)=1Ix1g(x)=][x]. Verifythat fog # gof.
4. Let f(x)=x2+3,g(x)=x-2

Prove that fog # gof and f(f(%jj = g(f(%)j

5. If f (x) = x2, g(x) = vx . Show that fog = gof.

6. Lﬁtf(x)=|x|,g(x)=(x)§,h(x)=%;x¢o.

Find (a) fog (b) goh  (c) foh (d) hog  (e) fogoh
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Relation and
Function (A)  Consider the relation
A B
f
Notes
Fig. 23.19

This is a many-to-one function. Now let us find the inverse of this relation.
Pictorially, it can be represented as

Fig. 23.20
Clearly this relation does not represent a function. (Why ?)
(B) Now take another relation

l_—1
Y ¥V Y-
uN

Fig.23.21
It represents one-to-one onto function. Now let us find the inverse of this relation, which is

represented pictorially as

A v A
— ,__/
Y Y Y ~
.
W o=

Fig. 23.22
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This represents a function. (C) Consider the relation MODULE - VII
Relation and
A B Function

Notes

Fig. 23.23
Ir represents many-to-one function. Now find the inverse of the relation.

Pictorially it is represented as

Fig. 23.24

This does not represent a function, because element 6 of set B is not associated with any element
of A. Also note that the elements of B does not have a unique image.

(D) Let us take the following relation

A B
1 Jj 4
2 \l > {/ 5
3 > 6
7

Fig. 23.25

It represent one-to-one into function. Find the inverse of the relation.

B A
fl
4 = 1
5 \] > [/ 2
6 > 3
7
Fig. 23.26
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Relations and Functions-I1

It does not represent a function because the element 7 of B is not associated with any element of
A. Fromthe above relations we see that we may or may not get a relation as a function when we
find the inverse of a relation (function).

We see that the inverse of a function exists only if the function is one-to-one onto function

i.e. onlyifit is a bijective function.

CN
L'L J CHECK YOUR PROGRESS 23.4

1 (i) Show that the inverse of the function
y = 4x — 7 exists.

(ii) Let fbe a one-to-one and onto function with domain A and range B. Write the domain
and range of its inverse function.

2. Find the inverse of each of the following functions (if it exists) :
() f(x)=x+3 Vv x e R

(b) f(x)=1-3x vV xe R

(©) f(x)=x2 ¥V xe R
(d) f(x):x+1,x;t0 x € R
X

23.7 BINARY OPERATIONS :

Let A, B be two non-empty sets, then a function from A x Ato Aiis called a binary operation on
A.

Ifabinary operation onAisdenoted by ‘*’, the unique element of Aassociated with the ordered
pair (a, b) of A x A is denoted by a * b.

The order of the elements is taken into consideration, i.e. the elements associated with the pairs
(a, b) and (b, a) may be different i.e. @ * b may not be equal to b * a.

Let A be a non-empty set and ‘*’ be an operation on A, then

A is said to be closed under the operation * iff for all @, b € A implies a * b € A.
The operation is said to be commutative iffa * b = b * a for all a, b € A.
The operation is said to be associative iff (a * b) * c=a * (b * c) for all a, b, c € A.

An element e € A is said to be an identity element iff e *a=a=a * e

g R =

An element a €A is called invertible iff these exists some b € A such that
a*b=e=>b*a,bis called inverse of a.
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Note: If a non empty set A is closed under the operation *, then operation * is called a binary
operation on A.

For example, let A be the set of all positive real numbers and “*’ be an operation on A defined

ab
bya*b:? for alla, b €A

For all a, b, ¢ € A, we have

. ab . .. . . .
(i) a* b= — is apositive real number = A is closed under the given operation.
3 p g p

*. * is a binary operation on A.

_%_ba

@@ a*b 33 = b*a = the operation * is commutative.
@b,
sk sk :a_b* — 3 :a_bc a* b*c :a*zng_c:a_bc_
(m)(ab)c3c 3 9and (b*c) 3-33 " 9
= (a*b)*c=a*(b*c)= the operation * is associative.
@av) There exists 3 € A such that 3 * g = 3%: a :2_3: a*3
= 3 is an identity element.
9
(v) For every a €A, there exists —€ A such that a*—sz 3 and
9 a a
—.a
g*a =4 _ _3
a 3
w2 9. . . . .9
= a Z =3= ; a = every element of A is invertible, and inverse of a is E

Fam\
L'L JCHECK YOUR PROGRESS 23.5

1.  Determine whether or not each of operation * defined below is a binary operation.

a+b

G ax*b= ,VYa,be Z

() axb=da".Ya,be Z
(i) a*b=a*+3b*Va,be R

2. If A={1,2}find total number of binary operations on A.

MODULE - ViI
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3. Let a binary operation ‘*’ on Q (set of all rational numbers) be defined as
a*b=a+ 2bforall a, b €Q.

Prove that
(i) The given operation is not commutative.

(i) The given operation is not associative.

. — N ab
4.  Let* be the binary operation difined on Q" bya *b = 3 for all ¢,be Q" then find the

inwrse of 4*6.

5. Let A= N x N and * be the binary operation on A defined by (a,b)*(c,d)=(a+c, b+d).
Show that * is commutative and associative. Find the identity element of on A if any

6. A binary operation * on Q - {-1} is defined by a * b= a+b+ab; for all a,be Q—{-1}.

Find identity element on Q. Also find the inverse of an element in Q-{-1}.

T2 S
@/f' LET US SUM UP

e Reflexive relation R in X is a relation with (a, a) eR V a € X.

e  Symmetric relation R in X is a relation satisfying (a, b) € R implies (b, a) eR.

e  Transitive relation R in X is a relation satisfying (a, b) €R and (b, ¢) € R implies that
(a, ¢) eR.

e  Equivalence relation R in X is a relation which is reflexive, symmetric and transitive.
e Ifrange is a subset of co-domain that function is called on into function.

e Iffi A pB,andf(x)="f(y) - x =y that function is called one-one function.

e  Any function is inuertible if it is one-one-onto or bijective.

e  Ifmore than one element of A has only one image in to than function is called many one
function .

e A binary operation * on a set A is a function * from A x A to A.

e Ifa*b=>b*aforalla, beA, then the operation is said to be commutative.

o If(a*b)*c=a*(b*c)foralla, b, €A, then the operation is said to be associative.
e Ife*a=a=a*eforallaeA, thenelement e € A is said to be an identity element.
e Ifa*b=e=>b%*athen aand b are inverse of each other

e  Anpair of elements grouped together in a particular order is called an a ordered pair.
e Ifn(A) =p, n(B) = g then n(A x B) = pg

e RXxR={(y :x,ye Rand RxR xR ={(x,y, 2 :x, vy z€R}
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e In a function f: A — B, B is the codomain of f.
e f,g:X —>Rand X cR, then

(f + &) = flx) + g, (f — ) = flx) — g(x)

- &x =flx) . g(x), [3 (x)=%

° A real function has the set of real number or one of its subsets both as its domain and

as its range.

e SUPPORTIVE WEBSITES

http://www.bbc.co.uk/education/asguru/maths/13pure/02functions/06composite/ index.shtml

http://mathworld.wolfram.com/Composition.html
http://www.cut-the-knot.org/Curriculun/Algebra/BinaryColorDevice.shtml
http://mathworld.wolfram.com/BinaryOperation.html

3
S| TERMINAL EXERCISE
1. Write for each of the following functions fog, gof, fof, gog.
(@) f(x)=x3 g(x)=4x-1
1
(b)f(X)ZX—zﬂﬂtO g(x)=x2-2x+3

©f(x)=+~x-4,x>24 g(x)=x-4
(d f(x)=x2-1 g(x)=x2+1

1

2. (a)Letf(x)=|x,g(x)=l,x¢0,h(x)=x5.Findfogoh
X

(b) f(x)=x2+3, g(x)=2x2+1

Find fog (3) and gof (3).
3. Which of the following equations describe a function whose inverse exists :
(@ f(x)=|x]| (b)f(X)Z\/;,XZO
3x =5 3x +1
© f(x)=x2=1x20 @ f(x)=""" @f(x) ="

4. If gof (x)=|sinx| and gof (x)= (sin &)2then find f (x) and g (x)

X #1,
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a+b

Let s be a binary operation on Q defined by a *b = foralla,b € Q, prove that

% 1s commutative on Q.

ab
Let = be a binary operation on on the set Q of rational numbers define by @ *b = S

foralla,b € Q, show that % is associative on Q.

Show that the relation R in the set of real numbers, defined as
R = {(a, b)} : a < b?} is neither reflexive, nor symmetric nor transitive.

Check whether the relation R defined in the set {1, 2, 3, 4, 5, 6} as
R={(a,b): b=a+ 1} isreflexive, symmetric and transitive.

Show that the relation R in the set A defined as R = {(a, b) V:a=b} a, b €A, is
equivalence relation.

Let A=N x N, N being the set of natural numbers. Let * : A x A — A be defined
as (a, b) * (¢, d) = {ad + bc, bd) for all (a, b), (¢, d) € A. Show that

(1) *is commutative
(i) * is associative
(i) identity element w.r.t * does not exist.

Let * be a binary operation on the set N of natural numbers defined by the rule
a*b=uabforall a b eN

(1) Is* commutative? (ii) Is * associative?
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AN

®

CHECK YOUR PROGRESS 23.2

A

(i) No (i) Yes
(), (b)

(a),

(a), (c),(e)

(), (b)

CHECK YOUR PROGRESS 23.3

x2 x2 +2
+2, gof =
2 g x2 +1

fog =
(I-x

fof = x* +4x2+6, 808 =X
(a) fog = 4x2 + 20x + 21, gof =2x2 -3
fof = x4 —8x2 +12, gog =4x+15

(b) fog =9, gof =3, fof = x4, gog =3

fo _6-x of = 2 fof =9 28 =

© g 8 37 fof =9x—-28,  gog=x

1 1 1
(a)f0g=‘xg‘ (b) goh = — (c) foh = [—

x 3 X

1
(d) h0g=—1 (e) fogoh(l) =1

3

X

CHECK YOUR PROGRESS 234
1.

(ii)) Domain is B. Range is A.

1-x
2. (@ f-1(x) = x -3 (b) f71(x) = 5
. _1 1
(c) Inverse does not exist. @ f~1(x) = 1
MATHEMATICS
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MODULE - VIl | cHECK YOUR PROGRESS 23.5
Relation and
Function 1. () No (i) Yes  (iii) Yes
2 16
9
Notes 4 g
5 (0,0)
. . -1_ —a
6. identity =0, a = P

TERMINAL EXERCISE

1. (@ fog=(4x-1)", gof =4x*—1, fog =x°, gog =16x—5

) m gosz, fof =x*,gog —x* —4x’ +4x°

(©)  fog=x-8, gof =\x—4-4, fof =\Nx—4—4g0g=x—38

(d)  fog =x"+2x", gof =x*—-2x>+2, fof =x*—2x", gog =x"+2x"+2,

. (b)(fog)(3) =364, (gof )(3) =289

2. (o ‘%
3. (o), (@), (e),

4. f(x)=sin’x, g(x)=\/;

8.  Neither reflexive, nor symmetric, nor transitive
9. Yes, R is an equivalence relation

11. (G Notcommutative

(1) Not associative
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In the previous lesson, you have studied the definition of a function and different kinds of functions.
We have defined inverse function.

Let us briefly recall :

Let f be a one-one onto function fromA to B.
Let y be an arbitary element of B. Then, fbeing
onto, 3 an element x € A such that
f (x) = y.Also, f being one-one, then x must
be unique. Thus for each y € B, 3 aunique
element x € A suchthat f (x) =y.So we
may define a function, denoted by f-! as
f-1:B — A

fI(y)=xeof(x)=y
The above function -1 is called the inverse of f. A function is invertiable if and only if f is
one-one onto.
In this case the domain of f—1 is the range of f and the range of f—1 is the domain f.
Let us take another example.
We define a function: f: Car — Registration No.

Ifwewrite,  g:Registration No. — Car, we see that the domain of f is range of g and the
range of f is domain of g.

So, we say g is an inverse function of f, i.e., g =f".

In this lesson, we will learn more about inverse trigonometric function, its domain and range, and
simplify expressions involving inverse trigonometric functions.

Ve

Z| oBIECTIVES

After studying this lesson, you will be able to :

° define inverse trigonometric functions;

° state the condition for the inverse of trigonometric functions to exist;

° define the principal value of inverse trigonometric functions;

. find domain and range of inverse trigonometric functions;

° state the properties of inverse trigonometric functions; and

° simplify expressions involving inverse trigonometric functions.
MATHEMATICS
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EXPECTED BACKGROUND KNOWLEDGE

° Knowledge of function and their types, domain and range of a function
° Formulae for trigonometric functions of sum, difference, multiple and sub-multiples of
angles.

24.1 IS INVERSE OF EVERY FUNCTION POSSIBLE ?

Take two ordered pairs of a function (x, y) and (x5, y)
If we invert them, we will get (y, x;) and (y, x,)

This is not a function because the first member of the two ordered pairs is the same.

Now let us take another function :

. T | n 3
sin—, 1 sin—, —— in—, ~—
( 2 j( 4@)8‘““(““3 2j

Writing the inverse, we have

LT 1 . = 3 T
1, sin— —, sin— ~= sin—
( smzj, (\/5 4j and( 5 sm3j

which is a function.

Let us consider some examples from daily life.
f:Student — Score in Mathematics

Do you think /' will exist ?

It may or may not be because the moment two students have the same score, f~' will cease to be
a function. Because the first element in two or more ordered pairs will be the same. So we
conclude that

every function is not invertible.

IDEIIPZRE If f: R — Rdefined by f(x)= x> +4. What will be £1?

Solution : In this case fis one-to-one and onto both.
— fisinvertible.

Let y=x3+4

y—4=x> = x=3[y-4
Sof!, inverse functionof fie.,f" (y)=3y—4

The functions that are one-to-one and onto will be invertible.

Let us extend this to trigonometry :
Take y = sin x. Here domain is the set of all real numbers. Range is the set of all real numbers
lying between—1 and 1, including—1 and 1 i.e. —1< y <1.

MATHEMATICS
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We know that there is a unique value of y for each given number x.

Ininverse process we wish to know a number corresponding to a particular value of the sine.

. 1
Suppose )’:SHUC:E
sinx—sinE—sinS—n—sinB—n—
- . s
have the val x 5_75 _137:_
x may have the values as 5 6° 6

Thus there are infinite number of values of x.

y = sin x can be represented as

53).(53)
6°2)°06 2)""

The inverse relation will be
(l Ej (l Sn)
276) 276 )

1
Itis evident that it is not a function as first element of all the ordered pairs is R which contradicts

the definition of a function.
Consider y =sinx, where X e R (domain) andy e [-1, 1] or —1< y<1 whichis called range.
This is many-to-one and onto function, therefore it is not invertible.

Can y = sin x be made invertible and how? Yes, if we restrict its domain in such a way that it
becomes one-to-one and onto taking x as

T o

i —Z<x<= —

(@) 3 X yve [-1,1] or

3n 5T

i —<x<— —

(i) > > ye [-1,1] or
5T 31

i e -

(i) > > ye [-1,1] etc.

Now consider the inverse function y = sin‘l x.

We know the domain and range of the function. We interchange domain and range for the
inverse of the function. Therefore,

T o

; ——<y<= -

@) > y > xe [-1,1] or
31 5w

i T<y<s=— _

(i) S SYsT xe [-1,1] or
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MODULE - VIl | 51 3m
Relationand |  ~— =ys Y xe [-1, 1] etc.
Function . o
Here we take the least numerical value among all the values of the real number whose sine is x
which is called the principle value of sin”! x.
. . T T .. . -1 .
Notes | For this the only case is 5 sys 5 Therefore, for principal value of y =sin  x, the domain
. . . L T
is [-1, 1] i.e. xe [—1, 1] and range is _ES y SE'
Similarly, we can discuss the other inverse trigonometric functions.
Function Domain Range
(Principal value)
1 in~L -1, 1] [_E E:|
. y=sin " x ) )
2. y=cos'x -1, 1] [0, 7]
-1 _ T T
3. y= tan  Xx R E’ E
4. y=cotlx R [0, =]
5 =sec”! x>1or x<-1 O,EJU(E,n
. y=sec X 2 s 5 >
L T
6. y=cose(:_1 X x>1lor x<—1 [—E,OJU(O,E}
24.2 GRAPH OF INVERSE TRIGONOMETRIC FUNCTIONS
y y
T2fF----- \n
o /2
-1 1 \
-1 o 1
—————— —T/2
y y
ol _ -1
y=sin " x y=cos X
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5 Notes
—————————— ~T/2 ’
Y Y
_ -l =cot™!
y=tan Xx y=cot x
y y

—7t/2

y=sec x y= cosec ! x
Fig. 24.2
| €111 PZ % Find the principal value of each of the following :

(i) sin™" (Lj (ii) cos™' (—% (iii) tan™" [—l]
V2 2 V3

. 1
Solution : (i) Let sin”! (—J =0
V2
. 1 . (T T
or sin@=—=sin| — | or ==
V2 (4) 4
(i) Let cos™! (—lj =0
= cost—lzcos(n—E)zcos(Ej or 922_
2 3 3
(iii) Let tan ™! E—ij—e or —L—tane or tane—tan( n)
V3 3 6
= g=_21
6
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Inverse Trigonometric Functions

1B e P2 Find the principal value of each of the following :
@ () cos! (Lj (i) tan”' (1)
V2

(b) Find the value of the following using the principal value :

sec {cos_l _3}
2

_ 1
Solution : (a) (i) Let €08 1($j=9,then

! 0 or cos 0 = cos T

—— =cCos = —

V2 4
= 0= r
4

(i) Let tan™' (1) = 0, then

—1=tan®© or tan0 = tan(_gj

o

0=——
= 4
(b) Let cos™! (ﬁj =0, then

2
3
£ =cos0 or cos O =cos (Ej
2 6

= 9:E
6

SeC[cos_1 ﬁj =secO =sec (Ej = 2
2 6) 3
ID e EPZE R Simplify the following :

(1) cos(sin_1 x) (i) cot(cos ec_lx)

Solution : (i) Let sin”' x =0

= X =sin 0

cos[sin_1 X] =cos0 = \/1—sin2 0= \/1—)(2

(ii) Let cos ec'x =0

= X =cosec 0

MATHEMATICS
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Also cot = \/cosec2 0-1

=x%-1

Q
\ & § CHECK YOUR PROGRESS 24.1

1. Find the principal value of each of the following :

(@  cos” (ﬁj b  cosec” (—/2) (c) sin™! [—?j

2
@ (B © ot (1)
2. Evaluate each of the following :

(a) cos(cos"ll) (b) cosec”! (Coseczj (c) cos(cosec_l—
3 4 V3

(d) tan(sec'v2)  (e) cosec [cot_l (—\/5)]

3. Simplify each of the following expressions :

(a) sec(tan™'x) (b) tan(cosec_] %j (c) cot(cosec™ x?)

(d) cos(cot ' x?) (e) tan(sin_l( /l—x))

5)

24.3 PROPERTIES OF INVERSE TRIGONOMETRIC FUNCTIONS

SO a W sin ' (sinB)=9, —g <0 Sg

Solution : Let sin 0 =x
1

= O=sin" " X
=sin"' (sin®) =0
Also sin(sin_l x) =X

Similarly, we can prove that

(@) cos ' (cos®) =0, 0<0<n
ii -1 —g. -L<o<l
(i) tan~ (tan0) =9, 3 >

- . (1
Property 2 [JORCEREEEE 1(;) (i) cot ™ x = tan™" (lj
X
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(iii)

Solution : (1) Let COSCC_] x=06

= X =cosecH
1
— —=sin0
X
(1
9:sm1(—)
X
L _1(1j
— cosec x=sin | —
X
(ii) sec”'x=0
= X =secO
1
—=cos0 or
X

sec ' x =cos™! (l)
X
2 Akl (i) sin”' (—x) =—sin"'x

(iii) cos ' (—x) =t —cos ™!

X

Solution : (i) Let sin”™' (—x) =0

= —X =sin0O or
—0=sin"'x or

or sin”!(—x) = —sin"' x

(i) Let tan '(—x)=0

= —X =tan0 or

O=—tan 'x Or

(iii) Let cos™' (—x) =8

= —X =cos 0 or
cos'x=m—0
cos ' (=x) =mt—cos ™' x
-1 1. T
Property 4 HOEUID SIS € 5
-1 1. _ T
(iii) cosec X+sec X = 5

Inverse Trigonometric Functions

(i) Let cot 'x =80
= X =cotf
= 1 =tan0
X
= 0= tan_l (lj
X

1

(i) tan' (=x) = —tan"' x

X =—sin 0 =sin(—0)

1

O=—sin x

x =—tan O = tan (—0)

tan ' (—=x) =—tan"' x

x =—cos0=cos(mt—0)

-1 1. T
tan X +cot X—E

(i)

MATHEMATICS
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Soluton : (i) sin”' x +cos ' x = g
. -1 . T
Let sin. x=0 = x:s1n6=cos(5—6)

or cos ' x =(£—6)
2

1

= O+cos x= !

. -1 T
or SiIn  X+Co0S X= E

(ii) Let cot 'x=0 = X=cot6=tan(g—6j

_ T _ T
tan ' x==—-0 or O+tan ' x ==
2 2

-1 1

_ T
or cot Xx+tan x= E

(i) Let cosec ' x =0

T
= X =cosecO =sec (——Gj
2
_ T
sec 1x=——6 or e+SCC_1X:£
2 2
1 -1, _T
=> cosec” X +sec X—E

Property 5 H@) tan~' x +tan " y= tan~! (1)( Ty j

(11) tan lx—tan ! =tan !
y
1+Xy

Solution : (i) Let tan'x =9, tan'y=¢ = x=tan@,y=tan¢

- - L x+
We have to prove that tan™' x +tan™' y =tan™" ( 1X y j
— Xy

By substituting that above values on L.H.S. and R.H.S., we have

tan O + tan ¢ }

-1
_ = tan
LHS.=6+¢ and RH.S. [1—tan 0 tan ¢

=tan"'[tan (6+¢)]|=0+¢=LHS.

. Theresult holds.
Simiarly (ii) can be proved.
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Property 6 2tan' x =sin”! [

Let x=tan©
Substituting in (i), (ii), (iii), and (iv) we get

2tan ' x=2tan"' (tan®) =20
sin”! (

o

=sin~! (sin26 ) =26

o

=cos '(cos20)=26

an”! ( j
From (i), (ii), (iii) and (iv), we get

1+x°2

2X
1+x

2 tan O
1+tan’ 0

2

1—tan’ 0
1+tan’ @

2 tan O
1—tan’ @

—1 ( 2X
tan

1-x2

=tan' (tan20)=20

jz cos™!

sin"! x = cos™! (\/1— x2 ) =tan"!

2X
1+x

2 tan_1 X = sin_1 (

Property 7

2

Inverse Trigonometric Functions

o2

2 1-x

1+x 2

) =sin"" (2 sinf cos 0)

j =cos ! (cos2 0—sin’ 9)

...... (i)

..... @iv)

()
=t

1+x2} R G

@ Vi-x2
_ 1 L2
—Se¢ 1{ 2} =cot_{ I-x } = cosec ! [l}
1-x X X
L2
(i1) cos x:sin_l(\ll—xz)ztan_{ I=x }
X

1-x
Proof : Let sin”' Xx=0 — sin@=x
[ .2
(i) cosf=+1-x", tanO = X , secO = ! , cotO= I=x and cosecB =
V1-x2 1-x X X
sin'x =0=cos™ (\ll—x2 ) =tan_1( 5 j
1-x
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_ 1 L2
=SecC ! ( > j — COt_l [ 1-x ] = COSGC_I (l)
V1-x X X

(i) Let cos ™' x =0 = X = cos 0
1-x2 1 _
sin@=+1-x?, tan®= X sech=—, cotb= >
X X 1-x
1
and cosecO=
1-x?

cos 'x =sin”! (\/1— x? )
= tan~! ( Vi-x? J = cosec”! ( ! = j —gec! (lj

X

ID el EPZEE  Prove that
tan”! (lj +tan”! (i) =tan"' (zj
7 13 9

Solution : Applying the formula :

X+y

tan"' x +tan"' y = tan” we have
1-xy )’

1

1
— + R
tan”! (lj +tan”! (ij =tan"! 7 13 |- tan”! (§j = tan"" (z)
7 13 1— 1 % l 90 9
7 13
ID el EPZEW Prove that

tan”! \/;=%cos_l(1_xj

1+x

Solution : Let \/x =tan @ then

1 _1[1—tan29] 1 ]
L.H.S. = d RHS.= —cos | ————|=—=cos (cos26
6 an 2 l+tan’8/) 2 ( )
= l><2 0=06
2

. LHS.=R.H.S.
ID el P2 Solve the equation

tan”! (1_—){) = l tan™! X, x>0

1+x 2
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Solution : Let x = tan 0, then

tan~! (1_ tan 6) = 1 tan~! (tan 0)
1+tan© 2

-1 T 1 T 1
tan | tan ——Gﬂ=—6 Z_9=-06 0=

u(3)d

| €110 EpZ X Show that
_1[\/1+X +\/1 X J T _1(X2)

—+—cos
\/1+x —\/1 x2

Solution : Let x% = cos20, then

1 _
20:cos_1(x2), = 9=ECOS 'x?

Substituting x> = cos 2 8 in L.H.S. of the given equation, we have

_{\/ux +1-x J tan_l(\/l+00529+\/1—00526J

J1+x2 —1-x2 J1+cos 20 —/1-cos 20

— tan”! x/zcos 6+x/§sin 0
J2cos 6—+/2sin 0

_1(cos6+sin9j _1(1+tan9j _1[ (Tt ﬂ
=tan | ——— | =tan =tan |tan| —+0
cosO—sin0O 1—tan®© 4

=£+6 =£+lcos_l (x?)
4 4 2

e\
L' § CHECK YOUR PROGRESS 24.2

1. Evaluate each of the following :

T 1
(a) s [5 —sin (_Eﬂ (b) cot(tan " o+ cot ' ar)
If . 4 2x _11—}’2
tan—| sin +cos
© 2( 14 % 1+y?
a1 SR
tan| 2 tan ]—j tan(2tan 1———)
(@ ( 5 © 5 4
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2. Ifcos™' x+cos™'y=p, prove that x> —2xycosP+y* =sin’

3. If cos ' x +cos™! y+ cos lz=7 , prove that x2 + y2 +722 + 2xyz =1
4. Prove each of the following :
.o 1 .1 2 T .4
(@) S —=+sn - —==— (b) sin”! = +sin
J5 5 2 5

'S5 . 16
—+sin. —=
13 5

(c) cos™! i +tan”! é = tan"! 2 d) tan”! l +tan”! l +tan”! l _I
5 5 11 2 5 8 4

5. Solve theequation tan™' (x—1)+tan™' (x+1) = tan™' (3x)

7425
@l LET US sum up

. Inverse of a trigonometric function exists if we restrict the domain of it.

T T
() sin~'x =y if sin y =x where —1SXS1,—5SySE

() cos'x=y ifcos y=xwhere —-1<x<1,0<y<m
y y

o o

-l v ift = h xeR,——<y<—

(i) tan~ x =y iftany=x where ) y >
(iv) cot™'x =y ifcoty=x where xeR,0<y<m

o o
v) sec_1x=yifsecy=xwhere x2 1, 0£y<5 or X< —1,5 <y<m
o
(Vi) cosec™'x =y if cosecy =x where x= 1,0 <y£§

or XS—],—% Sy<0

° Graphs of inverse trigonometric functions can be represented in the given intervals by

interchanging the axes as in case of y = sin X, etc.
° Properties :

() sin"'(sin®) =0, tan"'(tan0) =0, tan(tan"'0) =0 and sin (sin'0)=0
_ (1

(i) cosec”' x =sin”! (lj , cot ' x =tan™! (lj , sec 'x =cos 1(—)
X X X

1 1

i) sin”'(—x)=-sin"'x, tan"' (—x) =—tan"' x, cos ' (=x) =w—cos ! x

- _ T _ _ T _ — L
(1v) Sin 1X-i-COS 1X=5, tan 1X-i-COt 1X=E, cosec 1X-l-SGC 1X=5

_ _ 1 X+ _ _ _ —
(v) tan 'X + tan 1y=tan 1( yJ, tan~! x — tan 1y:tan 1(1)( yj

I—xy + Xy

)
(vi) 2tan1x=sin1( 2X2j:cosl(1 X2j= anl( 2X2)
1+x 1+x 1—-x

0|3
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(vii) sin"! x = cos ™! (Vl—x2 ) = tan_l( X > J
1-x

=sec”! ( \/1i7j =cot™! [\/1;7} = cosec”! (lj

e SUPPORTIVE WEB SITES

http://en.wikipedia.org/wiki/Inverse_trigonometric_functions

http://mathworld.wolfram.com/Inverse TrigonometricFunctions.html

S| TERMINAL EXERCISE

1. Prove each of the following :

(a) sin”! (Ej +sin”! (ij =sin! (zj
5 17 85
o B (B2
4 9) 2 5
(©) cos™! (ij +tan ! (Ej —=tan " (2)
5 5 11

2. Prove each of the following :

(@) 2tan” (lj +tan”! (l) = tan" (2)
2 5 11

(1 1 1] 1
tan | — |+2tan | — |[=tan 2
®) (2) (3

() tan”' (l) +tan”! (lj =tan"' (lj
8 5 3

3. (a) Provethat 2sin”' x =sin™' (2){\/1—){2 )

(b) Provethat 2cos™' x =cos ! (2x2 1)

(c) Provethat cos™! x =2sin™! (‘ fl_TXj =2cos™! [‘ /HTXJ

MATHEMATICS
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4.  Prove the following :

_1[ cosx T X
(a) tan ™! J

1+sin x :Z_E

(b) tan

4 cosx—sinxj ¥
_ | =——X

COS X +8in x

_i1( ab+1 1 bc+1 1 ca+1
(c) cot +cot +cot

a— —C c—a

5. Solve each of the following :

(a) tan~' 2x + tan"! 3x =

NG|

(b) 2tan™" (cos x) = tan"" (

\S}

cosec X )

|a

(©) cos ' x +sin”! (% xj =

3 o

(d) cot 'x—cot ' (x+2)=—,x>0

p—
\9)

)

0
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A
@] snswers

CHECK YOUR PROGRESS 24.1

T T T T T
1. (a) 3 (b) a1 (© 3 (d) 3 (e I
, 1 n 1
: (a) 3 (b) 1 (© > @1 (e) -2
2 x? 1-x
3. (@ \1+x2 () 4 © Jxt-1 @ m (e) T
CHECK YOUR PROGRESS 24.2
Xty 5 7
1. (a) 1 (b) 0 (© 1—xy (d D (e 17
1
5. O’iE
TERMINAL EXERCISE
1 T
5. @) ¢ () () +1 (d) 3
MATHEMATICS



MODULE-VIII:
Calculus

Lesson-25: Limits and Continuity

Lesson-26: Differentiation

Lesson-27: Differentiation of Trigonometric Functions

Lesson-28: Differentiation of Exponential and Logarithmic Functions
Lesson-29: Application of Derivatives

Lesson-30: Integration

Lesson-31: Definite Integrals

Lesson-32: Differential Equations

Scope and Approach:

Calculus is an important part of Mathematics at senior secondary level. This module begins
by introducing the concept of limits. The concept of limit leads to understand the concept of
continuity of elementary functions. In this module, you will learn about the basic concept of
the derivative and integral of functions like algebraic functions, trigonometric functions,
exponential functions, logarithmic functions etc. Derivatives have a wide range of applications
in various fields and disciplines. You will learn that how derivative can be used to determine
the rate of change of various quantities, to find the equation of tangent and the normal to a
curve at a point, to find turning point of a graph of a function which in turn will help you to
locate points where the function has maximum or minimum values etc. you will also understand
that integration and differentiation are inverse operations. You will come across two types of
problems in integrals i.e. problem of finding a function whose derivative is given and problem
of finding the area bounded by the graph of a function under given conditions. These two
problems lead to the two forms of integrals, indefinite integrals and definite integrals, which
together formintegral calculus. You will further apply the definite integrals in finding the area of
closed regions. In the end of the module you will be able to define and solve differential
equations i.e. to find the unknown function that satisfy the given differential equation







LIMIT AND CONTINUITY

x2 -1

Consider the function f (x) = "
X —

You can see that the function f(x) is not defined at x = 1 as x — 1 is in the denominator. Take the
value of x very nearly equal to but not equal to 1 as given in the tables below. In this case
x—1# 0Oasx # 1.

2 —
~. We can write f(x): x*—-1_ (X+1)(X 1)

+x =1, because x —1 0 and so division by

x—1 (x—1)
(x —1) is possible.
Table -1 Table - 2
X fx) X f(x)
0.5 1.5 1.9 2.9
0.6 1.6 1.8 2.8
0.7 1.7 1.7 2.7
0.8 1.8 1.6 2.6
0.9 1.9 1.5 2.5
0.91 1.91
: : 1.1 2.1
0.99 1.99 1.01 2.01
1.001 2.001
0.9999 1.9999 : :
1.00001 2.00001

In the above tables, you can see that as x gets closer to 1, the corresponding value of f (x) also
gets closer to 2.

However, in this case f(x) is not defined at x = 1. The idea can be expressed by saying that the
limiting value of f(x) is 2 when x approaches to 1.

Let us consider another function f (x) =2x. Here, we are interested to see its behavior near the
point 1 and at x = 1. We find that as x gets nearer to 1, the corresponding value of f (x) gets
closer to 2 at x =1 and the value of f (x) is also 2.
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Limit and Continuity

So from the above findings, what more can we say about the behaviour of the function near
x=2andatx=27?

In this lesson we propose to study the behaviour of a function near and at a particular point
where the function may or may not be defined.

r

\ZOBJECTIVES

After studying this lesson, you will be able to :
° define limit of a function

'Y derive standard limits of a function

° evaluate limit using different methods and standard limits.

° define and interprete geometrically the continuity of a function at a point;

° define the continuity of a function in an interval;

° determine the continuity or otherwise of a function at a point; and

° state and use the theorems on continuity of functions with the help of examples.

EXPECTED BACKGROUND KNOWLEDGE

° Concept of a function
° Drawing the graph of a function

Concept of trigonometric function

Concepts of exponential and logarithmic functions

25.1 LIMIT OF A FUNCTION

In the introduction, we considered the function f(x)=

2

. We have seen that as x
X —

approaches |, f(x) approaches 2. In general, if a function f (x) approaches L when x approaches
'a', we say that L is the limiting value of f (x)

Symbolically it is written as

lim f(x)=L

X—a

Now let us find the limiting value of the function (5x-3) when x approaches 0.

lim (5% -3)

x—0

For finding this limit, we assign values to x from left and also from right of O.

MATHEMATICS
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X -0.1 | =0.01 | =0.001 | —-0.0001.......... Calculus
5x =3 | -3.5|-3.05 | -3.005 | —=3.0005..........

X 0.1 | 0.01 | 0.001 | 0.0001..........
5x—=3|-25|-295|-2.995 | -2.9995.........

Notes

It is clear from the above that the limit of (5x —3) as x — (0 is -3

ie. lim (5x—3)=-3

x—0

This is illustrated graphically in the Fig. 20.1

YA
5-_
44
31
2l
1._
X< } >X
-1 2 3 4 -5 1 2 3 4 5
-1
o 1
- (0.1,-25)
-3
T—0,-3)
4 [1
(-0.1,-3.5)
-5
vy
Fig. 25.1

The method of finding limiting values of a function at a given point by putting the values of the
variable very close to that point may not always be convenient.

We, therefore, need other methods for calculating the limits of a function as x (independent
variable) ends to a finite quantity, say a

2 —
Consider an example: Find 1im f(x), wheref (x) = x* =9
x—3 x—3

We can solve it by the method of substitution. Steps of which are as follows :

Remarks : It may be noted that f (3) is not defined, however, in this case the limit of the
function f(x)asx — 3is 6.
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Step 1: We consider a value of x close to a X2 —

say x =a + h, where h is a very small positive For f(x) =
number. Clearly,as x —-a, h—0

we write x =3+h, SO

X —

thatas x -3,h =0

Step 2 : Simplify { (X) =f(@+h) Now f(x)=f(3+h)

(3+h)* -9
3+h-3

_h%+6h
h
=h+6

Step 3 : Put h=0 and get the requried result | . 1im f (x)=lim (6+h)

x—3 h—0

As x -0, h—0

Thus lim f(X)=6+0=6
’ x—3

by puttingh =0.

Now we shall discuss other methods of finding limits of different types of functions.

Consider the example :

3
x" -1
i —, x#I
Find lim f(x),where f(X)=9x2_1
x—l | -

PRI _ (X—l)(X2+X+1)
<21 (x—l)(x+1)

Here, for x #1,f(x)=

It shows that if f (x) is of the form g(x) , then we may be able to solve it by the method of
h(x)

factors. In such case, we follow the following steps :
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Step 1. Factorise g (x) and h (x) Sol.

x3—1

f(x)=
(x) N

~ (x—l)(x2+x+1)

(X—l)(x+1)
(" x#1,..x—=1#0 and as such can
be cancelled)
xZ+x+1
Step 2 : Simplify f (x) fx)=—
x+1
Step 3 : Putting the value of fim L1113
ep 3 : Putting the value of X, we --x_>1 x2—1 141 >
get the required limit. Also f(1)=1(given)
In this case lim f(x)#f (1)
’ x—l

Thus, the limit of a function f (x) as x — a may be different from the value of the functioin at
X=a.

Now, we take an example which cannot be solved by the method of substitutions or method
of factors.

Evaluate !gr‘} E—

Here, we do the following steps :

Step 1. Rationalise the factor containing square root.
Step 2. Simplify.

Step 3. Put the value of x and get the required result.
Solution :

Jax—vimx  (Vi+x=VI=x)(Vi+x +Vi-x)
X - x(m+ 1—X)

Jax0r—Ja-x? _ d+x-(0-x%)
- x(\/1+x+ l—x) X(V1+X+ 1—X)

1+x—-1+x

:x(m+ 1—x)
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Limit and Continuity

2X

= _ 2
x(\/1+x+ l—x) e x+JI—x
oA+ x —+1=Xx . 2
lim = lim
x—0 X x—=0+/1+X +41—X
2 2

T 0+ 10 1411t

25.2 LEFT AND RIGHT HAND LIMITS

You have already seen that x — a means x takes values which are very close to 'a', i.e. either
the value is greater than 'a' or less than 'a'.

In case x takes only those values which are less than 'a' and very close to 'a' then we say X is
approaches 'a' from the left and we write it as x — a~ . Similarly, if x takes values which are
greater than 'a' and very close to 'a' then we say x is approaching 'a' from the right and we write

itas x —at.

Thus, if a function f (x) approaches a limit ¢, as x approaches 'a' fromleft, we say that the left
hand limit of f(x) as x —»ais ¢;.

We denote it by writing
lim f(x)=¢, or lim f(a—h)=¢;,h>0
x—a h—0

Similarly, if f (x) approaches the limit ¢, , as x approaches ‘a’ fromright we say, that the right
hand limit of f(x)as x —a is {,.

We denote it by writing
lim f(x)=€2 or lim f(a+h)=£2,h>0
x—a’ h—0
Working Rules
Finding the right hand limit i.e., Finding the left hand limit, i.e,
lim f(x) lim f(x)
x—at Xx—a
Put x=a+h Put x=a—h
: Iim f(a+h - Iim f(a—h
Find — ( ) Find 10 ( )

Note: In both cases remember that h takes only positive values.
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25.3 LIMIT OF FUNCTION y =f(x) AT x=a

Consider an example :

Find lim f(x), where f(x)=x2+5x+3

x—1
Hore tim £(x)= lim | (1+h) +5(1+h)+3]
x>l h—0
=1im[1+2h+h2+5+5h+3]
h—0
=1+5+3=9 .. (i)
lim f(x)=lim | 1=h)?+51-h)+3
and lim £ = lim| (1=h) +5(1-h)+3]

~ lim [1—2h+h2+5—5h+3]

x—0
=1+5+3=9 ... (i)
From (i) and (ii), lim f(x)= lim f(x)

x—1 x—1

Now consider another example :

. Ix=31
Evaluate : lim
x—3 Xx—3

. Ix=31 . 1(3+h)-3l
Here lim =lim —
x—3t Xx=3  h—0[(3+h)-3]

—tim ™ = im ® (a5 150, 50 1h 1= h)
hoo b hooh oo SOTRT=

=1 .. (i)
i Ix—3I: lim [(3—h)-3I

I
and - X—3  hs0[B3-h)-3]

—fim T h>0.s0l-hl=h
h—>0 —h  h—0 —h (ash>0,sol-hi=h)
:—1 ..... (IV)
| x =31 . [x =31
# lim

F iit) and (iv), lim
- From (ii1) and (iv) 3t X=3 3 x-3

Thus, in the first example right hand limit = left hand limit whereas in the second example right
hand limit & left hand limit.

Hence the left hand and the right hand limits may not always be equal.
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‘We may conclude that

. 2 . I
lim (x% +5x +3) exists (which is equal to 9) and lim 3 does not exist.

x—l1 x—3 X—
Note:
I lim f(x)=/
+
o = lim f(x)=/
and lim f(x)="/ X—a
X—a
1I lim f (X) =/{;
+
ol = lim f (x) does not exist.
and lim f(x)=/¢, x—a
Xx—a
I X1l>r21+ f (X) or Xl;rzl_ £ (X) does not exist = ig f ( x) does not exist.

25.4 BASIC THEOREMS ON LIMITS

1. lim cx =c lim X, cbeing a constant.
X—a X—a

To verify this, consider the function f (x) = 5x.

We observe thatin lim 5x , 5 being a constant is not affected by the limit.

X—2
lim 5x =5 lim x
x—2 Xx—2
=5%x2=10
2. lim [g(x)+h(x)+p(x)+....]: lim g(x)+ lim h(x)+ lim p(Xx)+........
X—a X—a X—a X—a

where g(x),h(x),p(x),.... are any function.

3 lim [ f(x)-g(x)]= lim f (x) lim g(x)

X—a X—a X—a
To verify this, consider f(x) = 5%2 4+2x+3

and g (x) =x+2.

Then lim f(x) = lim (5x2 +2x +3)

x—0 x—0

=51im x*+2 lim x+3=3
x—0 x—0
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lim g(x)=lim(x+2)=lim x+2=2
x—0 x—0 x—0
lim (5x2 +2x+3) lim(x+2)=6 Q)

x—0 x—0

Again lim [f (x)- g(x)] = im [(5x 42X +3)(x +2)]
x—0 x—0

= lim (5x> +12x% +7x +6)
x—0

_51im x> +12 lim x> +7 lim x +6
x—0 x—0 x—0
-6 (i)

From (i) and (i), 1im [(5x% +2x +3)(x +2)] = lim (5x% +2x+3) lim (x+2)

lim f (x)
fim £ s lim g(x) #0
4 Salex)| lim g(x) provided 1% 8% ”
X—a
x2+5x+6

f(x)=

To verify this, consider the function >
X +

we have liml(X2+5x+6)=(—1)2+5(—1)+6 C_si6=2
X——
and Iim (x+2)=—-1+2 =1
x——1
lim (x2+5x+6) )
x——1 =_=2 .
lim (x +2) 17 e (M
x——1
_'.' x> +5x+6
2 )
Also lim (X7 +5x+6) _ lim (X+3)(X+2)| =x~+3x+2x+6
x——1 X+2 x——1 X+2 =x(X+3)+2(x+3)
|=(x+3)(x+2)
= lim (x+3)
x——1
=-1+3=2 .. (11)

.. From (i) and (ii),
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. 2
lim X2 4+5x+6 _ th‘}l(x +5X+6)

x—>-1 X+2 Iim (x+2)
x——1

We have seen above that there are many ways that two given functions may be combined to
form a new function. The limit of the combined function as x — a can be calculated from the
limits of the given functions. To sumup, we state below some basic results on limits, which can
be used to find the limit of the functions combined with basic operations.

If lim f(x) =/ and lim g(x) = m, then

X—a X—a

0 lim kf (x) =k lim f(x) =k/

X—a X—a

where k is a constant.

(i) lim [f(x) T g(x)] =lim f(x)* lim g(x)=/¢xm

Gy  lim[f(x)-g(x)]= lim f(x)- lim g(x)=(-m

x—a
lim f(x)
‘ f(x) — X =—, provided lim g(x)#0
W D) limg) m xa
X—a

The above results can be easily extended in case of more than two functions.

I el i) PENN  Find lim f(x), where

x—l1
x* -1 #1
f(x)=4 -1 *
1, x=1
2_ x—1)(x+1
Solution : f(x) == 11 =% =(x+1) [ x #1]
X — X —

lim f(x) = im(x+1) _ {4122
x—1

x—1
x2—1, . .
Note: is not defined at x=1. The value of lim f (x) is independent of the value of f (x)
X = x—1
atx=1.
x> -8
I el AW Evaluate : lim .
x—2 X—2
3 —_—
Solution : lim > 8
x—2 X —

MATHEMATICS



Limit and Continuity

C(x=2)(x*+2x+4) .. (.2
= lim =lim (x“+2x+4 ..
X2 (x—2) Hz( ) [rx=2]

=22 4ox24+4 =12

|3eN ) PR Evaluate : lim y3zx-1
x—2 2—-X

Solution : Rationalizing the numerator, we have

V3=x—1_VB=x-1 3-x+1 - X1
7 x ox  Borsl C-0(VB-x+1)

2—X

T 20 ox+1)

V3—-x -1 lim 2—X
x=2  2-X x=2(2-x)(3=x +1)

= lim ! = ! _

1
x=2(B—x+1) (B3=2+1) "1+1 2

VI2—x —Xx
B eV (WA  Evaluate : lm ————.
lim —E——

Solution : Rationalizing the numerator as well as the denominator, we get

2 x-x (Vi2—x —x)(Vi2-x +x)-(6+x +3)
Jorx—3 xo3 Jo+x-3(Vorx +3)(Vi2=x +x)

lim
x—3

2
) (IZ_X_X) . A6+x+3
= lim - lim
x—=3 6+x-9 x—34/12—X +X

—(x+4)(x-3) . J6+x+3

= lim lim —— ..
x—3 (X—3) x—=3+12—X +Xx [ x#3]

6
= —(B+4)~=-7
(3+4) o

Note: Whenever in a function, the limits of both numerator and denominator are zero, you
should simplify it in such a manner that the denominator of the resulting function is not zero.

However, if the limit of the denominator is O and the limit of the numerator is non zero, then
the Limit of the function does not exist.

Let us consider the example given below :
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1
|3e1 ) PER Find lim — | ifit exists.
x—0 X

Solution : We choose values of x that approach 0 from both the sides and tabulate the

1
correspondling values of e

Limit and Continuity

—-0.1

-.01 [ -.001

—-.0001

-10

M| =]

—100 | —1000

—10000

0.1

.01 |.001

.0001

10

M| =]

100 | 1000

10000

. 1 .
We see that as x — 0, the corresponding values of — are not getting close to any number.
X

Hence, lim — does not exist. This is illustrated by the graph in Fig. 20.2

x—0X
AY
5..
4..
3..
2..
-1
11 K VX
. 1 2 3 -4 -5
X< t t t t t t » X
1 2 3
\ |
-2
-3
t—4
=5
vy
Fig. 25.2
1 E ) PLNW Evaluate : lim (Ix+1-x1)
x—=0
MATHEMATICS
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. . MODULE - VIl
Solution : Since Ix| has different values for x > () and x<0, therefore we have to find out both Calculus
left hand and right hand limits.
lim (le+|—x I): lim (IO—hI+I—(0—h)I)
x—=0" h—0
= lim (I —hl+1—=(=h) I)
h—0 Notes
_limh+h=1m2h=0 ;
= hs0 b3 ()
Iim (IxI+l=x1)=1lim (I0+hl+[—=(0+h)|
and X_)0+( ) h—>0( ( ) )
=limh+h=1m2h=0 -
X—0 h—0 - (i)
From (i) and (ii),
lim (IxI+1=x1)= lim [IxI+1—x1]
x—0" h—0*
lim (I xI+1=x1[{=0
Thus, h;rl%)[ X x]

Note: We should remember that left hand and right hand limits are specially used when (a)
the functions under consideration involve modulus function, and (b) function is defined by
more than one rule.

IBel i) PAME Find the viaue of 'a' so that

. . 3x+5 ,x<1
lim f (x) exist, where f(x)= {
x—l 2x +a,x >1
Solution : lim f(x)=1im(3x+5) [ f(x)=3x+5 for x<1]

x—1 x—l

= lim [3 (1-h)+5]
h—0

=3+5=8 . )
lim f(x)=lim(2x+a) [ f(x)=2x+a for x >1]
x—l1t x—l1

= lim (2(1+h)+a)
h—0

=2+a

We are given that lim f(x) willexists provided

x—l
lim = lim f(x)
= x>l x—lt
- From (i) and (ii),
2+a=38
or, a=6

I el AR If a function f (x) is defined as

MATHEMATICS 15
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f(x)=

Notes

Examine the existence of lim f(x).
1

X——
2

Solution : Here f(x)=

=l_0_l

)
-t ][

—+h >% and from (i1),

JEURERI

lim f(x) =limf

1 h—0
x_{
2

=—+—1
2

1

2
From (iii) and (iv), left hand limit « right hand limit

lim1 f (x) does not exist.

X——

N
L'L J CHECK YOUR PROGRESS 25.1

1. Evaluate each of the following limits :

156
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MODULE - Vil
(a) lim [2(x+3)+7] (b lim (x2 +3x+7) () lim [(x+3)2 —16} Calculus
X—2 x—0 x—1
li )% +2 lim | (2x +1)° — lim (3x +1)(x +1
(d) x1—>n11[(x+ )+ J (e) Xlgqo[( x+1) 5} (f)xlgll( x+1)(x+1)
2. Find the limits of each of the following functions :
Notes
x—=5 X+2 3x+5
li li li
@ T2 ) 1 © I 10
2 2
. px+q . x"=9 . x"=25
lim —— | 1
@ xlgz)ax+b (e)xl—>m3 x—-3 (ﬁxgl}s X+5
2 . 9x%—1
. XT—=x-2 lim
lim ——— —
&) X1—>m2 x? —3x+2 ® X_% o
3. Evaluate each of the following limits:
3 3 4
x” =1 XD +T7x xF =1
li b) lim li
@ fm= ) ¥ 2x ©
lim ! - 2
(d)x—>l x—1 XZ—]
4. Evaluate each of the following limits :
. NA+x —4-Xx . 2+x-2 . B+x-6
(a) lim (b) im ———  (¢) lim ————
x—0 X x—0 X x—3 x—=3
: X V3x—-2-x
lim — lim —/— = =
@ O = —1 © - Jo—x
. 2 . . |
5. (a) Find lim — | ifit exists. (b) Find lim —— | ifit exists.
x—0 X x—2X—2
6. Find the values of the limits given below :
li li li
@ 5= Ix1 ® X2 © k=2l
. Ix=5I .
(d) Show that lim does not exist.
Xx—5 X —
7. (a) Find the left hand and right hand limits of the function
£(x) = -2x+3,x<1
P ax-sx>1 B x21
x2,x<1 .. .
(b) If f(x) ={ ’ ,find lim £ (x)
1,x>1 x—l
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Limit and Continuity
(c)Find lim f(x)if it exists, given that f(x) = {4X +3,x<4
x—4 3x+7,x=24
i '’ . . ax+5, x<2
8. Find the value of 'a' such that lim f(x) exists,wheref(x) =
x—2 x—-1,x=>2
x,x<1
9. Letf(x)=y Lx=1
XZ,X >1

Establish the existence of 1im f(x) -

x—l1
10. Find lim f(x) ifit exists, where
X—2
x—1,x<2
f(x)=< Lx=2
x+1L,x>2

25.5 FINDING LIMITS OF SOME OF THE IMPORTANT
FUNCTIONS

n n
. . X -a - . ege
(i) Prove that lim =na""! wherenisa positive integer.
x—a X-a
. x"-a" _ (a+h)"-a"
Proof: lim =lim ———

x—a X—a h—0 a+h-a

-1
(an +na"h +Man_2h2 o +hnj—an

2!
= lim
h—0 h

Xx—a X—a

MATHEMATICS
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Note: However, the result is true for alln

(i) Prove that (a) i‘g}) sinx=0 ang  (b) )1(11)1}) cosx =1

Proof : Consider a unit circle with centre B, in which £ C is a right angle and £ ABC =x
radians.

Now sin x =A C and cos x = BC

As x decreases, A goes on coming nearer and nearer to C.
ie.,when x - 0,A —>C
or when x - 0,AC—0
and BC — AB,ie.,BC—1

~Whenx—0 sinx -0 and cosx — 1

Thus we have
Iim sinx=0 and lim cosx =1 Fig. 25.3
x—0 x—0
. sinx
(iii) Prove that lim —— =1
x—0 X

Proof : Draw acircle of radius 1 unit and with centre at the origin O. Let B (1,0) be a point on
the circle. Let A be any other point on the circle. Draw AC 1 OX .

Let ZAOX =x radians, where 0<x<g A
D
Draw a tangent to the circle at B meeting OA produced at A
D. Then BD 1 OX. / Tangent
Area of AAOC < area of sector OBA < area of AOBD . _ X | .
O C /B
1 1 1
or—OCxXAC<—x(1)" <=0BxBD
2 2 2 Fig. 25.4
\]

. 1 . 1
[ area of triangle= 5 basexheight and area of sector = ) 0 rz}
1 ) 1 1
—cosX sinX <—X <—-1-tan x
2 2 2

. COSX =£,sinx :£and tan x :@,OA =1=0B
OA OA OB

tan x

1
iLe., Ccosx < [Dividing throughout by 5 sin x]

sinx sinXx
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X 1
or COSX < — <
sinX cosX
1 sin X
or < CcosX
COS X X
) sin X 1
Notes | i.e., Cos X < <
X COS X
Taking limit as x — 0, we get
. . sinx .
lim cosx < lim < lim
x—0 x—0 X x—0 COS X
. sinx . ) 1 1
or 1< lim <1 ~ lim cosx =1 and lim =-=1
x—0 X x—0 x—0cosx 1
. sinx
Thus, lim =1
x—0 X

Note: In the above results, it should be kept in mind that the angle x must be expressed in
radians.

(iv) Prove that |jm (1 + x) ¥ = e

x—0

Proof : By Binomial theorem, when | x | <1, we get

(1+x)i: 1.|_l.x_,_Q_lj 2 i(l_l)(l_Zj 3

X
X7+ +
X 2!

—x (1-x)(1-2
- lim (1+x) =lim{1+1+1 x, (1=x)(1=2%)
x—0

+ B R 0
x—0 2! 3! }
[ 1

= 1+1+—+l+ .......... °°:|
21 3!
=e¢ (Bydefinition)
1
X
Thus lim(1+x) =e
x—0
(v) Prove that
log(1+
lim M = lim —log(1+x) = lim log(1+ x)llX
x—0 X x—0 X x—0
160
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X
Using lim (1+x) =e

=loge x—0

(vi) Prove that lim

2 3
Proof : We know that eX=(1+x+%+§—+ .......... J

Thus, lim

X —X

ID e EPAR M Find the value of lim e e
x—0 X

Solution : We know that

X
im oL (i)

x—0 X
- Putting x = —x in(i), we get

lim
x—0 —X
Given limit can be written as

et —1+1-e*
im —mM

x—0 X

[Adding (i) and (ii)]
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MODULE - VI" ] eX _1 1_ —X ) eX _1 e—X _1
Calculus = lim + = lim +
x—0 X X x—0 X —X
X _ e—X _1
= lim + lim =1+1=2 [ Using (i) and (ii)]
x—=0 X x—=0 —X
N t X _ —X
s 1im &% —»
x—0 X
e’ —e
B el CPARIIE Evaluate : lim .
x—1 x—1
Solution : Putx=1 +h, where h—»0
X I+h 1 _h_ h
lim = lim = lim €e=e _ lim e D
x—1 X — h—0 h h—0 h h—0 h
h J—
=elim < ! =exl=e
h—0
X —
Thus, lim € "¢
x—l x—1
. sin 3x
| E1 1) (PRI Evaluate : lim
x—0 X
. sin 3x . sin3x o .
Solution : lim = lim -3 [Multiplying and dividing by 3]
x—0 X x—0 3x
. sin3x
=3 lim [ when x — 0,3x — 0]
3x—0  3x
=3.1 [ Jim XX :1}
x—0 X
=3
Thus, lim sin 3x _3
x—0 X
Example 25.12 EZINECRITS 1-cosx
x—0 2x2
1 2sin? x “rcos2x =1—2sin? X,
Solution : |j TCOSX _ lim ~1—cos2x =2sin? x
x—=0 2x2 x—0  2x2 -
or l—cosx=2sin 5
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x ) Calculus
sin —
= ,1(1_% ruc X [Multiplying and dividing the denominator by 2]
2
Notes
X 2
1 sin —
=—lim|—2| _1 ,_1
4x 0 X 47 4
2 2
. l—cosx 1
lim ———=—

x—=0  2x2 4

IB e EPANRE Find the value of 1im I+ cos 2x )
T

X—)E (TC— 2X)2

b8 o
Solution : Put X =E+h when X = E,h -0
2x =1+ 2h
1+cos2(n+h)
1+cos 2x . 2
lim ———————=1im

T (m=2x)% b0 [m—(n+2h)]
2

— lim 1+cos(m+2h) — lim 1—cos2h

h—0 4h* h—0  4h2

_ 2sin®h 1. (sinh)> 1 1
=llm —=—1im = _—X]l=—
h—0 4h2 2h>0\ h 2 2

. 1+4cos2x 1
lim —— 5 =5
x—)g (TC—2X) 2
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1. Evaluate each of the following :
X i e* —e ¥
Notes (a) il_% x (b) Xl_r>r(1) eX +e X
2. Find the value of each of'the following :
e X —e! e—e*
(a) im ——— (b) lim
x—1 x-—1 x—1 x—1
3. Evaluate the following :
sin4x . sinx? sinx?
1 lim i
(a) xgl}) 2x (b) x—0 5X2 (C) xlg}) X
lim sinax
() x—0sinbx
4. Evaluate each of the following :
lim 1—cosx lim 1—cos8x lim sin 2x (1 —cos 2x)
@ S0 X2 ®) B % © 50 X3
lim 1—cos 2x
D=0 3tan® x
5. Find the values of the following :
lim l1—cosax b) lim x> cot x lim cosec x —cotx
(a) x—0 1—cosbx ( )x—>0 1—cos X (C) x—0 X
6. Evaluate each of the following :
I
lim _SinX cos X ‘
(a) MM (b) )lin)1 — (c) hrrflc (sec x —tan x)
X—)E
7. Evaluate the following :
sin 5x . tan70 sin 2x + tan 3x
li lim Iim —
@) xl—% tan 3x ®) 0—0 sin 40 © xg% 4x —tan5x
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25.6 CONTINUITY OF A FUNCTION AT A POINT

o/ (. f(a)/
f(a)) o (a, f(a))
/@’ /

a a a a

@ (i) (iii) @iv)

Fig. 25.5
Let us observe the above graphs of a function.

We can draw the graph (iv) without lifting the pencil but in case of graphs (i), (ii) and (iii), the
pencil has to be lifted to draw the whole graph.

In case of (iv), we say that the function is continuous at x = a. In other three cases, the function
is not continuous at X = a. i.e., they are discontinuous at x = a.

In case (1), the limit of the function does not exist at x = a.
In case (ii), the limit exists but the function is not defined at x = a.
In case (iii), the limit exists, but is not equal to value of the function at x = a.

In case (iv), the limit exists and is equal to value of the function at x = a.

| €111 (AR E R Fxamine the continuity of the function f(x) = x —a atx =a.

Solution : 1M f(x) = lim f(a+h)
‘x—a h—0

=lim[(a+h)—a]
h—0

=0 6]
Also fay=a—-a=0 . (i1)
From (i) and (ii),
lim f(x)=1f(a)
X—a

Thus f (x) is continuous at X = a.

Example 25. 15 Show that f (x) = ¢ is continuous.

Solution : The domain of constant function c is R.Let 'a' be any arbitrary real number.

lim f(x)=candf(a)=c

X—a

lim f(x)=f(a)

X—a

- f(x) is continuous at x = a. But 'a'is arbitrary. Hence f(x) = c is a constant function.
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1 EN N WEREM Show that f (x)=cx +d is a continuous function.

Solution : The domain of linear function f (x)=cx +d is R;and let 'a' be any arbitrary real
number.
lim f(x)=1lim f(a+h)

X—a h—0

=lim[c (a+h)+d]

h—a
=ca+d . (1)

Also f(a)=ca+d . (ii)

From (i) and (ii), ;1(1;21 f(x)=1(a)

f (x)is continuous at X =a
and  since ais any arbitrary, f(x) is a continuous function.

IBENNNIPARUA  Prove that f (x) =sin x is a continuous function.

Solution : Let f (x) =sin x
The domain of sin x is R. let 'a" be any arbitrary real number.

lim f(x)= lim f(a+h)

X—a h—0

— lim sin(a + h)

h—0
_lim [sina.cosh+cosa.sinh]

h—0

—sina lim cosh+cosa lim sinh [ lim kf (x) =k lim f(x) where k is a constant}

h—0 h—0 x—a Xx—a
=sinax1+cosax0 [ lim sinx =0 and lim cos X=1:|
x—0 x—0
=sina ()
Also f(a)=sina (i)

From (i) and (ii), lim f(x)="f(a)
X—a

~.sIn X 1S continuous at x=a

-+ sin X is continuous at x = a and 'a' is an aribitary point.

Therefore, f (x) =sin x is continuous.

Definition :
1. A function f (x) is said to be continuous in an open inteval ]a,b[ ifit is continuous at
every point of ]a,b[ *.

2. Afunction f(x)is said to be continuous in the closed interval [a,b] if it is continuous at
every point of the open interval ]a,b[ and is continuous at the point a from the right and
continuous at b from the left.

MATHEMATICS



Limit and Continuity

lim f(x)=f(a)

1e.
x—>a+

lim f(x)=f(b)

and Xx—b

*  In the open interval Ja,b[ we do not consider the end points a and b.

Q
WX CHECK YOUR PROGRESS 25.3

1. Examine the continuity of the functions given below :

(a) f(x)=x—-5atx=2 (b) f(x)=2x+7atx=0
5
(©) f(x)=§x+7atx=3 (d) f(x)=px+qatx=—q
Show that f (x)=2a+3b is continuous, where a and b are constants.
3. Show that 5 x + 7 is a continuous function
4. (a) Show that cos x is a continuous function.

(b) Show that cot x is continuous at all points of its domain.
5. Find the value of the constants in the functions given below :
(a) f(x)=px—>5 and f(2) =1such that f (x) is continuous at x = 2.

(b) f(x)=a+5x and f(0) =4 such that f (x) is continuous at x = 0.

2
(c) f(x)=2x+3b and f(-2)= 3 such that f(x) is continuous at y — —> .

25.7 DISCONTINUITY OF A FUNCTION AT A POINT

So far, we have considered only those functions which are continuous. Now we shall discuss
some examples of functions which may or may not be continuous.

|0 €11110) M Bl Show that the function f(x) = e* is a continuous function.
Solution : Domain of e* is R. Let ac R . where 'a ' is arbitrary.

lim f(x) = lim f(a +h), where h is a very small number.
h—0

X—a
. . . h
=1lim e*? = lime® e = lim e a :
h—0 h—0 h—o =€ xL e M
T (ii)
Also f(a)=e?

. From (i) and (ii), iig;f(x) =f(a)

MATHEMATICS

MODULE - VIl
Calculus

Notes

167



MODULE - Vili

Calculus

Notes

168

Limit and Continuity

- f(x)iscontinuousat x =a

Since ais arbitary, e* is a continuous function.

_x2—l

IDEN ) PERER By means of graph discuss the continuity of the function f (x) =

x—1"

Solution : The grah of the function is shown in the adjoining figure. The function is discontinuous
as there is a gap in the graph at x = 1.

YA /

Fig. 25.6
71
X CHECK YOUR PROGRESS 254
1. (a) Show that f (x) = % is a continuous function.

-2
—X
(b) Show that f (x) =e 3 is acontinuous function.

(c) Show that f (x) = e3**2is a continuous function.

(d) Show that f (x) = e~ 2**3 is a continuous function.

2. By means of graph, examine the continuity of each of the following functions :
2
(a) f(x) = x+1. (b) f(x)=z:f
2 2
x“ -9 x“—16
(© f(x) x+3 (@ f(x) x—4

25.8 PROPERTIES OF CONTINUOUS FUNCTIONS

(i)  Consider the function f (x) = 4. Graph of the function f (x) =4 is shown in the Fig. 20.7.
From the graph, we see that the function is continuous. In general, all constant functions
are continuous.

(i)  Ifafunctionis continuous then the constant multiple of that function is also continuous.
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7 AY
Consider the function f (x) = 5 X . We know that x
4
is a constant function. Let 'a' be an arbitrary real
number.
lim f(x) = lim f(a+h)
x—a h—0
= lim Z(.a +h) >X
h—02 o
Fig. 25.7
=1 )
XA e i
7 ..
Also f(a)= 4 e (i)
- From (i) and (ii),

Iim f(x)=f(a)

X—a

7. .
- f(x)= o X is continuous at x = .

7. . . . 7. . .
As 3 1s constant, and x is continuous function at x = a, 3 x 1s also a continuous function at x = a.

(iii) Consider the function f(x)=x2 +2x . We know that the function x> and 2x are
continuous.

Now lim f(x)=lim f(a+h)
x—a h—0

:llli_r)r(l)[(a+h)2+2(a+h)}

= lim [az +2ah+h?+ 2a+2ah}
h—0

—a242a @)
Also f(a) = a2 +2a (11)
- From (i) and (ii), ii_)n;f(x) =f(a)
- f(x) is continuous at x = a.

. . . 2 .
Thus we can say that if x2 and 2x are two continuous functions at x = a then (X + 2X) is also

continuous at X = a.

(iv)  Consider the function f(x)= (X2 +1)(X +2). We know that (X2 +1) and (x +2) are

two continuous functions.
Also £x)=(x?+1)(x+2)
= x3 + 2x2 +x+2
MATHEMATICS

MODULE - VIl
Calculus

Notes

169



MODULE - VIII
Calculus

Notes

170

Limit and Continuity

As x>,2x2,x and 2 are continuous functions, therefore.
x> +2x2 + x + 2 is also a continuous function.

We can say that if (X2 + 1) and (x+2) are two continuous functions then (X2 + 1) (x+2)

is also a continuous function.

2
(v)  Consider the function f(x) = X~ =4 atx =2. We know that (X2 - 4) is continuous at
+2
x =2.Also (X +2) is continuous at x = 2.
2_ +2)(x-2
Again lim X4 32 (x=2)
x—=2 X+ x—2 X+2
= lim (x—2)
Xx—2
=2-2=0
2)? -4
Also f(2)= &)
242
4
lim f(x) =1 (2). Thus f (x) is continuous at x = 2.
Xx—2
X2 —
If 2 _ 4 and x+ 2 are two continuous functions at x =2, then " is also continuous.
X
(vi)  Consider the function f(x) =l x —21. The function can be written as
—(x—-2), 2
F(x)= (x—-2),x<
(x—=2),x=22
lim f(x)=I1limf(2—-h
o (x) . ( ),h>0
= lim [(2—h)-2]
h—0
=2-2=0
Iim f(x)=1lmf(2+h .
e N o | (i)
=1lim [(2+h)—2]
x—2
=2-2=0 (i)
Also f=2-2=0 . (ii1)

- From (i), (ii) and (iii), 1'm f(0)=1(2)

Thus, | x — 21 is continuous at x = 2.

MATHEMATICS



Limit and Continuity

After considering the above results, we state below some properties of continuous functions.

If f (x) and g (x) are two functions which are continuous at a point x = a, then

(1) Cf(x) is continuous at X = a, where C is a constant.
(i) f(x)=*g(x) is continuous at X = a.
(iii) f(x)-g(x)is continuous at x = a.

(iv) f (x)/g (x) is continuous at X = a, provided g (a) = 0.

(v) f(x)lis continuous at X = a.

Note: Every constant function is continuous.

25.9 IMPORTANT RESULTS ON CONTINUITY

By using the properties mentioned above, we shall now discuss some important results on continuity.

)

(i)

Consider the function f(x) =px+q,x€ R @)

The domain of this functions is the set of real numbers. Let a be any arbitary real number.
Taking limit of both sides of (i), we have

lim f(x)=lim (px+q)=pa+q [=value of p x +q at x = a.
X—a X—a

pX +q is continuous at X = a.

Similarly, if we consider f (x) = 5%x2 +2x + 3, we can show that it is a continuous function.

In general f(x)=ay+a;x +a,x> +...+a, ;x" " +a,x"

where a,a;,a,.....a, are constants and n is a non-negative integer,
2 n . . _ .
we can show that ag,a;x,a,x”,....a,x" are all continuos at a point x = ¢ (where c is any
real number) and by property (ii), their sum is also continuous at x =c.
. f(x) is continuous at any point c.

Hence every polynomial function is continuous at every point.

(x+1)(x+3)
(x=5)

Since (x + 1) and (x + 3) are both continuous, we can say that (x + 1) (x + 3) is also
continuous. [Using property iii]

Consider a function f (x) = ,f(x)isnot defined when x —5=01i.e,atx=>5.

. Denominator of the function f (x), i.e., (x — 5) is also continuous.
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(x+1)(x+3)
(x=5)

. Using the property (iv), we can say that the function is continuous at all

points except at x = 5.

In general if f(x)= pEX; , where p (x) and q (x) are polynomial functions and q (x) 0,
q(x

then f (x) is continuous if p (x) and q (x) both are continuous.

IBeln ) PAWIIN Examine the continuity of the following function at x = 2.

3x—2 forx<?2
f(x)=
x+2 forx>2

Solution : Since f (x) is defined as the polynomial function 3x —2 on the left hand side of the
point x =2 and by another polynomial function x +2 on the right hand side of x = 2, we shall find
the left hand limit and right hand limit of the function at x =2 separately.

Fig. 25.8

Left hand limit  — Jim f(x) = HmGx=2) _3.5_2-4

X—2
x—2"

Right hand limit at x = 2;

MATHEMATICS
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lim f(x)=1lim (x+2)=4

x—27F x—2

Since the left hand limit and the right hand limit at x = 2 are equal, the limit of the function f (x)

exists at x=2 and isequal to 4 i.e., lim f(x)=4.

x—2
Also f(x) is defined by (x +2) at x=2
f2)=2+2=4.
Thus, lim f(x)=f(2)

Xx—2

Hence f (x) is continuous at x = 2.

@) Draw the graph of f (x) =Ixl.

@)  Discusss the continuity of f (x) at x =0.

Solution : We know that for x >0,I x l=x and for x <0, x I=—x . Hence f (x) can be written as.

—X,x<0
X, x=0

f(x)=|x|={

(1) The graph of the function is given in Fig 20.9

AY
X X
4 3 2 219 12 3 4
vy
Fig. 25.9
(H)Lﬁfthandhl'nlt = hm_f(x) = lim(_x)z()
x—0 x—0
Right hand limit = lim f(x) = lim x=0
£ x—0T x—0
Thus hmf(x):()
’ x—0
Also, £(0)=0

lim f(x)=1(0)
x—0
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MODULE - VIII Hence the function f (x) is continuous at x =0.

Calculus | D) 1) AP Examine the continuity of f(x)=lx —blat x =b.

Solution : We have f(x) =l x —b|. This function can be written as

£ z{—(x—b),x <b

Notes (x—b),XZb
Left hand Limit = lim f(x)=lim f(b—-h)
x—b~ h—0
=Ilim[—(b—h—-Db)]
h—0
=limh=0 :
b0 e (1)
Right hand limit = lim f(x)=1lim f(b+h)
x—bt h—0
=lim[(b+h)—D]
h—0
=limh=0 -
b e (i1)
Also, f(b)=b-b=0 .. (iii)

From (i), (ii) and (iii), )lgé f(x)=f(b)
Thus, f(x) is continuous at x = b.

sin 2x

DRV ERIRAN If f(x)={ , =~ " 0

2, x=0

find whether f(x) is continuous at x =0 or not.

sin 2x 0
Solution : Here f(x)={" * * 7
2, x=0
. sin2x i - —si
Left hand limit = 1im_ im S020Z0) _p; Zsin2h
x—0 X h—0 O0-h h—0 —=h
— lim sin 2h xz .
h—0 2h 1 =Ix2=2 .. (6]
i . in 2(0+h ) in2h 2
Right hand limit = lim Sin2x lim 222070 ( ) = lim 2220 2
x0T X h—0 O+h h—0 2h 1
=1x2=72 (ii)
Also f(0)=2 (Given) (ifi)
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From (1) to (i),

lim £(x) =2 =£(0)

x—0
Hence f(X) is continuous at x = 0.

Signum Function : The function f (x)=sgn(x) (read as signum x) is defined as

-1, x<0
f(x)=40, x=0
I, x>0

Find the left hand limit and right hand limit of the function from its graph given below:

AY
O——
} } } } } —X
-3 -2 -1 . 1 2 3
—0-1
Fig. 25.11

From the graph, we see that as x — 0", f(x) =1 and as x)—=0, f(x)—>-1

Hence, lim f(x)=1, lim f(x)=-1

x—0" x—0"

As these limits are not equal, lim f (x)does not exist. Hence f (x) is discontinuous at x =0.
x—0

Greatest Integer Function: Let us consider the function f (x)=[x] where [x] denotes the greatest
integer less than or equal to x. Find whether f (x) is continuous at
1
(i) x=7 (i) x=1
To solve this, let us take some arbitrary values of x say 1.3, 0.2,—0.2..... By the definition of
greatest integer function,

[1.3]=1,[1.99]=1,[2]=2,[0.2] =0, [-0.2] =—1,[-3.1] = —4, etc.

In general :
for -3<x<-2, [x]=-3
for 2<x<-1, [x]=-2
for-1<x <0, [x]=-1
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foro<x<1, [x]=0

forj<x <2, [x]=1 and so on.

The graph of the function f (x) = [x] is givenin Fig. 25.12

(1) From graph
lim f(x)=0, lim f(x)=0,
- +
X—— X——
2 2
Y
Iim f(x)=0
x_% 43 ®—O
1 =12 e—oO
f| = |=[0.5]1=0
Also [ 2) [0.5] 1,
. 1 X’ | | | | | |
hrr} f(X)Zf[—j 3 2 -1 ‘_<1> 2 3 4 x
Thus x—- 2 o—p-I
Hence f (x) is continuous at O -2
L O 4-3
2 Y’
. Iim f(x)=0, lim f(x)=1 Fig. 25.12
(11) x—1 x—l1
Thus lim f(x) does not exist.
x—1

Hence, f(x) is discontinuous at x = 1.

Note: The function f (x) = [x] is also known as Step Function.

x—1
| )i CPARZE At what points is the function (x+4)(x-5) continuous?

x—1

SOlution H Here f(X) = m
X+ X =

The function in the numerator i.e., X — 1 is continuous. The function in the demoninator is (x+4)
(x—5) whichis also continuous.

But f (x) is not defined at the points — 4 and 5.

. The function f (x) is continuous at all points except — 4 and 5 at which it is not defined.

In other words, f (x) is continuous at all points of its domain.

r1
\ & § CHECK YOUR PROGRESS 25.5

1. (a) If f(x)=2x+1, when x=x1 and f(x)=3 when x = 1, show that the function f (x)
continuous at x =1.
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4x+3, x#2
b) If f(x)= ’
®) (%) {3x+5, x=2

(c) Determine whether f (x) is continuous at X = 2, where

4x +3, x<2
f(x)=
8—x, x>2

(d) Examine the continuity of f (x) at x= 1, where

2
f(x):{ x“,x<1

X+5, x>1

(e) Determine the values of k so that the function

2
<2 . .
f(x) ={kx X2 is con tinuous at x = 2.

3, x>2
2. Examine the continuity of the following functions :
(a) f(x)=lx—2lat x=2 (b)f(x)=lx+5lat x=-5
(©) f(x)=la—xlat x=a
Ix—21 2
(dfx)=4 x=2 "~ x atx=2
1, x=2
Ix—al
@) f(x)=< x—a ~ X#a atx=a
1, X=a
indx, x#0
3. (@Iff@)=¥m BT atx=0
2, x=0
sin 7x 0
OIf f(x)=1 5 *#0 0 atx=0
7, x=0

(c) For what value of a is the function

sin 5x

F(x)=4 a3x xz0 .
=1 3x continuous at x=0 ?
a, x=0
4, (a) Show that the function f (x) is continuous at X = 2, where
2

X“—x-2

f(X): T, for x#2
3, for x=2

,find whether the function fis continuous at x = 2.
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MODULE - Vill (b) Test the continuity of the function f (x) at x =1, where
Calculus
2
X" —4x+3
_J— for x#1
fx)=1"x-1
-2 for x=1
Notes (c) For what value of k is the following function continuous at x =17
2
f(X): X 11 when x #1
X —
k when x=1

(d) Discuss the continuity of the function f (x) at x =2, when

x2 -
F(x)={ %5 for x #2
7, x=2
I x| 20
5. (@Iff(x)=4 x ° *7 ", find whether fis continuous at x = 0.
0, x=0

(b) Test the continuity of the function f (x) at the origin.

x x#0
where f(x)=<1x1"
1, x=0
6. Find whether the function f (x)=[x] is continuous at

4 2
(@ x=2()x=3 () x=-1 (d)x=7

3
7. At what points is the function f (x) continuous in each of the following cases ?
+2 X—5 X—3
() f(x)=———= (b) f(x)=———— (¢) f(Xx)=— > —
(x=1)(x~4) (x+2)(x=3) x2 +5x—6
2
X +2x+5
d) fx)=———
@ x2-8x+16

T2
@edlLET US suM UP

° If a function f(x) approaches / when x approches a, we say that [ is the limit of f (x).
Symbolically, it is written as

Iim f(x)=/
X—a
lim f(x)=/ : -
° If o (x) and )}L)rr;lg(x) =m, then
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@) lim kf (x) =k lim f(x)=k/
X—a X—a
(i) lim [f(x)+g(x)]=1lim f(x)* lim g(x)=/+m
Xx—a X—a X—a
(iif) lim [f(x)g(x)] =lim f(x) lim g(x) =/m
Xx—a Xx—a Xx—a
lim f(x)
(iv) Jim L) — xa _ provided 1im g(x)#0
x—ag(x) limg(x) m x—>a
X—a

° LIMIT OF IMPORTANT FUNCTIONS

n n
X —a n-1 lim sinx =0

i lim =na il
® x—a X-—a @ x—0
lim cos x =1 . . sinx _
(ii) B @v) )}1_% - 1
1
- log (1+x
) lim (1+ x)x =e (vi) lim —g( )
x—0 x—0 X
X —
Wiy lim S o
x—0 X

e SUPPORTIVE WEB SITES

http://www.youtube.com/watch?v=HB8CzZEd4xw
http://www.zweigmedia.com/RealWorld/Calcsumm3a.html
http://www.intuitive-calculus.com/limits-and-continuity.html

@
Sl TERMINAL EXERCISE

Evaluate the following limits :

1. lim 5 2. lim /2
x—1 x—0

. 4x5+9x+7 . x2 +2x

3, lim ————— 4. lim ————-

x—13x° +x° +1 x—=>-2x7 +x° —2x
4 4

5 Jim 3R =X 6. i VI X —V1-x

x—0 k(k+2x) x—0 X
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. 2 - -
. im | o lm@xx-1
: x—>-1 x+1 %21 : x—1 (2x +3)(x —1)
9 li x2 -4 10 hm[ 1 2 }
1m - . =
' x—=24/x +2 —3x -2 Toxollx=1 X2
. 2 2
. —(a+Dx+
1. lim 22 12, fim X m@rDxa
X—>TT—X X—a X~ —a

Find the left hand and right hand limits of the following functions :

2_

-2x+31f x<1

13. f(x)= . asx —1 14, f(x)= asx—1
3x-5 if x>1 [x +11
Evaluate the following limits :
. Ix+11
15.  lim
xol™ X+l
lim [x =21
te. x—2t X=2
lim 222
. A ix—2l
(x+2)2 -4 - -
18. If f(x)=-="=/ —~, prove that lln}) f(x) =4 though f(0) is not defined.
X X—>
im £(x) £(x) 5x+2,x<2
. . X) =
19. Find k so that '} may exist where 2x+k.x>2
. sin7x
20. Evaluate lim
x—0 X
. |et+e¥ =2
21. Evauate 1M | ————
x—0 X
. l—cos3x
22.  Evaluate lim ———
x—0 X
. sin2x+3
23, Find the value of lim >~
x—0 2X +sin 3x
. T
24.  Evaluate lim(1—x)tan -
x—l1 2
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. sin50
25. Evaluate lim
0—0 tan 80
Examine the continuity of the following :
£(x) 1+3xi1f x>-1
26. 2 x<-1
at x =—1
l -x,0<x< l
X 2
1 1
f = —, = —
27. (x) > X >
3 1
——X,—<xx<1
2 2
el
atTs
28.  For what value of k, will the function
2
x“—16 .
f(X)Z —X_4 if X7ﬁ4
kif x=4
be continuous atx =4 ?
29.  Determine the points of discontinuty, if any, of the following functions :
2 2
X" +3 4x° +3x+5
a S b —
@ X2 +x+1 ®) x2—2x+1
2
X“+x+1 4
b A AT d f(x)=4% —-16, x #2
®) x2—3x+1 @ (x) { 16, x=2
sin X 0
30.  Show that the function f(x)= X +cos, X # U is continuous at x=0
2, x=0
31. Determine the value of 'a', so that the function f (x) defined by
acosXx T
, X #E—
f=4T"2x 2 o
T 1S continuous.
5 x=—
2
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MODULE - VIII

2

@) CHECK YOUR PROGRESS 25.1
1. (a) 17 (b)7 ©0 d) 2

Notes (e)-4 8
2 0 b 2 dd 6
L@ (b)3 © @7 ()
® -10 (23 h 2
L @3 0 ()4 @
1 e e
4 @7 ®)575 ©5 7 (d)2 (e) -1
5. (a) Does not exist (b) Does not exist
6. (a) 0 (b)% (c) does not exist
7. (a)1,-2 (b)1 (c) 19

a=-
10.  limit does not exist

CHECK YOUR PROGRESS 25.2

2

e " —1
1. (@2 ®) 5,
1
2. (a) e (b) —e
3. (@2 (b) é © 0 (d)%
1 2
4 @y (b)0 (©)4 @5
s Wt 1
. (@ o2 (b)2 (c) >
6. (@]l (b)g (© 0
5 7
7. (a)g (b)Z (©)-5
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CHECK YOUR PROGRESS 25.3 MODULE - Vil
. . Calculus
1. (a) Continuous (b) Continuous
(c) Continuous (d) Continuous
5. (ap=3 (bya=4
4
(c) b= % Notes

CHECK YOUR PROGRESS 254
2. (a) Continuous

(b) Discontinuous atx =2

(c) Discontinuous at x =—3

(d) Discontinuous at x =4

CHECK YOUR PROGRESS 25.5

1. (b) Continuous (c) Discontinuous
(d) Discontinuous (e) k= %

2 (a) Continuous (c) Continuous,
(d) Discontinuous (e) Discontinuous

3 (a) Discontinuous (b) Continuous (c)%

4 (b) Continuous ©)k=2
(d) Discontinuous

5. (a) Discontinuous (b) Discontinuous

6 (a) Continuous (b) Discontinuous
(c) Discontinuous (d) Continuous

7. (a) All real number except 1 and 4
(b) All real numbers except —2 and 3
(c) All real number except —6 and 1

(d) All real numbers except 4
TERMINAL EXERCISE

1. 5 2. /3 3.4 4, ——

1
5. 2x2 6. 1 7. —= 8. ——

MATHEMATICS 183



Limit and Continuity

MODULE - VIII 9 10 1
Calculus -8 2
a—1
11. 1 12. Y
13. 1,-2 14. 2.2
Notes
15. -1 16. 1
17. -1 19. k=8
7
20. 7 21. 1
9
22. > 23. 1
2
24. — 25. >
b 8
26. Discontinuous
27. Discontinuous
28. k=8
29. (a) No (b) x=1
(©) x=1,x=2 (d) x=2
31. 10
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DIFFERENTIATION

311en26

The differential calculus was introduced sometime during 1665 or 1666, when Isaac Newton
first concieved the process we now know as differentiation (a mathematical process and it yields
aresult called derivative). Among the discoveries of Newton and Leibnitz are rules for finding
derivatives of sums, products and quotients of composite functions together with many other
results. In this lesson we define derivative of a function, give its geometrical and physical
interpretations, discuss various laws of derivatives and introduce notion of second order derivative
of a function.

\Z| OBJECTIVES

After studying this lesson, you will be able to :

define and interpret geometrically the derivative of a function y = f(x) at x=a;

prove that the derivative of a constant function f(x) =c, is zero;

find the derivative of f (x) = x",n e Q from first principle and apply to find the derivatives
of various functions;

find the derivatives of the functions of the form cf(x), [f (x) + g (x)]and polynomial functions;

state and apply the results concerning derivatives of the product and quotient of two functions;

state and apply the chain rule for the derivative of a function;

find the derivative of algebraic functions (including rational functions); and

find second order derivative of a function.

EXPECTED BACKGROUND KNOWLEDGE

° Binomial Theorem

° Functions and their graphs
° Notion of limit of a function

26.1 DERIVATIVE OF A FUNCTION

Consider a function and a point say (5,25) on its graph. If x changes from 5 to 5.1, 5.01,
5.001..... etc., then correspondingly, y changes from 25 to 26.01, 25.1001, 25.010001,....A
small change in x causes some small change in the value of y. We denote this change in the value

of x by a symbol 8x and the corresponding change caused iny by 8y and call these respectively

Ox
as an increment in x and increment in y, irrespective of sign of increment. The ratio S_y ofincrement
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is termed as incrementary ratio. Here, observing the following table for y = x2at(5,25), we

have for dx =0.1,0.01,0.001, 0.0001,...... dy=1.01,.1001, .010001, .00100001,.....

X 5.1 5.01 5.001 5.0001
Sx 1 01 .001 .0001
y 26.01 25.1001 25.010001 25.00100001
Sy 1.01 .1001 .010001 .00100001
dy
g 10.1 10.01 10.001 10.0001

We make the following observations from the above table :

) dy varies when §x varies.
(i) Sy —»O0Owhen §x —0.
)
@) The ratio o tends to a number which is 10.

Ox

b )
2l tends to a finite number, not

Hence, this example illustrates that 8y — 0 when 8x — 0 but ox

d
d—z 1s called the derivative

of y with respect to x and is read as differential coefficient of y with respect to x.

.oy d
That is, lim 2~ —10in the above example and note that while 8x and 8y are small
dx—0 0x  dx

. .. . Oy, . d
necessarily zero. The limit, lim Yis equivalently represented by LN
dx—0 Ox dx

ox

numbers (increments), the ratio of these small numbers approaches a definite value 10.

In general, let us consider a function

y=1(x) ..(d)
To find its derivative, consider §x to be a small change in the value of x, so x + §x will be the
new value of x where f (x) is defined. There shall be a corresponding change in the value of y.
Denoting this change by 8y ; y+ dy will be the resultant value ofy, thus,

y + 9y =f(x +8x) ...(ih)
Subtracting (i) from (ii), we have,
(y+0y)—y=f(x+x)—f(x)

or Sy =f(x +0x) —f(x) ....(1i1)
To find the rate of change, we divide (iii) by §x

Oy f(x+0x)—f(x) .

5 = . ..(iv)
Lastly, we consider the limit of the ratio S_y asdx — 0.

Ox
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Differentiation

o lim 8_y= lim f(x+0x)—f(x)
5x—00X  8x—0 ox

(V)

is a finite quantity, then f(x) is called derivable and the limit is called derivative of f(x) with respect
d

to (w.r.t.) x and is denoted by the symbol f'(x) or by i of f(x)

d dy d
e~ f(x dy <
e (X)  or - (read as - ofy).

Thus, lim S_y: lim —f(x+6x)—f(x)
dx—00X  8x—0 Ox
dy

d
&—&f(x) =f'(x)

(1) The limiting process indicated by equation (v) is a mathematical operation. This
mathematical process is known as differentiation and it yields a result called a derivative.

(2) A function whose derivative exists at a point is said to be derivable at that point.

(3) It may be verified that if f (x) is derivabale at a point x = a, then, it must be continuous at
that point. However, the converse is not necessarily true.

(4) The symbols Ax and hare also used in place of §x i.e.

d—y=1im f(x+h)—f(x) or gz lim f(x+Ax)—1f(x)

dx h—0 h dx Ax—0 AX

d
(5) Ify=f(x), then % is also denoted by y, or y'.

26.2 VELOCITY AS LIMIT

Let a particle initially at rest at 0 moves along a strainght line OP., The distance s
f(t) ft + &t
0 P Q
Fig. 26.1

covered by it in reaching P is a function of time t, We may write distance
OP=s=f(t) ()

In the same way in reaching a point Q close to P covering PQ

1.e., §s 1S a fraction of time §¢ so that
0Q=0P+PQ
=s+0s
=f(t+dt) ...(ih)

The average velocity of the particle in the interval §; is given by
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Differentiation

_ Change in distance

Change in time

_ (s+0s)—s

T s —t [From (i) and (ii)]

_f(t+3)—1(1)
ot
(average rate at which distance is travelled in the interval §¢ ).

Now we make §¢ smaller to obtain average velocity in smaller interval near P. The limit of average

velocity as §t —s ( is the instantaneous velocity of the particle at time t (at the point P).

. f(t+ot)—f(t
Velocity at time t = lim f(t+ot) —f(t)
8t—0 ot

d
It is denoted by d—i

Thus, if £ (t) gives the distance of a moving particle at time t, then the derivative of T at t =t

represents the instantaneous speed of the particle at the point Pi.e. at time t =¢,.

This is also referred to as the physical interpretation of a derivative of a function at a point.

.. d .
Note : The derivative d—y represents instantaneous rate of change of y w.r.t. x.
X

ID e PIMB The distance 's' meters travelled in time t seconds by a car is given by

the relation

s =3t
Find the velocity of car at time t =4 seconds.

Solution : Here, f(t)=s = 3t>
£(t+8t) = s+ 8s = 3(t + 5t)?

. f(t+0t) —f(t
Velocity of car at any time ~ t= lim fie+on -1

3t—0 ot
2 42

_ im 3(t+dt)” —3t

5t—0 ot

C3(t7 +2t8t + 8t2) =32

= lim

5t—0 ot
= lim (6t + 30t)

ot—0
=6t

Velocity of the car at t =4 sec = (6 x 4) m/sec =24 m/sec.
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A " @i CHECK YOUR PROGRESS 26.1

1. Find the velocity of particles moving along a straight line for the given time-distance relations
at the indicated values of time 't :

1
() s=2+3t;t=§. (b) s=8t—7;t=4.
©) s=12 +36t=2. () =7 —dt+ L=,
2 2
2. The distance s metres travelled in t seconds by a particle moving in a straight line is given

by s= t* ~18t> . Find its speed at t = 10 seconds.

3. A particle is moving along a horizontal line. Its distance s meters from a fixed point O at t

seconds is given by s =10—t> + t>. Determine its instantaneous speed at the end of 3
seconds.

26.3 GEOMETRICAL INTERPRETATION OF dy/dx

Let y =f (x) be a continuous function of x, draw its graph and denote it by APQB.

y

T
/< X + 0x >

Fig. 26.2
Let P (x,y) be any point on the graph of y = f(X) or curve represented by y = f(x). Let
Q(x + 0x, y + dy) be another point on the same curve in the neighbourhood of point P.

Draw PM and QN perpendiculars to x-axis and PR parallel to x-axis such that PR meets QN at
R.Join QP and produce the secant line to any point S. Secant line QPS makes angle say o with
the positive direction of x-axis. Draw PT tangent to the curve at the point P, making angle g with
the x-axis.

Now, In AQPR, ZQPR =0,
ng o QR _QN-RN _QN-PM _(y+dy)-y _38 0
PR MN ON-OM (x+0x)—x Ox
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Differentiation

Now, let the point Q move along the curve towards P so that Q approaches nearer and nearer
the point P.

Thus, when Q - P, §x — 0,0y — 0, oo — 0, (tan o0 — tan 0) and consequently, the secant QPS
tends to coincide with the tangent PT.

. dy
From (3). tanol = ——
ox
lim tano = lim g—y
In the limiting case, g;:;g x—0 Ox
a—0
dy
tan @ = — ii
or x ...(1)

d
Thus the derivative % of the function y =f (x) at any point P (x,y) on the curve represents the

slope or gradient of the tangent at the point P.

d
This is called the geometrical interpretation of d—z .
d
It should be noted that i has different values at different points of the curve.

. . . . d
Therefore, in order to find the gradient of the curve at a particular point, find d_y from the
X

d
equation of the curve y = f (x) and substitute the coordinates of the point in X

dx
Corollary 1

) . . d °
If tangent to the curve at P is parallel to x-axis, then g = (° or180°, i.e., d—z =tan0° or tan

d
180° ie., —=0.
dx

That is tangent to the curve represented by y = f(x) at P is parallel to x-axis.

Corollary 2

d
If tangent to the curve at P is perpendicular to x-axis, @ = 90° or % =tan90° = oo

That is, the tangent to the curve represented by y = f (x) at P is parallel to y-axis.

26.4 DERIVATIVE OF CONSTANT FUNCTION

Statement: The derivative of a constant is zero.
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Differentiation

Proof : Let y =c be a constant function. Then y = ¢ can be written as

y= cex? [ox?=1] (1)
Let &x be a small increment in x. Corresponding to this increment, let 8y be the increment in the
value of y so that

y+dy=c(x + 8x)° -.(ii)
Subtracting (i) from (ii),
(y+8y) -y =c(x +8x)" —cx?, (-x0=1)
or dy=c—c or dy=0
. dy O dy
o_ Z_o
Dividing by Sx , 5% 5x or Sx

Taking limit as 8x — 0, we have

lim ﬂ =0 or ﬂ =0
3x—0 Ox dx
d
or d—§=0 [ y=cfrom (i)]

This proves that rate of change of constant quantity is zero. Therefore, derivative of a constant
quantity is zero.

26.5 DERIVATIVE OF A FUNCTION FROM FIRST PRINCIPLE

Recalling the definition of derivative of a function at a point, we have the following working rule
for finding the derivative of a function from first principle:

Step I.  Write down the given function in the form of y = f (x) ....(0)
Step II. Let dx be anincrement in x, dy be the corresponding increment in y so that
y + 9y =f(x +8x) ....(1)

Step III. Subtracting (i) from (ii), we get
Sy =f(x +0x) —f(x) ..(iii)

Step I'V. Dividing the result obtained in step (iii) by §x , we get,
8_y= f(x +0x)—f(x)
dx dx

Step V.  Proceeding to limit as §x — 0 .

lim 5_y= lim f(x+0x)—1f(x)
5x—00X  8x—0 ox

Note: The method of finding derivative of function from first principle is also called delta
or ab-ininitio method.

Next, we find derivatives of some standard and simple functions by first principle.
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Differentiation

Let y= xn ..... (1)

For a small increment §x in X, let the corresponding increment in y be dy .

Then y+8y=(x+8x)". -..(11)
Subtracing (i) from (ii) we have,

(y+dy)—y=(x+8x)" —x"

n
8y=xn(1+8—xj —x"

sy

o ax )
Since TX <1, as §x is a small quantity compared to x, we can expand (1 + ?X) by Binomial

theorem for any index.

6 n
Expanding (1 + %) by Binomial theorem, we have

2 3
{Hn(s_x}nm—n(s_x) (20D &) ]
X 2! X 3! X

o (8x)!£+ n(n=1)8x  n(n=1)(n=2) (8x) +]

X 2 X2 3! X3

Dividing by §x , we have

2
S_yzxn o n(n—1) éx N n(n—1)(n-2) (8x) L
8X X 2! x2 3! x3

Proceeding to limit when §x — 0, (é‘)x)2 and higher powers of §x will also tend to zero.

2
tim & = fimx" {EJF n@-b 5 . n@-1n-2 &) +}

3x—0 5X Sx—0 | X 2! X2 3! X3

or It é‘)—yzﬂ=xn[3+0+0+..}

5x—0 0x dx X
or ﬂzxn 'Eznxn—l
dx X
d _
or — (x")=nx""1, [ y=X“}
dx

This is known as Newton's Power Formula or Power Rule
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Differentiation

Note: We can apply the above formula to find derivative of functions like x x?2 x3

geee

i.e. whenn=1,2,3,...

d d i 1-1 0

—x=—x =Ix =1lx =1.1=1
c-& dx dx

i);2—2)(2_1 2x

dx

4 (x3)=3x31= 3x2, and so on.

X
|11 (/WA Find the derivative of each of the following :
(1) <10 (ﬁ)XSO (iit) 1
Solution :
® .
——(x'%)=10x""" =10x°
dx
.. d [ 50\ _ cno50-1 _ .49
(i) d—x(x )—50x =50x
d (91 _g1.91-1 _ 7,90
(i) &(X )=91x =91x

We shall now find the derivatives of some simple functions from definition or first principles.

Find the derivative of x? from the first principles.

Solution : Let y=x2 )

For a small increment §x in x let the corresponding increment in y be dy .
y+ 8y = (x + 8x)? (i)

Subtracting (i) from (i), we have

(y+8y)—y=(x+8x)2—x2

or 8y=x2 +2x(8x)+(8x)2 -x2
or dy = 2x(8x) + (8x)?
Divide by §x , we have

8_y =2x +0x

ox

Proceeding to limit when §x — (0, we have

dy

lim === lim (2x +&x)
dx—00X 8x—0
or b _ox+ lim (5%)
dx 3x—0
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Differentiation

=2x+0
=2x
dy d (2
Yoo L (x2)=2
or dx * or dx * *
dy_ -1 an__t
or dx  x(x+0)F dx\x ) 2
| 0e) ) (PLW W Find the derivative of +/x by ab-initio method.
Solution : Let y=1/x .0

For a small increment 8x in x, let dy be the corresponding increment in y.
y+8y =/x +8x (i)
Subtracting (i) from (ii), we have
(y+8y)—y = Vx+ax—x ...(iif)
or 8y =/x +8x —/x

Rationalising the numerator of the right hand side of (iii), we have

VX +0X —+/X
5y=\/%8—x+£(\/x+8x +\/;)

. (x+0x)—x Sx
xS+ ot SYZM+\/;
Dividing by §x , we have
Oy 1

% Jxtox+x

Proceeding to limit as §x — 0, we have

lim ﬁ = lim {;}
5x—0 80X 8x—0| /x +0 ++/x
. R N V) T
If f (x) is a differentiable function and c is a constant, find the derivative of
O(x) =cf (x)
Solution : We have to find derivative of function
O(x) =cf(x) )

For a small increment §x in X, let the values of the functions ¢(x) be ¢(x +6x) and that of f
(x)be f(x+0x)
O(x + Ox) =cf (x + 8x) ...(ih)

Subtracting (i) from (ii), we have

MATHEMATICS



Differentiation

O(x +0x) —O(x) = C[f(X +0x) — f(x)]
Dividing by §x , we have

O(x +8x) — 0(x) _{f(x +8x)—f(x)}
ox B Ox

Proceeding to limit as §x — 0, we have

lim O(x +8%) — (%) _ lim C[f(x+8x)—f(x)}

ox—0 ox dx—0 ox
o 00 =c lim {f(x+8x)—f(x)}
dx—0 ox
or 0'(x)=cf '(x)
d df
'Thus’ d_X Cf(X):|=Cd—X

’am\
L" § CHECK YOUR PROGRESS 26.2

1. Find the derivative of each of the following functions by delta method :

(a) 10x (b) 2x +3 (c) 3x°
(d) x* +5x () 7x>
2. Find the derivative of each of the following functions using ab-initio method:
1 1 1
(a)—.x=0 (b)—,x#0 (c) x+—,x#0
X ax X
-b ax+b —d x+2 -5
JX #— X #E— X #E—
(d)ax+b * a (e)cx+d * c ® 3x+5 : 3
3. Find the derivative of each of the following functions from first principles :
L x=0 b;xi_— Jx 4L x 20
(@ 7= O . OV
) 1+x X1
1-x
4. Find the derivative of each of the following functions by using delta method :
(@) f(x)=3x . Also find f'(2). (b) f(r)=nr?. Alsofindf'(2).

(@f@):gnﬁ.Amommfxa.
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26.7 ALGEBRA OF DERIVATIVES

Many functions arise as combinations of other functions. The combination could be sum,
difference, product or quotient of functions. We also come across situations where a given
function can be expressed as a function of a function.

In order to make derivative as an effective tool in such cases, we need to establish rules for
finding derivatives of sum, difference, product, quotient and function of a function. These, in
turn, will enable one to find derivatives of polynomials and algebraic (including rational) functions.

26.7 DERIVATIVES OF SUM AND DIFFERENCE OF
FUNCTIONS

If f (x) and g (x) are both derivable functions and h (x) = f(x) + g ( X), then what ish' (x) ?
Here h(x)=f(x)+g(x)

Let dx be the increment in x and 8y be the correponding increment in y.
h(x +0x) =f(x + 0x) + g(x + 0x)

m [f (x+0x)+g(x+ Sx)] - [f(x) + g(x)]

Hence h'(x)=1i

3x—0 ox
_ lim [f(x+8x)—f(x)]+[g(x +8x)—g(x)]
3x—0 Ox
~ lim [f(x +0x)—f(x) N g(x +8X)—g(x)}
3x—0 dx dx
- im i £ R
or h'(x)=f"'(x)+g'(x)
Thus we see that the derivative of sum of two functions is sum of their derivatives.
This is called the SUM RULE.
c.g. y= X2 + x3
e
=2x +3x>
Thus y'=2x+ 3x?

This sumrule can easily give us the difference rule as well, because
if h(x)=f(x)-g(x)

then h(x)zf(x)+[—g(x)]
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h'(x)=f"(x)+[-g"(x)]
=f'(x)-¢"(x)
i.e. the derivative of difference of two functions is the difference of their derivatives.

This is called DIFFERENCE RULE.

Thus we have
Sumrule : % f(x)+g(x)]=%[f (x) +%[g(x)]
Difference rule : (%([f (x)-g (X):I :(;ix f (X):I—C%([g (X):I

Example 26.6 Find the derivative of each of the following functions :
@ y =10t +20¢°

.. RV

0 YEXH T x %0

Solution :

()  Wehave, y=10t> +20¢

dy _ 2

a_10(2t)+20(3t )
=20t +60t>

(ii) y=x3+i2—l x#0
X X

=x>+x2-x"!

Y 32 poxB—(nx? =3x2-
dx

I e PIWA Evaluate the derivative of

y=x3+3x2+4x+5, x=1

2, L
X3 X2

Solution :

(i) We have y=x3+3x%+4x+5

ﬂzi[ 3+3x2+4x+5}=3x2+6x+4
dx dx

d_y} =307 +6()+4 = 13
dx x=1
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"am\
L'L § CHECK YOUR PROGRESS 26.3

1. Find y' when :

(@) y=12 (b) y=12x ©y=12x+12
2. Find the derivatives of each of the following functions :
(@) f(x)=20x" +5x (b)  f(x)=-50x* —20x* +4

5
(c) f(x)=4x>-9-6x> (d) f(X)=§X9+3x

Fx) = x3 —3x2 +3x — 2 X o x X
(e) (x)=x X+X5(t) f(x) 2 6+ 2

2 4
_25 x5 42 F(x) =X ——=
@ =5 x5 ) (x)=x N
3. (@  Iff(x)=16x+2, find £'0),£'3).f (8)

3 2
(b) Iff(x):x?—%+x—l6,ﬁndf'(—l),f’(O),f'(l)

4

©  Iff(x) =XT+%X7 +2x—5, find £'(—2)

4 dv
)  Giventhat V=~7, find - and henceﬂ}
3 dr dr |,

26.8 DERIVATIVE OF PRODUCT OF FUNCTIONS

You are all familiar with the four fundamental operations of Arithmetic : addition, subtraction,
multiplication and division. Having dealt with the sum and the difference rules, we now consider
the derivative of product of two functions.

Consider y=(x>+1)2

This is same as y= (x> +1)(x2 +1)

So we need now to derive the way to find the derivative in such situation.
We write y=(x>+D)(x%+1)

Let §x be the incrementin x and 8y the correrponding increment in'y. Then
y+8y =[(x +8x)7 +1][(x +8x)% +1)]
= Sy =[(x +8%)% +1][(x + 8x)% + D] — (xZ + D(x% +1)

=[(x +8x)% + 1[(x + %)% —=x )] +(x2 + D[(x +8x)% +1]= (xZ + (x> +1)
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=[x +8x)% +1[(x +8x)% = x2]+ (xZ + D[x +8x)% +1— (x> +1)]

=[(x +8x)% +1][(x + 8x)% —=x 2]+ (xZ + D[(x + 8x)* — x?]

S—z:[(xﬁix)z+1}~[%}+(x2+1){—(X+8);))(2_X2]
2 2745X+(5x)2 ’ 2x8x + (8x )
=[(x+5x) +1] 0 +(x +1) —

=[(x +8x)% +1](2x + 8%) + (x> +1)(2x + &x)

lim & = fim [(x +8x)% +1]-[2x + 8x]+ 81im (x? +1)(2x + 8x)
x—0

dx—00X dx—0
or j—zz(x2+l)(2x)+(x2+l)-(2x)
=4x (x2 + 1)
Let us analyse : d—y:(x2 +1) (2x) +(x2 +1) (2x)
X derivative derivative
of x241 of x2+1
Consider y= 3. x2
d
Is d—z=x3-(2x)+x2-(3x2) ?
Letuscheck  x°(2x)+x> (3x2 )
=2x* + 3x4
=5x*
We have y=x> x>
= XS
d_y 5x4
dx

In general, if f (x) and g (X) are two functions of x then the derivative of their product is defined
by
d

—| f(x)g(x)

dx

f(x)g'(x)+g(x)f'(x)

]

= [Ist function] [di (Second function)} +[Second function] [i (Ist function)
X

dx

}

which is read as derivative of product of two functions is equal to
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= [Ist function] [Derivative of Second function] +
[Second function] [Derivative of Ist function]

This is called the PRODUCT RULE.

d
Example 26.8 Find d—i’ ify =5x° (7x2 +4x)

Method I. Herey is a product of two functions.

ﬂ: (5)(6)-1(7)(2 +4x)+(7x2 +4x)i(5x6)
dx dx dx

=(5x0) (14x +4) + (7x* + 4x) (30x7)

=70x" +20x% +210x7 +120x°
=280x’ +140x°

Method I y=5x5(7x2 1 4x)
=35x% +20x’
j—y =35x8x’ +20x7x% =280x” +140x°
X

which is the same as in Method 1.

This rule can be extended to find the derivative of two or more than two functions.

Remark : If f (x), g (x) and h(x) are three given functions of X, then

4
dx

d

() +h(x)f (x)——g(x)

dx

£(x)e(x)h(x)]=f (x)g(x)-h(x) +g(x)h(x)

X

| DETNN RS X M Find the derivative of [ f(x)g(x)h(x)] if

f(x)=x,g(x)=(x-3), and h(x)=x>

A
dx

=X"+X
Solution : Lety:X(x—’J‘)(x2 +x)

To find the derivative of'y, we can combine any two functions, given on the R.H.S. and apply the
product rule or use result mentioned in the above remark.

In other words, we can write

y=[x(x—3)](x2 +x)

Le w(x)=F(x)e(x) =x(x-3) —x® 3
Also h(x)=x2+x

y=u(x)xh(x)
Hence j—izx(x—ﬁ%);—x(xz+x)+(x2+x)%(x2—3x)
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B ) MODULE - VIll
—x(x—3)(2x+1)+(x +x)(2x—3) Calculus
= x(x —3)(2x +1)+(x2 +x)(x —3)+x(x2 +x)
=[f(x)g(x)l-h'(x)+[g(x)h(x)If '(x) +[h(x)f(x)].g'(x)
Hence di[f (x)g(x)h(x)1=[f(x)gx)] -i[h(x)] Notes
X dx

He(x) - [F 0]+ h(oOf (0-L[g(x)]
dx dx

Alternatively, we can directly find the derivative of product of the given three functions.

dy

=[x(x —?))]i(x2 +x)+[(x —3)()(2 +x)]i(x)+[(x2 +x)- x]i(x—3)
dx dx dx dx

=x(x=3)2x+D)+(x=3) (x> +x) -1+ (x> +x)-x-1

=4x3 —6x% —6x

’am\
L' § CHECK YOUR PROGRESS 26.4

1. Find the derivative of each of the following functions by product rule :

(a) f(x)=@Bx+1)(2x-7) (b) (X)) =(x+1)(-3x—2)
© f(x)=x+D(=2x-9) (d) y=(x-D(x-2)
(e y=x2(2x% +3x +8) () y=(2x+3)(5x> - Tx +1)
(€3] u(x) = (x> —4x +5)(x> = 2)
2. Find the derivative of each of the functions given below :
(a) f(r)=r(1-r)(m’ +1) b  f)=x-Dx-2)(x-3)
(©) f(x)=(x2+2)(x> -3x% +H(x* -1
) F(x)=(3x +)(5x—1)(3x” +9x +8)

26.9 QUOTIENT RULE

You have learnt sum Rule, Difference Rule and Product Rule to find derivative of a function
expressed respectively as either the sum or difference or product of two functions. Let us now
take a step further and learn the "Quotient Rule for finding derivative of a function which is the
quotient of two functions.

1
Let g(x)= @ , [r(x)#0]
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Differentiation

Let us find the derivative of g (x) by first principles

1
g(x) = @
R
gv(x) — lim 1”(X+8X) r(X)
dx—0| OX
 m [ r(x)—r(x +8x)
dx—0[ d(x)r(x)r(x + 0x)
- lim ‘w} m — L
dx—0[ dx x—01(X).r(x + 0x)
1 r'(x)
=—r'(x)- =
Ol P
Consider any two functions f (x) and g (x) such that ¢(x) = fx) g (x) #0

g(x)’

We can write ¢(x)=f(x)- R
g(x)

(x) d)_1
o(x)=f (x) g(x)+f(X)dx{g(x)}

f'(x) —g'(x)
=— " 4f e
2(x) (X)Lg(x)]z}

_ g0 (0 —-f(x)g'x)
[2(x)]*

(Denominator)(Derivative of Numerator) — (Numerator)(Derivative of Denominator)

(Denornjnator)2

. d {f(x)} _F0g0)-f(0)g'(x)
T dx|e) [g(01?

This is called the quotient Rule.

Example 26.10 FoT T QAT 0 10t Pt JgE |
xample 26. nd f'(x) REYORE >

Solution :

2x - % (dx+3)—@x +3)- L (2x - 1)
f '(X) — dx dx

2x —1)%

MATHEMATICS
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_(2x—-DA4-(4x+3)2
(2x —1)?

. —10
2x —1)2
Let us consider the following example:

1 1
f(x)=— X7

Let ,
¢ 2x—1

d d
d[ . :|_(2x—1)dx(1)—1dx(2x—l)

dx|2x-1] (2)(—1)2

_(2x-Dx0-2

d
(2x —1) [ ax _0}

) i 1 _ 2
1.€. dx | 2x -1 2x —1)°

e\
L" § CHECK YOUR PROGRESS 26.5

1. Find the derivative of each of the following :

X—=2 x? -1

3
Y= =
b)yY="5 " @Y= g_

(@ y=5 . x#1
VTS5 TS

(dfe0= OF0)=———

x* X2 —2x
- X“+x+1

f(x)=
(e)f(x) N

X2

Jx
f(x)=
© ) x> +4
2. Find f'(x) if

x(x2 +3)

2
x=2 [X;t ]

(a) f(x)=

(x=D(x-2)
(x=3)(x—-4)

26.10 CHAIN RULE

Earlier, we have come across functions of the type

[x#3, x=4]

®f(x)=

x* +8x2 +1 - This function can not be

expressed as a sum, difference, product or a quotient of two functions. Therefore, the techniques
developed so far do not help us find the derivative of such a function. Thus, we need to develop
arule to find the derivative of such a function.
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Differentiation
Letuswrite: y=+/x*+8x2+1 or y=4/t where = x4 +8x2 +1

That is, y is a function of t and t is a function of x. Thus y is a function of a function. We proceed
to find the derivative of a function of a function.

Let ot be the increment in t and 8y , the corresponding increment in y.

Then 8y -0 as &t — 0

dy .. Oy .
— = lim —
dt  8t—0 dt ®
Similarly t is a function of x.
. St—0 as ox =0
dt ot
— = lim — .
dx 8x—00x (11)
Here y is a function of t and t is a function of x. Therefore 8y — 0 as 6x — 0
From (i) and (i1), we get
d_y: lim iz[ lim ﬁ}[ lim E}
dx &x—00x | 8t—0 Ot || 5x—0Ox
_dy dt
dt dx
dy dy dt
'I‘h _— = .
e dx  dt dx
This is called the Chain Rule.
dy
Example 26.11 [ VIV SEp I il ki .
X
Solution : We are given that
y=\/x4 +8x% +1
which we may write as
y=+/t,where { — x4 1 gx2 11 )
at 2\/; and&—él-x +16x
dy dy dt 1 3
2o o 4x’+16
Here ax T ddx ogp rien
4x3 +16x 2x3 + 8x

x4 +8x2 +1 xt+8x2+1 (Using ()

MATHEMATICS
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IB el ) PI WP  Find the derivative of the function y =

. dy d 2 a7
: oS lsx?-3
Solution R { (x ) }

(x?=3)’

= S[-T)(x2 ~3)8] -(%(x2 3 (Using chain Rule)

=-35x%-3)7%.(2x)

—70x
(x2-3)%

d 1 2
Example 26.13 Fmdag‘Mmm y=7vhand v=2x745

1 2
Solution : We have ¥ :ZV4 and v ZEXS +5

3
dy 1 3 3 2 3 .
T 4( v’) =V (3)( j ..(d)
dv 2 ..
and SV _Z23x2) =9x2 (i)
a 30v) =2
dy _dy dv
Thus dx dv dx
) 3
:(§x3+5) (2x?%) [Using (i) and (ii)]

We have seen in the previous examples that by using various rules of derivatives we can find
derivatives of algebraic functions.

Q)
\ & @§ CHECK YOUR PROGRESS 26.6

1. Find the derivative of each of the following functions :

@) f(x)=(5x-3) ®  fx)=6x2-15

5
33—
© fx)=1-x)" d  fx)= ( 7")
1
(e Y=—>% ® y=\3/(x2 +1)5
X +3x+1

MODULE - VIII
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Notes
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5
1 1 ¢ 1 4 1
PR b heend]
7 _3x2 6 2 16
@) y=(2x2+5x—3)_4 €] y=x+\/x2+8
d
2. Find —> if
dx
3—-v 4x o) X
= = =at ,t:—
@ y=S—v 2 (b)y s

. . . .. dy .
Second Order Derivative: Given y is a function of x, say f (x). If the derivative d—y isa
X

derivable function of X, then the derivative of d—y is known as the second derivative of y =f (x)
X

42
with respect to x and is denoted by d_)zl . Other symbols used for the second derivative of y are
X

D2 i ', y",y, etc.

Thus the value of " at x is given by

£'(x+h)—f'(h
£"(x) = lim (X+13 (h)
h—0

The derivatives of third, fourth, ....orders can be similarly defined.

Thus the second derivative, or second order derivative of y with respect to x is

i(ﬂj_dz_y
dx \ dx dx2

ID eI EPIMER  Find the second order derivative of
x+1
X

(i) x? (i) x3+1 (ii) (x2 +1)(x —1) V) ——

d
Solution : (i) Let y = x?, then Y oox

dx
d’y d d(x)
Sr-C ox)=2.22
and 02 dx( ) -
=2.1=2
&y _,
> =
dx

MATHEMATICS
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(ll)LCt y=x3+1,th€n

b _ 3x2 (by sum rule and derivative of a constant is zero)

dx

2
and 4y _ 4 342) 2305 = 6x
dx? dx

2
&y z=6x
dx

(iif) Let =(x2+1)(x-1), then

y

dy 2 d
—=x"+D)—x-D+((x-1),
dX( )dx( )+ ( )dx

=(x2+1)-1+(x—1)-2x Or

dz_y=i(3x2—2x+1)=6x—2

and w2 dx

2
d—§=6x—2
dx

+1
(iv) Let y=2>
x—1

, then

dy _(x=D-l-(x+D1_ =2
dx (x =1 (x—1)?

and

N
Gl

-

d

dy

X

(x?

+1)

x2 +1+2x% —2x =3x% —2x +1

CHECK YOUR PROGRESS 26.7

Find the derivatives of second order for each of the following functions :

3

MODULE - VIII
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Notes

(a) X b  x*+3x3+9x% +10x +1
x2+1
© @ P4
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4 5%
Calculus !5.'9 LET US SUM UP

Notes

The derivative of a function f (x) with respect to x is defined as
f(x+0x)—f(x)

f'(x)= lim ,0x>0
0x—0 ox
. . . dc .
The derivative of a constant is zero i.e., d_ =0, where c a is constant.
X

Newton's Power Formula

c;ix(xn ) — nx™!

d
Geometrically, the derivative i of the function y =f (x) at point P(x,y) isthe

slope or gradient of the tangent on the curve represented by y =f () at the point P.

The derivative of y with respect to x is the instantaneous rate of change of y with respect
to X.
Iff (x) is a derivable function and c is a constant, then

d
&[Cf (x)]=cf '(x), where f'(x) denotes the derivative of f (x).

'Sum or difference rule' of functions :

d d d
—If(x)xg(x)|=—]|f(x)|x— X

L )Fe ()= [F () Jx[e(x)]

Derivative of the sum or difference of two functions is equal to the sum or diference of
their derivatives respectively.

Product rule :

Ll () (0)]=F (0) S () e (x) <t (x)

d d
= (Ist function) ( IInd function) + (Hnd function) ( Ist function)
dx dx

f(x)

g(x)

g(x)f'(x)=f(x)g'(x)
[e(x)]

= (Denominator) (; ( Numerator)) — Numerator (d ( Denominator))
X X

Quotient rule : If ¢ (x) = , g(x)#0, then

0'(x)=

(Denominator) 2

MATHEMATICS



Differentiation

d d
ChainRule:  —[ {200} ]=fTe00T [l

=derivative of f(x) w.r.t g (x)xderivative of g (x) w.r.t.x

o d(dy)_d%
The derivative of second order of y w.r.t.toxis —| — [=—5

dx \ dx _dx2

e‘ SUPPORTIVE WEB SITES

http://www.youtube.com/watch?v=MKWBx78L7Qg
http://www.youtube.com/watch?v=IiBC4ngwH6E
http://www.youtube.com/watch?v=1015d63VKh4
http://www.youtube.com/watch?v=BkkkORLSEy8
http://www.youtube.com/watch?v=ho87DN9wO70
http://www.youtube.com/watch?v=UXQGzgPf1LE
http://www.youtube.com/watch?v=4bZyfvKazzQ

http://www.bbc.co.uk/education/asguru/maths/12methods/O3differentiation/index.shtml

Sl TERMINAL EXERCISE

MODULE - VIl
Calculus

Notes

1. The distance s meters travelled in time t seconds by a car is given by the relation s = 2.
Caclulate.
(a) the rate of change of distance with respect to time t.
(b) the speed of car at time t = 3 seconds.
1 Al 1
2. Given f(t) = 3—4t2. Use delta method to find f (0. f (Ej .
3. Find the derivative of f(x) = x* from the first principles. Hence find
1
f'0),f" ——
o {-3]
4, Find the derivative of the function ,/2x +1 fromthe first principles.
Find the derivatives of each of the following functions by the first principles :
(a) ax + b, where a and b are constants (b) 2x% +5
(© x> +3x%+5 (d)(x-1)°
6. Find the derivative of each of the following functions :
MATHEMATICS
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MODULE - VIil @ f(x)=px*+qx?+7x-11 (D) f(x)=x>-3x%+5x -8

Calculus 5

X a

— ,a#2
a—2

@F(0=x+- (@ £ =

7. Find the derivative of each of the functions given below by two ways, first by product
rule, and then by expanding the product. Verify that the two answers are the same.

Notes | 3 |
(a) y=\/x(1+—;j (b) y=x2(2+5x+;j
8. Find the derivative of the following functions :
X 3 10
f(x)= = -
(a) F(X) 5 (b) f(x) = 3
(x+1)(x=2)
f(x) = f(x)=—— 222
(©)f(x) T (d)f(x) -
3x2 +4x -5 x—4
= f —
(@) f(x) " Hfx) lx

(x> +1)(x=2)
2

X

@f(x)=
9. Use chain rule, to find the derivative of each of the functions given below :

2
@ (V5 1) Ol s © 22+

10.  Find the derivatives of second order for each of the following :

@Jx 1 (b)x-/x—1
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AN
] ANSWERS
CHECK YOUR PROGRESS 26.1
1. ()3 (b) 8 (c)6 (d) 31
2. 3640 m/s 3. 21 m/s
CHECK YOUR PROGRESS 26.2
1. (@10 (b)2 (c) 6x (d) 2x+5 (€) 21x2
1 1 ] 1 —a ad —bc B 1
2 @ @3O3 © 5 DaTe? ©@eaa? @ Gresy
o = ) @
3 3
4. <a>ﬁ;m (b)27r ; 41 (©) 2mr? ;36m

CHECK YOUR PROGRESS 26.3

1. (a0 b 12 (c) 12
2. (@ 180x3+5 ) —200x3—40x ©12x2_12x (@ 5x8+3 (©)3x2_6x+3

-1 -9

4 — 4 - _ 1 1
(ﬁx7—x5+x3 (g) 1—)(3 +§X5 —6x 3 (h) ﬁ-'-_é
2x2
L @I161616 M3, ©186 (@ 4 16

CHECK YOUR PROGRESS 26.4
I.  (@12x-19 (b)—6x -5 (©) 4x-11 (d)2x-3

(e) 8x” +9x? +16x (0 30x2+2x-19  (@5x* —16x> +15x% —4x +8
2. (a) —4nr® +3(m—Dr2 +2r (0)3x? —12x +11
(©) 9xB —28x7 +14x°® —12x7 —5x* + 44x> —6x% + 4x

(d) (5x —=1)(3x% +9x +8).6x +5(3x% + 7)(3x > +9x +8) +(3x> + 7)(5x — 1)(6x +9)
CHECK YOUR PROGRESS 26.5

-10 —3x% +4x -1 4x
L@ (5x=7)° ®) x%+x+1)? ©) (x2 +1)?
2x7 —12x°3 x4 112 1-x2 4-5x%3
d) (x2—3)2 (e) 7 () xZtxtD)? (2) X (X3 1 4)2

MATHEMATICS
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Differentiation

2x3 —6x2 -6 —4x% +20x —22
@ o D) 32 (x—a)?
CHECK YOUR PROGRESS 26.6

1.

2.

(@)35(5x — 6)° (b)210x(3x2 —15)**

5
(@—G- x)* (€) —(2x +3)(x2 +3x +1)2

6

X 4

X

6

@3x(T-32)H2 05K +2X3)[ 5

X
()-aax +5)2x2 +5x -3 (1T Jx2+8

—5(1+x2)

(©)=34x(1- xz)16
10x 2
2
(DT(X +1)3

1

T

X ) x
2 @ ) ® 5
CHECK YOUR PROGRESS 26.7
4 1
. (a)6x (b) 12x% +18x +18  (©) "3 @ 22
TERMINAL EXERCISE
1. (a)2t (b) 6 seconds
I T 3. o0t 4 !
"3 ' 2 : V2x +1
5. (a)a (b) 4x (¢) 3x2 +6x (d)2(x-1
2
6. @apte2qx+7  OF-6x+5 @ 1-L (-5
X
1 25 1
7o @5 C (b) 3&+7x\/§+2&
—(:2+D _ 630 B SN Iy~ B O
8. (a) 212 ®) A (©) (x4 (d) 3 x| %32
5 R S N ) 1 4
(e) 3+X—2 ® 4\/;+X\/; (2) 3x —2—X—2+X—3
1 3
9. (@I-— ) ———5 © _berox
* JT+x-(1=x)2 30x* +3x2)3
2
10, (a) = 3 (by X=X
4(x +1)2 4(x—1)2
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DIFFERENTIATION OF TRIGONOMETRIC

MODULE - VIl
Calculus

FUNCTIONS

Trigonometry is the branch of Mathematics that has made itself indispensable for other branches
of higher Mathematics may it be calculus, vectors, three dimensional geometry, functions-harmonic
and simple and otherwise just can not be processed without encountering trigonometric functions.
Further within the specific limit, trigonometric functions give us the inverses as well.

The question now arises: Are all the rules of finding the derivative studied by us so far appliacable
to trigonometric functions?

This is what we propose to explore in this lesson and in the process, develop the fornulae or
results for finding the derivatives of trigonometric functions and their inverses. In all discussions
involving the trignometric functions and their inverses, radian measure is used, unless otherwise
specifically mentioned.

r

\Z| OBIECTIVES

After studying this lesson, you will be able to:

° find the derivative of trigonometric functions from first principle;
° find the derivative of inverse trigomometric functions from first principle;
° apply product, quotient and chain rule in finding derivatives of trigonometric and inverse

trigonometric functions; and

° find second order derivative of a functions.
EXPECTED BACKGROUND KNOWLEDGE
° Knowledge of trigonometric ratios as functions of angles.
° Standard limits of trigonometric functions
° Definition of derivative, and rules of finding derivatives of function.

27.1 DERIVATIVE OF TRIGONOMETRIC FUNCTIONS FROM

FIRST PRINCIPLE

@) Lety=sinx

MATHEMATICS
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For a small increment § x in X, let the corresponding incrementinybe §'y.

y+Jdy=sin(x+0dx)

and Jy=sin(x+dx)—sinx
=2cos x+ﬁ siné sinC—sinD=2cosC+DsinC+D
2 2 2
sin —
—y=2008(x+—j 2
ox ox
gin 9% sin 0x
1imﬂ=1imcos(x+ﬁ)-hm 2 _cosxd |- lim—2 =1
5350 §x 630 2 ) x>0 Q 5r=0  OX
2 2
dy
Thus —— =CO0S X
dx
) d , .
ie., —(sinx)=cosx
dx

(i) Let y=cosx

For a small increment § X, let the corresponding incrementinybe §y.
y+Jdy=cos(x+5x)

and Jy =cos(x+0x)—cosx

) ( 5xj . Ox
=-2sin| x+— [sin—
2 2

S1in —
iim 2Y = fim sin(x+@j- lim —2
Sx—0 5)6 5x—0 2

=—sinx-1

MATHEMATICS
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dy .
Thus, — =—sinx
dx
) d )
ie, —(cosx)=—sinx
dx

(i) Let y=tanx

For a small increament Ox in x, let the corresponding increament in y be Jy.

y+Jdy=tan(x+35x)

_sin(x+6x)  sinx

and dy=tan(x+J0x)—tanx =

cos(x+Jx) cosx

_ sin(x+Jx)-cosx—sinx-cos(x+0x) sin[ (x+6x)— x|

cos(x+dx)cos x ~ cos(x+dx)cosx

sin Ox

B cos(x+dx)-cosx

Q_sin&c‘ 1

Ox  O6x cos(x+Jdx)cosx

.0y .. sindx . 1
or lim — = lim - lim
510 §x 800 Jx  8x0cos(x+ Ox)cos x
1 . sindx _

g 5|
d

Thus, & sec’ x
dx

ie. —(tan x) =sec’ x
dx

@iv) Lety=secx

For a small increament § X in, let the corresponding increament inybe 5y .
y+0y=sec(x+Jx)

1 1

cos(x+dx) cosx

and Oy =sec(x+0Jx)—secx =

MATHEMATICS
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) ox | . Ox
_cosx—cos(x+0x) 2sin X+7 s1n7

cos(x+dx)cosx

sin (x + c?ycj sin &
2 2

cos(x+Jdx)cosx

.0y .
lim — = lim
85:=0 §x 00 cos(x+Jdx)cosx OX
2
. )
. Oy .. .
lim — = lim lim
5:=0 §x 630 cos (x+ Ox)cos x -0 Ox
2
sin x sinx 1
=—7F0—1-= . = tan x.sec x
COs” X COSX COSX
dy
Thus, — =secx.tan x
dx
ie. —(secx)=secx-tanx
dx
Similarly, we can show that
d >
—(cotx)=—cosec’x
dx
d
and —(cosecx) =—cosec x-cot x
dx
ID e /BB Find the derivative of cot 2 from first principle.
Solution: y = cot x>

For a small increament §x in X, let the corresponding increamentinybed'y .
y+08y=cot(x+6x)’
8y =cot(x+0x)’ —cot x*

B cos(x+6x)"  cosx? B cos (x+6x)” sin x> —cos x sin (x+ Ox)’

sin(x+5x)2 sin x” sin(x+5x)2 sin x*

MATHEMATICS
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_ sin [xz —(x+5x)2} _sin [—2x5x—(5x)2} _—sin [(2x+6x)6x |

sin (x+&x)” sin x* - sin (x+ 6x)” sin x* sin (x+&x)’ sin x>

Sy _ —sin [ (2x+6x) 6x ]

Sx  Sxsin (x+ 5x)2 sin x*

limﬂ—— . sin[(2x+5x)5x] . 2x+Sx
and 050 gy 000 Sx(2x+0x)  4Vgin (x+ Sx) sin x>
in| (2x+9x)o
o Q=_1.L i sm[( x+Jx) x]zl
dx sin x*.sin x” 50 Ox(2x+dx)
o 2x  “2x
(sinxz)2 sin® x> =—-2x.cosec’x?
Hence i(cot xz) =-2x-cosec’x’
dx

I e PY®A  Find the derivative of /cos ecx fromfirst principle.

Solution: Let y=+/cosecx

and y+Jdy=,Jcosec(x+Ix)
[Jcos ec(x+6x) —~/cos ecx}[w/cos ec(x+0x) +~/cos ecx}

cosec(x+x) ++/cosecx

dy=

1 1

sin(x+Jx) sinx

\/cosec(x+5x)+\/cosecx - Jcosec(x+5x)+\/cosecx

cosec(x+dx)—cosecx

sin x —sin (x+ Jx)

B [\/cos ec(x+0x) ++/cos ecx} [ sin (x+6x)sin x|

( 5xj . Ox
2cos| x+— |sin—
2 2

(Jcosec(x+ dx) +~/cos ecx)[sin(x+ Jx)sin x]

MATHEMATICS
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COS(H&j sin 8x/2
Jy 2

. . ox/2
lim — =—lim
S0 §x 0 \/cos ec(x+6x) +Jcosecx] [sin (x+0x).sin x:|

dy _ —Cos X 1 1
or dx (2\/(cosecx)(sinx)2 I—E(Cosecx)2 (cosec xcot x)

1
Thus, di(,/cosecx):%(cosecx)2 (cosec xcot x)

X

I e )P Find the derivative of gec? x fromfirst principle.

Solution: Let y=gec?x
and y+38y =sec’ (x+Ix)

cos” x—cos’ (x+ Jx)
then, Sy =sec’ (x+Jx)—sec’x =

cos’ (x+Jx)cos® x

_sin[(x+0x+x]sin[(x+Jdx—x)] _ sin(2x+Jx)sin dx

cos” (x+dx)cos’ x ~ cos® (x+Jx)cos’ x

oy _ sin(2x+ dx)sin 0x
dx cos’ (x+8x)cos® xdx

.0y . sin(2x+ dx)sin Ox
Now Iim — = lim > >
’ 5120 §x 820 cos” (x+ Ox) cos” xdx
ﬂ_ sin2x _ 2sinxcosx

=2tan x.sec’ x

- 2 2 - 2 2
dx CcOoS xcos“x  COS xcos  x

=2sec x(secx.tan x) =2secx(secxtanx)

r1
A\ & CHECK YOUR PROGRESS 27.1

1. Find derivative from principle of the following functions with respect to x:
(a) cosec x (b) cot x (c) cos 2x
(d) cot2x @) cosec’x () /sinx

2. Find the derivative of each of the following functions:
(a) 2sin” x (b) cosec’x  (©) tan’ x

MATHEMATICS
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27.2 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

You heve learnt how we can find the derivative of a trigonometric function from first principle
and also how to deal with these functions as a function of a function as shown in the alternative

method. Now we consider some more

examples of these derivatives.

|B el ) Pl Find the derivative of each of the following functions:

()sin2x  (itanyyx (i) cosec (5x°)
Solution: (i) Let y =sin2x,
=sint, wheret =2 x
dy dt
—— =cost —=2
dt and dx
BychainRule, 2= 2.2 \en
ychainRule, —-==""- " weheve
ﬂzcost(Z)zZ.costchost
dx
d , .
Hence, —(sin2x) =2cos2x
dx
(ii) Let y=tan\/;
=tant where t = \/}
'y ) dt_ 1
— =sec”t —=
dt and dx 2\/;
Bychainrule, 2= 4 oh
ychainrule, - -=— " " weheve
o 1 28602\/;
x 2x o 2dx
d sec’ Vx
Hence, —(tan \/;)=

Alternatively: Let y =tan \/;

dx:

2
L Secz\/;di\/—:sec x
x

2Jx
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(i)  Let y=cosec (5x3)

d d
d—z =—cos ec(5x3 ) cot (5x3 ) : E[SXS]

=—15x"cos ec(5x3)cot(5x3)

or you may solve it by substituting ; = 5°
|heln ) PP Find the derivative of each of the following functions:

sin x

_ o .. _
@ y=x"sin2x (i) y 1+ cos

Solution : y=x"sin2x

dy ,d . ) d 4,
— =x"—/(sin2x)+sin2x—(x i
e X Ix ( ) e ( ) (Using product rule)

@
=x"*(2cos2x)+sin 2x(4x3)
=2x"cos2x+4x>sin 2x

=2x’[xcos 2x+2sin 2x]

sin x

. Let _
(i) et 1+cosx

dy (1+cosx)i(sinx)—sinxic(l+cosx)

dx (1+cos x)2

(I+cosx)(cosx)—sinx(—sinx) _ cosx+cos> x+sin’ x

(1+cosx)2 (1+cosx)2

cosx+1 1 1 _1 2%
(1+cosx)’  (1+cosx) 20082% 2

IBeln )P/ Find the derivative of each of the following functions w.r.t. x:
(1) cos’ x (11) Vsin® x
Solution : ) Let y =cos® x

=2 wheret=cosx

MATHEMATICS



Differentiation of Trigonometric Fur

J p MODULE - Vil
D 2t and L= —sinx Calculus
dt dx
Using chain rule
&y _dy ar
dx dt dx’ wehave Notes
ﬂ: 2cos x.(—sin x)
dx

=-2cosxsinx=-—sin2x
(i) Let y =+/sin’ x

dy _1i s yv2 d (s =;-3sin2x-cosx
ge =z (sin*x) e (sin’x) 2Jsin® x
:%\/sinxcosx

Thus, di(\/sin3 x) =%\/sinxcosx

X

. dy
IBEN RV Find —, when
dx
0 _ /1 —sinx
! Y 1+sinx

Solution : We have,
0 _ /l—sinx
: Y 1+sin x
1
ﬂ_l 1—sinx |2 i 1—sinx
dx 2| 1+sinx dx| 1+sinx
1 [l+sinx (—cosx)(1+sinx)—(1-sinx)(cosx)
2\V1-sinx (1+sin)c)2

1\/1+sinx.( —2cos x J _\/1+sinx‘\/1—sin2x

2 (1+sinx)’ | \1=sinx (1+sinx)

2\[1—sinx
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__\/1+sinx\/1+sinx -1
(1+sinx)2 I+sinx
Th =—
us, dy/dx 1+sinx

| e 111 (PR B Find the derivative of each of the following functions at the indicated points :

. . B T
) y=sin2x+ (2x-5) at x =5
(11) y:COtX+ SeCZX+5 atx =7/6

Solution :

i  y=sin2x+(2x-5)’

%:cos 2x%(2x)+2(2x—5)%(2x—5)

=2cos2x+4(2x-5)

V4 d
Atx==, “Z=2c0s7+4(7-5) = 2147-20 =dz—22
2 dx
(ii) y=cotx+sec’ x+5
B
-, = Teosec x+2secx(secxtan X) — _oseclx+2sec? xtan x
x
V4 dy » T N 41 8
=—, — =-—cosec’ —+2sec’ —tan— =—4+2-—— =—4+—
ALX=7 dx 6 6 6 343 33

ID el ) YRR [ sin y =X sin (a+y), prove that

dy sin’(a+y)

dx sina
Solution : It is given that
_ siny
sin'y = x sin (a+y) or x_sin(a+y)

Differentiating w.r.t. x on both sides of (1) we get

- sin(a+ y)cosy—sinycos(a+y) |dy

sin’ (a+ y) dx

MATHEMATICS
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or

1=|:sin(a+y—y)}ﬂ

sin®(a+y) |dx
dy sin’(a+y)
or —_—=
dx sina
Example 27.10 @IS \/sin X+1/sin x +....to1inf inity,
dy _cosx
prove that dx 2y-1

Solution : We are given that

y= \/sinx+\/sinx+...toinf inity

or y=./sinx+y or y> =sinx+y

Differentiating with respect to x, we get

2y%=cosx+% or (2y—1)%=cosx
dy cosx
Thus, P 291
Q
Q
1. Find the derivative of each of the following functions w.r.tx:
(a) y=3sin4x (b) y=cos5x (c) y=tan\/;
(d) y=sin/x (e) y=sinx’ (® y=+2tan2x
(g) y=mcot3x (h) y=seclOx (1) y=cosec2x
2. Find the derivative of each of the following functions:
W PSSy et
() f(x)=xsinx (d) f(x):(1+x2)cosx
(e) f(x)=xcosecx (f) f(x)=sin2xcos3x
(2 f(x)=+/sin3x
MATHEMATICS
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3. Find the derivative of each of the following functions:
(@) y=sin’x (b) y=cos’x () y=tan*x

(d) y=cot*x (e) y=sec’x ) y=cos’x

() \/, () _ sec x+tan x
&) y=secyx Y \ sec—+tan x

4. Find the derivative of the following functions at the indicated points:

(a) y:cos(2x+7r/2),x:§ (b) y= ,x:%

5. Ify:\/tanx+\/tanx+w/tanx+---,tOiﬂﬁnitY

d
Show that (2 _1)_y =sec’ x.
dx

6. If cosy =xcos(a+y),

dy cos’(a+
Prove that @ M
dx sina

27.3 DERIVATIVES OF INVERSE TRIGONOMETRIC

FUNCTIONS FROM FIRST PRINCIPLE

We now find derivatives of standard inverse trignometric functions sin™" x,cos™ x,tan™" x, by
first principle.

@) We will show that by first principle the derivative gip~! x W.r.t.X is given by

d . . \_ 1
E(sm )—m

Let y=sin"' x. Then x = sin y and so x + 8x = sin (y+3y)
As ox —0,0y — 0.

Now, Ox=sin(y+dJ)—siny

- sin(y+dy)—siny

S [On dividing both sides by §x |

MATHEMATICS
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MODULE - Vil
1_sin(y+5y)—siny Sy Calculus
or = =
ox ox
. sin(y+dy)-siny . Sy
1= ;)16210 5x ;gha [ 6y = Owhen Sx — 0]
Notes
1 . (1
2005(y+5y)s1n(5y)
. 2 2 dy
=| lim — dy
5e0 Sx dx =(cosy).—
dx
ﬂ_ I 1 _ 1
dx cosy \/(l—sinzy) \/(1—x2)
—(sin_lx): !
z )
—(cos™ x) = 1
(ii) dx (1_xz)'

For proof proceed exactly as in the case of gip~" x.

(i) Now we show that,

Let y=tan"' x. Thenx =tanyand so x+Jdx=tan(y+0Jy)
As Oox —0,alsody — 0

Now, Jx=tan(y+Jy)—tany

1_tan(y+§y)—tany Sy
B oy Ox’

tan(y+dJy)—tany i
i

1= })j{r_{}) 5y '(er—I}Oa' [ 0y > 0whendx — 0]
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i +J i
_| i S+ 0Y) _siny 15y |2
80 | cos(y+Jy) cosy dx

dy .’ sin(y+dy)cosy—cos(y+dy)siny
=— . lim

dx 0 dy.cos(y+dJy)cosy
_dy . sin(y+dy—y)

dx 50 §y.cos(y+Jy)cosy

_ D gy | SN0y !

dx #=0| 8y cos(y+dy)cosy
:ﬂ. 12 =ﬂ.seczy

dx cos”y dx

dy 11 1

dx sec’y l+tan’y 1+x°

_ 1
L e
d, .\
et v

For proof proceed exactly as in the case of tan~! .

V)

Let

As

Now

o —(s&:c:_l x.) SR S
We have by first principle dx X ( 2+ 1)

y=sec”' x. Then=sec yandso x+dx=sec(y+7y).
dx > 0.alsody — 0.

Ox=sec(y+Jy)—secy.

1_sec(y+§y)—secy S5y
B oy Ox

sec(y+Jy)—secy

1=Ilim lim ﬂ

530 Sy 50 Sy | [- 8y — Owhen 5x — 0]
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4 2sin(y+;5yjsin(;§yj
Y fim

dx o0 §y.cos ycos(y+JYy)

p sin(y+;5yj sin(iﬁy]
=2 im

dx 99| cos ycos(y+3y) lé‘y
2

zﬂ.&zﬂ.secytan y
dx cosycosy dx

dy 1 1 1

dx secytany _sec\/(seczy—l) x\/(xz—l)

1

R -1 e —

T (sec x) xm

i (co sec” x) =;.
\J dx x (xz—l)

For proof proceed as in the case of gec™! x -
Find derivative of sin™ (x2 ) from first principle.
Solution: Let  y=sin™' x*
x> =siny
Now, (x+5x)2=sin(y+5y)

(x+5x)2—x2 _sin(y+Jx)—siny

ox ox
OX | . Oy
 (x+6x) e 2cos(y+ jsm2 Sy
lim = lim < lim —
Oox—0 (x+5x)_x ox—0 2 Q ox—0 5x
2
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dy

X

2Xx =CO0S y.

ﬂ_ 2x

tiation of Trigonometric Functions

2x 2x

=

I e YA PA Find derivative

dx—COSy_\/l—sinzy _\/1—x4.

of sin'+/x W.r.t.x by first principle

Solution: Let  y=sin"'Vx
= siny = Jx
Also sin(y+dy)=vx+6x

From (1) and (2), we get

sin(y+5y)—siny:\/x+5x—x/;

) ( 5yj,(5yj (Va+x ) (Varox+x)
or cos| y+—[sin| — |=
" 2 Jx+x ++/x
o
Jx+6x ++/x
200s(y+5yjsin(6yj
2 2)__ 1
Ox Jx+6x++/x
. (Oy
Qcos( +Qj Sm(zj: 1
o ox- ) oy Vx+8x++/x
2
. 5y)
sm(
limﬁ.limcos(y+ﬁj,ﬁm—2
Sx—0 §x 5x—0 2 Ix—0 &
2
S1s0 /7x+§x+\/; ( y—0as x%O)
dy 1 dy_ 1 _ 1 _ 1
o T OF dx 2Mxcosy 2fxfi—sin’y  2VxI-x

MATHEMATICS
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dy__ 1
dx  2Jx1-x
Q)
WX CHECK YOUR PROGRESS 27.3
1. Find by first principle that derivative of each of the following:
-1
() cosx? (i) —— (i) cos™\/x
t -1
(iv) tan™' x* (v) anx - (Vi) tan”'\x

27.4 DERIVATIVES OF INVERSE TRIGONOMETRIC

FUNCTIONS

In the previous section, we have learnt to find derivatives of inverse trignometric functions by first
principle. Now we learn to find derivatives of inverse trigonometric functions using these results

ID el PY/RRE Find the derivative of each of the following:

. .o .o — 2
@ sin”' /x (i) cos ™' x? (iii) (cos 1x)
Solution:

) Let y=sin"'Vx
d 1 d
d_zz 2 E(‘/;) — 1 lx—l/z _ 1
1_(\/_) I-x 2 2x1-x
—(sin"'x) = !
X Ix1-x
(i)  Let y=cos™ x’
dy -1 d ( 2) -1
@ _ a4 _ 5
de | ( 2)2 dx . (2x)
—(cos‘1 xz) o2
X 1-x*
(i)  Let y= (cos_1 x)2
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dy

dx

=2 (cos ec‘lx) .di(cos ec_lx) =2 (COS ecilx)'
X

1
|x|\/x2—1

-1
_ —2cosec” x

|x|\/x2—1

2> —2cosec'x

|x| NESE|
I e ) PARER Find the derivative of each of the following:

dx

(cos ec"lx)

) tan~! 25X )  sin(2sin"'x)
1+sin x
Solution:
Sin(ﬂ-—Zj
. _; COSX =tan’1;
@) let y=tan ——— (n )
1+sinx 1+cos E_x
_ /Y T X
=tan'|tan| = —Z || = tan =2 -2
{ (4 ZH g3
Q=—1/2
dx
(i) y=sin(2sin”" x)
Let y =sin (2sin" x)
Q:cos(Zsin’1 ).i(2sin’1x)
dx dx
Q:cos(2sin_1x). 2
dx 1-x°

3 2cos (ZSin_1 x)

1—x*

o 2x . 2x
I el EPIZAEN Show that the derivative of tan ] T w.rtsin™ i

1

is1.

1
1+ x?

Solution: Let Yy =tan" and z=sin"

1-x*

MATHEMATICS
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Let  r=(ang MODULE - VIII
Calculus
_; 2tané . ., 2tané
y=tan ————and z=sin" ————
1—tan” @ 1+tan” @
=tan"' (tan26) and z=sin"' (sin20)
Notes
=26 and 7z =26
dy dz
o ne ae
dy dy dé 1
e P I | By chain rul
dx do dz 2 (By chain rule)
LG # CHECK YOUR PROGRESS 27.4
Find the derivative of each of the following functions w.r.t. x and express the result in the sim-
plest form (1-3):
1 12 b) cos” = cos ' L
. (@ sin”'x (b) > (© X
O O _,cosSx—sinx
2. (a) tan”'(cosecx—cotx) (b) cot™ (secx+tanx)(c) cotn ——————
COS X +sin x
3. (a) sin(cos™ x) (b) sec(tan" x) (c) sin”(1-2x7)
@ cos”(4x'=3x) (o) cot (Vi+2? +x]
4. Find the derivative of:
tan_l -1
——w.ritan Xx.
I+tan™ x
27.5 SECOND ORDER DERIVATIVES
‘We know that the second order derivative of a functions is the derivative of the first derivative of
that function. In this section, we shall find the second order derivatives of trigonometric and
inverse trigonometric functions. In the process, we shall be using product rule, quotient rule and
chain rule.
Let us take some examples.
ID el ) PRGN Find the second order derivative of
) sin X (ii) X COS X (i) cos™! x
MATHEMATICS 231
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MODULE - Vil Solution: (i)Let y=sinx
Calculus Differentiating w.r.t. X both sides, we get
@ =Cos X
dx
Differentiating w.r.t. x both sides again, we get
Notes
d’y .
—=—/(cosx)=—sinx
dx>  dx ( )
d’ .
Z =—sinx
dx

(i) Let y=XCOS X

Differentiating w.r.t. X both sides, we get

d )
—y:x(—smx)+cos.1
dx

dy .

— = —xsinx+cosx
dx

Differentiating w.r.t. X both sides again, we get

2
% =d—(—xsinx+cosx) =—(x.cosx+sin x)—sinx
X X

=—x.cosx—2sin x

dzy

2

=—(x.cos x+2sin x)
dx

(@) Let y=cos'x

Differentiating w.r.t. X both sides, we get

dy -1 1 1
dx 1-x i (1—962)”2 Z_(I_XZ)Z

Differentiating w.r.t. X both sides, we get

fzif - ‘[_71'(1—)62 )" -(—Zx)} - ‘m
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1DEN ) PRV If = sin~' x, show that (1 —x ) v, —xy, =0, where y, and y, respectively
denote the second and first, order derivatives of y w.r.t. X.

Solution: We have, y=sin"'x

Differentiating w.r.t. X both sides, we get

dy 1
dx 1-x*
dyY _ 1 . .
or I = - (Squaring both sides)

or (l—xz)(y1)2=1

Differentiating w.r.t. x both sides, we get
2 d 2
(1—x )-2y1d—(y1)+(—2x)-y1 =0
X

or (1-x7)-2y,y, = 2xy] =0

or (1-x") y, —xy, =0

e\
L‘L § CHECK YOUR PROGRESS 27.5

1. Find the second order derivative of each of the following:

(a) sin(cosx) () 2 tan" x

2. 1fy=%(sin_l x)z,showthat (l—xz)yz—xy1 =1.

d’y dy ,
3. If y=sin(si , that +tan x—+ ycos” x=0.
y =sin(sin x), prove tha o PR
, d’y
4. If y =x + tan x, show that cos X ——2y+2x=0
X
7325
()
@ezdl LET US suM UP
e (O —(sinx) =cos x (i) —(cosx)=—sinx
dx dx
d 2 . d 2
(i) —(tan x) =sec’ x (iv)  —(cotx)=—cosec’x
dx dx
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) d—(sec x)=secxtan x (vi) d—(cosec x) =—cosec xcot x
X X
° If u is a derivable function of X, then
' i(sinu)—cosu@ ii i(cosu)——smud—u
® dx dx (@) dx dx
(i) i(tan u)=sec’u du (iv) i(cotu) — —cosecu
x dx dx dx
du ) d du
) E(secu)zsecutanua (vi) E(cosecu)z—cosecucotug
d, .\ 1 o d oy -l
° (1) ;(Sln x)— 1_x2 (]1) E(COS x)— 1_x2
d 0 -1 . d ., -1
Gy — —-(anx)=—s ) ——(cotx) =3
-1 d -1
—(sec x)=——— . —(cosec™'x) =
® gt PR 5 ) V-1
° If u is a derivable function of X, then
) sin”' x — G cos'u — -
i(tan_lu)— I ﬂ i i(cot_'u)— -1 d_u
(i) dx 14+u® dx ) dx 1+u® dx
—(sec’lu)=_—l~ﬂ —(cosec’lu)=_—1 du
) dx ju[Ju? =1 dx V) gy u|Nu® -1 dx

The second order derivative of a trignometric function is the derivative of their first order de-
rivatives.

e\ SUPPORTIVE WEB SITES

http://people.hofstra.edu/stefan_waner/trig/trig3.html

http://www.math.com/tables/derivatives/more/trig.htm
https://www.freemathhelp.com/trig-derivatives.html
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S| TERMINAL EXERCISE

1.

10.

dy
dx’

d [~ . V4
Evaluate, —Vsin x+cos x afx=—and 0.
dx 2

If y=x tan’ fmd

yE— +cos® (2x+1), . dy
If 1 x)Z ﬁnddx
x+1 avx—1 dy
=sec”’ +sin~ ——=—, then sh hat — =0
y m \/; then show that dx

dy ?
If x=acos’ 6,y =asin’ 4, thenfind 4|1+ I

dy
If y=\/x+ x+x+... find —0

Find the derivative of ¢in™ .7 cos™ 1= x>

If y =cos (cos x), prove that

d’ d .
Z—cotx-—y+ y.sin® x =0.

dx dx

If y= tan_1 x show that
(1+x)2 v, +2xy, =0.

-1 2
If y= (cos x) show that

(1+x)’ y, —xy, =2 =0.
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@] snswers

CHECK YOUR PROGRESS 27.1

(1) (a) —cosecxcot x (b) —cosec’x
(d) —2cosec?2x (€) —2xcosecx® cot x>
2. (a) 2sin 2 x (b) —2cosec®xcot x

CHECK YOUR PROGRESS 27.2

1. (a) 12 cos 4 x (b)-5sin5x

COS\ﬂ;

(d) x (€) 2xcos x*

(g2) -3z cosec?3x (h) 10 sec 10 x tan 10 x

(I) —2cosec2xcot2x

2sec xtan x -2
2. (@) (secx+1)’ (b) (sin x—cos x)’

(d)2xcosx—(1+x2)sinx (e)cosecx(1—xcot x)

()2 cos2xcos3x—3sin2xsin3x

3. (@) 3sin’ xcos x (b)—sin2x
(d)—4cot® xcosec’x (€)5sec’ xtan x
sec/x tan/x " ( +tan )
@ 2—\/; (h)sec x(sec x+tan x
4. (@)1 ®)2+2

(c)-2sin2x

COS x

® 2+/sin x

(©) 2tan xsec® x

sec’ Vx
(©) 2 x

() 242 sec? 2x

(¢) xcos x+sin x

3cos3x

®)7 Jsin3x

(©)4tan® xsec? x

(H)—3cosec’xcot x

MATHEMATICS
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CHECK YOUR PROGRESS 27.3

—2x
1. 6) N (ii)
_ 1
(i) Zx% (1 - x) W)
1 tan~' x
N x (1 +x° ) X (vi)

CHECK YOUR PROGRESS 274

2x
1 (a) i (b)
1
(© i —1
1
2 (a) 5 (b)
© -1
cos (cos ! x)
3 () T (b)
-2
(©) 2 (d

©  2(1+%)

4. (l+ tan™' x)2

CHECK YOUR PROGRESS 27.5

—cos xcos(cos x)—sin® xsin (cos x)

1. (a)

2x(2+x7)

(b) W'F 2tan_1 X

o -sec (tan"l x)
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MODULE - VIl | TERMINAL EXERCISE

Calculus
1. X tan =sec? X +3x2 tan® =
2 2
2. 0,0
Notes
5(3—-
X (—)C)S—2sin(4x+2)
’ 3(1-x)3
5. |sec )|
o
6. 0
1
7.
241-x*
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DIFFERENTIATION OF EXPONENTIAL Notes

AND LOGARITHMIC FUNCTIONS

We are aware that population generally grows but in some cases decay also. There are many
other areas where growth and decay are continuous in nature. Examples from the fields of
Economics, Agriculture and Business can be cited, where growth and decay are continuous.
Let us consider an example of bacteria growth. If there are 10,00,000 bacteria at present and
say they are doubled in number after 10 hours, we are interested in knowing as to after how
much time these bacteria will be 30,00,000 in number and so on.

Answers to the growth problem does not come from addition (repeated or otherwise), or
multiplication by a fixed number. In fact Mathematics has a tool known as exponential function
that helps us to find growth and decay in such cases. Exponential function is inverse of logarithmic
function. In this lesson, we propose to work with this tool and find the rules governing their
derivatives.

r

\ZOBJECTIVES

After studying this lesson, you will be able to :

. define and find the derivatives of exponential and logarithmic functions;

. find the derivatives of functions expressed as a combination of algebraic, trigonometric,
exponential and logarithmic functions; and

° find second order derivative of a function.

EXPECTED BACKGROUND KNOWLEDGE

° Application of the following standard limits :

X X
@) lim &1 (ii) tim 2~ 1og_ a
x—0 X x—0 X
h —
Gy m eV
h—0 h
o Definition of derivative and rules for finding derivatives of functions.
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28.1 DERIVATIVE OF EXPONENTIAL FUNCTIONS

Lety=e¢* beanexponential function. .. (1)
y+ 3y = e(x+5") (Corresponding small increments) ... (i1)
From (i) and (ii), we have
Sy _ ex+5x _eX

Dividing both sides by dx and taking the limit as dx — 0

ox
-1
lim & = fim e L% 1]
8x—0 0X  8x—0 Ox
dy X X
—=e".1=¢
= dx
d( x _ X
Thus, we have &(e )_e .

. d «x X d _ X
Working rule: &(e )—e -&(x)—e
Next, let y =™t
Then y+8y :ea(x+8x)+b

[ 8x and dy are corresponding small increments]

Sy = eat(x+8x)+b _oax+b

_ eax+b |:ea8x _1:|

ﬂ ax+b |:ea8x _1:|

=€
e ox
b ean _1
=a-e" s [Multiply and divide by a]
ao0x

Taking limit as dx — 0, we have

adx
e -1
lim 2 —a.e™*. Iim
5x—0 OX 5x—0 a Ox
X
d et -1
or % =a- eax+b 1 l:)l(l_l‘)% < — 1:| — aeax+b

MATHEMATICS



Differentiation of Exponential and

Working rule :
i(eax+b) — oax+b -i(ax+b) _eax+b o
dx dx
i (eax+b ) — pedXth
dx
1B e PANE Find the derivative of each of the follwoing functions :
_3x
@He™ (i) e (iii) e 2

Soution : (i) Let y =¢5*.

Then y=e' where 5x=t
dy _ ¢ dt
— = 5:_
dt and 5=
d dy dt

We know that, & -9 & _ ¢t ¢ _s.5x
dx ddax & T

Alternatively d (CSX) S .i(5x)=e5x .5 =5

dx dx
(i) Let y =e*.
Then y=e' when t=ax
dy t d
L =e —=a
at and 1
dy dy_ dt
k h —=—X—=¢ -a
‘We know that, Xt dx
Thus, B g
dx
(i) Let yoe 2
d —x _
-3
dt dx \ 2
d 3 —3x
Thus, _2.2
dt 2

B e ) A WA  Find the derivative of each of the following :

2 . 5
@) y=e* +2cosx () y=e" +2$1nx—§ex+26

MATHEMATICS
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Solution : (i) y=e* +2cosx
d_yzi(ex)—l—Zi(cosx) =e* —2sinx
dx dx dx
2
(i) y=¢e* +2$inx—§eX +2e
dy_ X2 d 2 5 X . .
d—X_e d—x(x )+2cosx—§e +0 [Since e is constant]

2
=2xe® +2cosx —%ex

d
Example 28.3 gl d—z , when

1-x
1
(1) y= CXCOSX (11) y= ;ex (]]1) y=e 1+x
Solution : (i) y = X oosx
d_yzeXCOSX i(XCOSX)
dx dx
d—y:excoSx xicosx+cosxi(x)
dx dx dx
=e*“®* [—xsinx +cos x|
1
(i) y=tex
X
dy d (1), 1d .
g_e &(;j*;g(e ) [Using product rule]
_1 X <
= — +_
x2e xe
ex eX
=—J[-1+x]=—[x—1]
X2 X2
1-x
(ii) y—elx
1-x
d_yzel+xi(l_xj
dx dx \I+x

Ty 1+ x)—(d=x).1
(1+x)?

I=xr I=x
—2 — —2 eltx
LA+x)% ] a+x)?

242
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| B ey (AR Find the derivative of each of the following functions : MODULE - Vil
- , ) Calculus
) e * .sine* (i) e . cos(bx +c¢)
Solution : y=e""% .sine*
dy_ esinx -i(sineX ) +sine* ieSinx
dx dx dx Notes
=eSM% cose® ~i(ex ) +sineX -esinx i(sin X)
X dx
=e%"X . coseX e +sine® -eS"* . cosx
=S X [e* .cose® +sine* -cosx]
(i) y =e™ cos(bx +c¢)
d d d
&Y e . cos(bx +¢) +cos(bx + ¢)— ™
dx dx dx

=e™ .[—sin(bx + c)]i(bx +¢) +cos(bx +c)e™ i(ax)
dx dx

=—™sin(bx +¢)-b+cos(bx +c)e™ .a
=e™[-bsin(bx +¢) + acos(bx +¢)]

ax

oody oo e
Example 28.5 Syl i Amyrp

gy sin(bx+c) ie‘?lx —e™ i[sin(bx +0)]
Solution : & dx dx

dx sinZ (bx +¢)

_ sin(bx +¢).e™.a—e" cos(bx +¢).b

sin? (bx +¢)

_ e™[asin(bx +¢) —bcos(bx +¢)]
sin? (bx +¢)

Q
\ & § CHECK YOUR PROGRESS 28.1

1. Find the derivative of each of the following functions :

-7
(a)e> B @ e’ (@

d
2. Find = if
dx
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MODULE - VI s P I
Calculus (a)y—ge —5e (b)y=tanx +2sinx + cosx—Ee
() y =5sinx —2e* Dy=e*+e*
3. Find the derivative of each of the following functions :
_ \/m b __Acotx
oo @f(x)=e b f(x)=e
(©)f (x) =esin”x (@ f(x) =ersee”x
4. Find the derivative of each of the following functions :
(@) f(x)=(x-1)e* () f(x)=e>*sin x
d
5. Find —>.if
dx
2x
e 2x
@Y= (b) y="— X
x“+1 X sin X

28.2 DERIVATIVE OF LOGARITHMIC FUNCTIONS

We first consider logarithmic function
Let y=logx ... (1
y+8y=log (x+8x) ....(i)

(8x and dy are corresponding small increments in x and y)
From (i) and (ii), we get

dy =log(x+06x)—log x

X +0x
=log
X
ﬁ=Llog {1+6—X}
ox Ox X

_lilo |:1+8_X:l : i
< ox g " [Multiply and divide by x]

X
= 1 log [1 +8—X}SX
X X
Taking limits of both sides, as §x — (0, we get

X

fim =1 jim 1og[1+8—x}5"
8x—=0 OX X 8x—0 X
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X

Y _ 1 10gd tim [1+5—XJ5X

dx x §x—0 X
1 x
=—loge  lim (1+6_Xj5" —e
X ox—0 X
"X
d 1
Thusa — (lOg X) =—
dx X
Next, we consider logarithmic function
y =log(ax +b) (D)
y + 0y =log[a(x + dx) + b] ..(ii)

[8x and Sy are corresponding small increments]
From (1) and (i1), we get
dy =log[a(x +8x) + b]—log(ax +b)
~log a(x+0x)+b
ax+b

1o (ax +b) +adx

ax+b
—logl:1+ adx }
ax+b
S_y: 1 log| 1+ adx
ox X ax+b
__ 2 .aX+blog[l+ adx MMumply and divide by — }
ax+b adx ax+b ax+b
ax+b
a [ adx :|a8x
= log| 1+
ax+b ax+b

Taking limits on both sides as §x — 0

ax+b
tim o2 i log[1+ a0 }38"

5x—>00X  ax + b 8x—0 ax +b
dy a X
— = loge |..7; *_
or dx ax+b & {il_)mo(l+x) —e]
d_y_ a
or dx ax+b

MODULE - VIl
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Working rule :
d d
—1 +b)= —(ax+b
dx og(ax+b) ax +b dx (ax+b)
1 a
= Xa=
ax+b ax+b
IBe) ) PAAM Find the derivative of each of the functions given below :
i) y=logx’ (i) y =log/x (iii)y:(logx)3

Solution : (i) y=1logx’=5logx

dy _s.1_>
dx X X
.. 1 _11
(11) y:]og\/; :10gx2 or y_EOgX
dy 1 1_1
dx 2 x 2x
(iit) y=(10gx)3
y=t>, when t=logx
dy 2 dt 1
— =3t —=—
= dt and dx x
dy dy dt 2 1
— = . =3t°. =
We know that, % dt dx <
dy =3(log X)2 A
dx X
d—yzé(logx)2
dx x
.o dy .
Example 28.7 gRZiilH i if
@ y =x>log x (i) y=¢e*logx
Solution :
@ y=x3logx

d d d
& log X—(x)+x° —(ogx) [Using Product rule]
dx dx dx

3

=3x210gx+x A
X
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=x?(3logx +1)
(ii) y=¢e"logx

dy < d d
—=¢" —(logx)+logx-—¢e
dx dx( ex) & dx

=e* ‘l+ex -logx
X

=e* [l+logx}
X

IB )i AR Find the derivative of each of the following functions :
1) log tan x (i) log [cos (log x )]

Solution : (i) Let y =log tan x
y__1 4 (tan x)
dx tanx dx
= ! 'SeC2 X
tan x
_cosX 1
= —

SIN X cos” x
= COsec X.sec X
(i) Let y=log[cos (logx)]

ﬂ = ; - i[cos(log x)]
dx cos(logx) dx
1

d
=——— | —sinlogx—(logx
cos(logx)[ ¢ dx( £ )}

_ —sin(logx) l

cos(logx) x

= —ltan(log X)
X

d
Example 28.9 EE3ll d—i’ ,if y=log(sec x + tan x)

Solution : y=log (sec X +tax x )

dy 1 d
—=—-—(secx+tan x)
dx secx+tanx dx

1
——-[sec X tan x +sec? x}

sec X +tan x

MODULE - VIl
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1

=—————secx[sec x+tanx]|
sec x+tan x

_secx(tan x +sec x)

sec X +tan x
=sec X

d
Example 28.10 Findd—i, ,if
1

C@x2-D(1+x2)2
- 3
x3(x —7)4

Solution : Although, you can find the derivative directly using quotient rule (and product rule)
but if you take logarithm on both sides, the product changes to addition and division changes to
subtraction. This simplifies the process:

1
_(@4x?—D+x3)2
B 3

x3(x —7)4

Taking logarithm on both sides, we get

1

(4x2 —1)(1+x7)2

logy =log 3
x> (x=7)a
or logy = 1og(4x2 —1) +1log(1+ xz)—310gx ~3log(x~7)
2 4

[ Using log properties]
Now, taking derivative on both sides, we get

i(logy)z 21 -8x + ! 3 -2X—3—§-( ! j
dx 4x° -1 2(1+x7) x 4

ldy_ 8 x 3 3

y dx  4x2-1 1+x2 x 4(x-7)

dy 8x X 3 3
— = + -
dx 4x2 -1 1+x? x 4kx-7)

3 3 x2—1 1+x> x 4x-7)
x7(x =7)4

_(4x2—1)\/1+x2{ 8 ,_x 3 3 }
4
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L@ § CHECK YOUR PROGRESS 28.2
1. Find the derivative of each the functions given below:
(a)f(x)=5sinx 2logx (b) f (x) =log cos x
2.  Find &y ,if
dx
2 x?
a) y=eX b) y=-2
()ye log x (b) y logx
3. Find the derivative of each of the following functions :
. T X
(a)y=log(sinlogx) (b) y=Ilogtan (Z+Ej
“lo [a+btanx} 3 v=loe (i
(c) y=log| ——— — (d) y=log (logx)
4.  Find dy ,if
dx
3
1 2 1 _3 _ Jx(a-2x)2
(@) y=(1+x)22-x)3(x%>+5)7 (x+9) 2 b)Y~ 5 i

(3+4x)4(3-7x2)4

28.3 DERIVATIVE OF LOGARITHMIC FUNCTION (CONTINUED)

We know that derivative of the function x™ w.r.t. xis nx"~!, where n is a constant. This rule is
not applicable, when exponent is a variable. In such cases we take logarithm of the function and
then find its derivative.

Therefore, this process is useful, when the given function is of the type [ (x )]g(") . For example,
a*,x* etc.

Note: Here f(x) may be constant.

Derivative of a* w.r.t. x

Let y=a*, a>0

Taking log on both sides, we get

logy =loga® =xloga [ logm™ =nlogm]
d d 1 dy d
@ -9 —.—L =logax—I(x)
i (logy) W (xloga) or v dx gax—-
d
or —yzyloga
dx

MODULE - VIl
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=a*loga

Thus, LI loga a>0
dx

%6101 (A NIl Find the derivative of each of the following functions :
(i)y=xx (ﬁ)y=XSinX
Solution : (i) y=x*

Taking logrithms on both sides, we get
logy =xlogx
Taking derivative on both sides, we get

ldy_ d d .
v ax ngg(x)ﬂ‘&( 0gx) [Using product rule]
l-ﬂzl‘logx+x~l
y dx X
=logx+1

dy_ yllogx +1]
dx

Thus, d_y: x*(logx +1)
dx
(11) y= Xsinx

Taking logarithm on both sides, we get
logy=sinxlog x

lﬂ =i(sinxlogx)
dx

y dx
1 dy .
or —-—=cosx.logx+sinx-—
y dx X
dy |: Sinx}
or —=y| cosxlogx +
dx X
dy sinx sin X
Thus 2 =x cosxlogx +
> dx X

D e ) AR PA Find the derivative, if
1 )sin X

y=(logx)" +(sin_ X
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Differentiation of Exponential and

Solution : Here taking logarithm on both sides will not help us as we cannot put MODULE - Vil
Calculus
(log x)* + (sin~! x)*""* in simpler form. So we put
u :(logx)x and V:(sin—l X)Sil’lX
Then, y=u+v
Notes
&y = du + o 6))]
dx dx dx
Now u=(logx)*

Taking log on both sides, we have
logu =log(log x)*
logu = xlog(log x) [ log m" =nlog m}

Now, finding the derivative on both sides, we get

l-d—uzl-log(logx)+x A
u dx logx x
Thus d—u=u log(logx)+L
’ dx log x
du 1
Thus —=(logx)"| log(logx) +——| (ii)
’ dx log x
Also, v = (sin~ x)5"X
. log v =sin xlog(sin_1 X)
Taking derivative on both sides, we have
i(log V)= i[sin X log(sin_1 x)]
dx dx
lﬂ:sinx 11 — +cosx~log(sin_lx)
v dx sin” X 4/1—x2
v _ V[Si$+cosx : logsin_1 x}
ob dx sin” ! xv1—x2
—(sin~" )Sinx[ sin X (sin~! )}
=\sin " x ——— ——=+cosxloglsin " x ....(iil)
sin”'xy/1—x2

From (i), (ii) and (iii), we have

% =(logx)* [log(logx) + }+ (sin %)™ [L+cosxlogsin_] x}

sin_lxxl 1-x2

logx

1DV EPERRE [f xY =e*7Y, prove that
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dy _ logx

dx  (1+logx )2
Solution : It is given that xY =XV (1)
Taking logarithm on both sides, we get
ylogx =(x—-y)loge

=(x—-y)
or y(d+logx)=x [ loge=1]

— X .o
or = 1+logx (i)

Taking derivative with respect to x on both sides of (ii), we get

dy (1+log x)-l—x(i)

dx (1+1log x)2

_1+logx—-1_ logx

(1+logx)* (1+logx)?

d
Example 28.14 B8 d—z if

1 1

e*logy=sin~ x+sin" 'y
Solution : We are given that
e*logy=sin"! x+sin"'y

Taking derivative with respect to x of both sides, we get

e® (lﬂj+ex logy= ! + L _dy
y dx \/l—x2 \/l—y2 dx
e* 1 dy 1 X
— | = =———-¢"logy
or {y /l_yz} dx 1—x2

dy _ yy1-y2 [l—eX\II—xz log y]

Solution : We are given that
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(coox) MODULE - VI
COSX)...... 0
y=(cos X)(cosx) = (cosx)" Calculus
Taking logarithm on both sides, we get

logy=y logcosx
Differentiating (i) w.r.t.x, we get Notes

ldy_ y- ! (—sin x)+log(cos x)d—y

y dx cos X dx
or [l—log (cos x)} d—y=—y tan x

y dx
or [l—ylog (cos x)] d—yz—y2 tan x
dx
dy _ —y2 tan x

or dx 1-ylog(cosx)

’am\
LZ § CHECK YOUR PROGRESS 28.3

1. Find the derivative with respect to x of each the following functions :

(a) y=5* (b)y =3% +4* (©) y =sin(5*)
2. Find i if
(a) y=x** (b) y = (cosx)!°2* (€) y=(logx)5"X

(d)y = (tanx)* (e)y:(1+x2)x2 H y=X(x2+sinx)
3. Find the derivative of each of the functions given below :

(a) y = (tan X)COtX + (cot X)X (b) y= XIOgX +(sin X)Sin_1 X

(©)y =x""* 4 (sin x)°*%¥ dy= (x)x2 + (log x)1°2*

dy y2 cot x

dx 1—ylog(sinx)

d_y_ 1
dx x(2x-1)
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LoURZRIINI 284 SECOND ORDER DERIVATIVES

Calculus In the previous lesson we found the derivatives of second order of trigonometric and inverse
trigonometric functions by using the formulae for the derivatives of trigonometric and inverse
trigonometric functions, various laws of derivatives, including chain rule, and power rule discussed
earlier in lesson 21. In a similar manner, we will discuss second order derivative of exponential
and logarithmic functions :

Notes

I e ) EPAREW Find the second order derivative of each of the following :

()e* (i) cos (logx) (i) x*
Solution : (i) Let y =¢*

. d
Taking derivative w.r.t. X on both sides, we get i =e"

. N . dzy d « X
Taking derivative w.r.t. x on both sides, we get —5=-——(e") =e

dx dx
dx?
(i1) Let y = cos (log x)
Taking derivative w.r.t x on both sides, we get
1 —sin(logx
d—y:—sin (log x)-—:&
dx X X

Taking derivative w.r.t. X on both sides, we get

d’y _d [_ sin (log x)}

dx2 Zg X
|
x-cos (log x)-——sin (log x)
or —_ X
X2
d?y _sin(log x)—cos(log x)
dx? x?
(iii) Let y = x*
Taking logarithm on both sides, we get
log y=xlog x (1)
Taking derivative w.r.t. x of both sides, we get
l~ﬂ:x‘l+logx=l+logx
y dx X
d
or =2 = y(1+logx) ...(ii)
dx
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Taking derivative w.r.t. X on both sides we get

d’y d
dx_2 = &[y(l +log x)]

1 d
=y~—+(l+logx)—y ...(iii)
X dx
=X (1+log x)y(1+logx)
X
. y 2 . .
= ;+ (1+logx)“y (Using (ii))

=y{l+(l+logx)2}
X

2
4y _ [l+(1+10g x)z}
X

Example 28.17 [RIgVC cos 1 x , show that

acos X .
(1)

dy e cos 1x —a
dx 1-x2
_ ay
- Using (i
1—x2 g (1)
-
or ™ 2

Taking derivative of both sides of (ii), we get

2 2
dy 2\, dy d7y o dy
2| (=2 2(1= 2. L g% 2yv.—2L =0
(dxj ( X)+ ( * )de dx? v dx

d’y d d
(l—xz) T-xT—a’y=0 [DiVidingthroughoutbyZ-—z]

or dx2  dx d
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71
A @l CHECK YOUR PROGRESS 28.4

1. Find the second order derivative of each of the following :

log x

(a) x> (b) tan (e5%) (©)

2. If y=acos(logx)+bsin(log x), show that

2
Xlil+xgl+y20
dx? dx
-1
3. If y=e™" *, prove that
2
(1+x2)d—y+(2x—1)d—y:O
dx? dx

28.5 DERIVATIVE OF PARAMETRIC FUNCTIONS

Sometimes x and y are two variables such that both are explicitly expressed in terms of a
third variable, say ¢, i.e. if x = f(¢) and y = g(#), then such functions are called parametric
functions and the third variable is called the parameter.

In order to find the derivative of a function in parametric form, we use chain rule.

dy _ dy dx
dt ~ dx dt
dy
dy 4t dx
- = 3 1 _Qt O
or I @ , provided "
dt

Example 28.18 @il % when x =asint, y =a cost
X

Differentiating w.r. to ‘t’, we get

dx
— = acost and ﬂ:—asint
dt dt

H dy dyldt _—asint
NS T dx/dr acost

d
Example 28.19 gl d_z if x=2ar*and y =2ar.

Solution : Given x =2q4r* and y = 2ar -

=—tant

Differentiating w.r. to ‘t’, we get
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X dy ) MODULE - ViiI
g = darand 7 n=2d Calculus
dy dy/dt 2a 1

Hence = Wo/ar dar 2t

d
Example 28.20 gt d_z ,If x=a(0—-sinB) and y=a(l+cos0)

Notes

Solution : Given x = a(®—sin®)and

y = a(l+cos0)

Differentiating both w.r. to ‘6’, we get

dx
a8

a(l—cos®) and %=a(—sin6)

Q _ dy/d6= —asin© =—cot%
dx dx/d® a(l—cos0)

d
Example 28.21 il d_fc’ if x = a cos’ and y = a sin’t

Solution : Given x = a cos’t and y = a sin’t

Hence

Differentiating both w.r. to ‘t’, we get

d d .
i = 3acos’t— (cost) =-3a cos’t sint
dt dt
d . d . .

and & — 3asin® t—(sint) =3a sin’t cost
dt dt
dy dy/dt 3asin’®tcost

Hence — = = =—tant

dx ~ dx/dt —3aqcos’tsint

Example 28.22 B3 LA al_t2 d 2bt
xamplie o md ——, = an = .
P dx 1+¢2 Y= 4

1—¢2 q 2bt
an =
+1? e

Solution : Given x=a

Differentiating both w.r. to ‘t’, we get

dx a{(l+t2).(0—2t) —(1=)0+ 2t)} —4at

dr (1+1%)? T+

and

dy A+13).(1)=1.(0+21) |  2b(1—1%)
= - 2 =
dt (1+1%)> (1+1%)°
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MODULE - VIl
Calculus dy dyldt 2b(1-1*) (1+1*)* —-b(1-1?)
Hence — = = X =
dx  dxldt  (1+1*) —bat 2at
e
L " @ CHECK YOUR PROGRESS 28.5
Notes
Find _y’ when :
dx

1. x=2af and y = at*

2. x=acosBandy=asin0
4
3. x=4tandy = N
4, X = bsinzeand y:ac0529
5. X =cosO—cos?26 and y=sin9—sin29
6. x=asecd and y=>btan0

3at 3at’

X=——> and y=
142 A4 Y=

8. x=sin2¢ and y=cos2¢

28.6 SECOND ORDER DERIVATIVE OF PARAMETRIC

FUNCTIONS

If two parametric functions x = f(¢) and y = g(¢) are given then

dy dy/dt dx
@ _ A dx
i Dl di (t) (let here — £0)
d*y d dt
Y _ L)<
Hence I 7 ((h()) T

2

d
Example 28.23 Jat d—f, if x = a? and y = 2at
X

Solution : Differentiating both w.r. to ‘t’, we get

dx dy
— — =2a
" 2at and I

dy dyldi 2a 1

dx ~ dx/di 2ar 1
Differentiating both sides w.r. to x, we get
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d’y i(lj:i(ljxﬂ
dx? ~ dx\t/ dt\t/ dx
d’y 1 1 1

2at’

= = =
dx? 2 2at

42
Example 28.24 J3nG! d—;}, if x=asin®0 and y = b cos® 0
x

Solution : Given x = a sin?0 and y = b cos’® 0

Differentiating both w.r. to ‘6’, we get

dx
a8

d .
3asin?BcosH and d_i; =3bcos” B(—sin O)

dy  dy/d® —3bcos’Osin® b

=——cot0

dx dx/de 3asin® 0cosO a

Differentiating both sides w.r. to ‘x’, we get

d’y b d b d
—= = ——(cotB)=———(coth) X —
dx? a dx( ) a dG( )
2 —
= ay = —b(—cosecze)x
dx? a
2 b
= ay = —2cosec4esec6
dx* 3a

2

d
| NN CWEWIM I x=asins and y =bcost find sz at t=z

Solution : Given x=asint and Yy =bcost
Differentiating both w.r. to ‘t’, we get

@
dt dt

dy dyl/dt —bsint —b

do

dx

1

3asin®0cos 0

T

d .
a cos t and 2~ psint

= =—-rtant

dx dx/dt acost a

Differentiating both sides w.r. to ‘x’, we get
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Exponential and Logarithmic Functions

d* b d dt  -b
— = ——(tanf)X—=—sec X
dx? a dt dx a acost
dzy -b 3
—= _ —sec’t
= dx* a’
dzy] T b sm b 5 —22b
—|att=— = —sec’ —=—= ﬁ =
[dx2 4 a’ 4 4 (V2) a’
e\
L" J CHECK YOUR PROGRESS 28.6
o dy
Find ? , when
1. x=2atand y = af?
2. x=a(t+sint)and y=a(l—cost)
3. x=10(0-sinB)and y=12(1—cos )
4. x=asintand y=bcos?2t
5. x=a-cos2tand y=b—sin2t
T4
{)
@7l LET US sum up
N @) i(ex)=eX (ii) i(ax)zaxloga ca>0
dx dx
1 If 1 is a derivable function of x, then
@) loga-d—X ;:a>0
dx
(iii) i(eax+b) :eax+b a= aeax+b
dx
d 1 d 1 d
1 @ —(logx)=—"(ii) —(logx)=—- a , if Lis a derivable function of x.
dx X dx X dx
(iii) i10 (ax+b) = ‘a= a
' 1 dx & ax+b ax+b
1 If x = f(t) and y = g(1),
dy dyldt dx
—= i —=#0
then e deld provided "
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dx dx/dt
then 22 = L ik
N ar dx
Notes

e \ SUPPORTIVE WEB SITES

http://www.themathpage.com/acalc/exponential.htm
http://www.math.brown.edu/utra/explog.html
http://www.freemathhelp.com/derivative-log-exponent.html

<
qi] TERMINAL EXERCISE
1. Find the derivative of each of the following functions :
()
@) x™)* (b) X
d
2. Find -2, if
dx
-1
() y= a'xlog sin x (b) y= (sin X)COS X
2 3
0 x[x—4)4
=|1+—= d)y=log|e” | ——
©y ( Xj (dy=log (X+4j
3. Find the derivative of each of the functions given below :
2 - .
@f(x)=cosx log(x)e* x* (b)f(x) = (sin” ! x)? - x51N% .2

4. Find the derivative of each of the following functions :

() y = (tan x)'°2* + (cos x)¥" X (b)y =x""* +(sin x)***
5. Find Y i Ify——x4'XJr6 b Ify——ex+e_x
ind —, a = - -
dx @ (3x +5)° ) (e* —e™)
d
6.  Find i ,if (@ Ify=a*.x? b  y= P2
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Calculus
( ) 2 2x (b) y_2XC—OtX
a)y=x"e"" cos3x Jx
g Keeeed 0 dy y2
8. Ify=XX , provethat X—=—"—"-—
Notes P dx 1l-ylogx

Find derivative of each of the following function
9. (sinx

)COS X

10.  (logx)™"

11.

t
13. x=a[cost+log5) and y=asint
14. x=a(cos®+06sinB) and y=a(sin®—0cosO)
15. x=¢'(sint+cost) and y=¢'(sint—cost)

16 X = eCOSZt aIld y = eSin 2t

1 1
S,
t t
T

d
18. If x=a(@—sin®) and y = a(l+cos0), find d_)ycatGZE

2 _42 d
19 1 x=—28 and y=297) g &gy o g,
1+1¢ 14172 dx
20. If x sin’ ¢ and y —0083 ! that & cot 3¢t
. = = , prove that —=—
\Jcos 2t \cos 2t P dx

d 30
21. If x=2cosO—cos20 and y=2sin®—sin20, prove that d—y:tan(?j
X
. dy 1
22. If x=costand y = sint, prove that —=— at 1 =—
dx 3
d2y
23. If x=a(cost+tsint) and y=a(sint—rcost), find 7
X
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24. If x=a(@—sin®)and y=a(l+cos0), find d—f at g=" Calculus
x
d2y
25. If x=asin pt and y=bcos pt, find the value of el atr=0
1 dzy Notes
26. If x=1logt and y=-, find —5
t dx

d? T
27. If x=a(l+cost) and y=a(t+sint), find d—f at 1=
X

d2
28. If y— 42 and y=2ar, find ;Zy-
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CHECK YOUR PROGRESS 28.1

Ty ,
ol @ 5e5% (b)) 767X (©) oV (d)—%e 2 (e 2(x+1) X+

1 . 1
2. (a)geX (b) sec? x +2cos x —3sin x —3 e* (©)5cosx —2e*  (d)eX _oX

3 @ eVXH s feorx | —cosec?x
' 24x+1 2+/cot X
( X sin2 Xpros . X sec2 X [ 2 2 ]
c) e [sinx+2xcosx]sinx (d) e sec” x+2xsec” xtanx
4. (@) xe* (b) 2¢* sin x(sin x + cos x)
s 2x% —x+2 2x b ezx[(2x—1)cotx—xcosec2x]
. (a) x2+1)72 (b) 2

CHECK YOUR PROGRESS 28.2

1. (a)Scosx—z (b) —tanx
X

2
2 2x“logx —1 2
2. (a) e* [2xlogx+l} e
X

x(logx)z'
t(1 2absec’
3. (a)@ (b) secx <C>% @ Ylogx
1 2 1 _gx 1 B 2 4 2xX B 3
@ a1022-0363 457 (x+9) 2 7| 2(0+x) 32-%)  7(x2-5) 2(x+9)

3
Jx (1-2x)2
5

o {1 3 5, x }
- L _

2 —|2x 1-2x 3+4 —7x2
G+4x)4(3-7x2)4 L7 * X 26-7x9)

CHECK YOUR PROGRESS 28.3
L. (a) 5*1og5 (b)3* log3+4* log4 (©)cos5*5% log5

x| log cosx
2. (a) 2x2* (1+1logx) (b) (cos X)log {T

—tanx log x}

(c)(log X)Sinx{cosxlog(log X)+ S X }
x log x
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i X 2
(d) (tan x)* 1ogtanx+_—} (e)(1+x)* {2xlog(l+x2)+2 X Calculus
i sin X cos x 1+x
2, [ +si
() xXHsinx) w+(2x+cosx)logx}
X
Notes
3. (@) cosec’x(1—logtanx)(tanx)*** +(logcotx — xcosec’x tan x)(cotx)X

1 .
(b) 2xlogx-1) logx +(sinx)™ * {cot xsin~ x + logsin X}

\ll—x2

tan x . . :
(c) x"“* (— +sec? xlog xj +(sin x)*** [cos x cot x —sin x log sin X |
X

(d) (X)X2 -x(l+210gx)+(lOgX)logx [M}

X

CHECK YOUR PROGRESS 28.4

1.  (a) X (25)(4 +40x°> +12x2) (b) 25e7% sec? (esx){1+ZeSX tan eSX}

2logx-3
) O3
CHECK YOUR PROGRESS 28.5
| 2t 5 3 b 4 _a s cos0—2cos20
' 3 - —coth . T2 © b © 2sin20—sin®
b 2t
6. Zcosec 0 7. - 8. _—tan?2¢

CHECK YOUR PROGRESS 28.6

1 sec*r/2 -3 49 —4b 3
— ——cosec
1. 2a 2. 1 3. 100 A 4. ) 5. cosec’2t

TERMINAL EXERCISE

L (@ x*)*[x+2xlogx] (0) x®™ [x* 7 4 log x(log x + x* |
2. (@) aXloesinX[1o05in x + x cot x]loga

-1 _ log sin x
x cos 1xcotx—g—

b) (sin X)COS
® i
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2

X
(c) (1+lj 2xlog[x +lj—L1 (d) 1+ 3 3
x x) .1 Ax—4) Ax+4)
X
-
3. (@cosxlog(x)e® -x*|—tanx+ +2x+1+logx}
L xlog x
(b) (sin ™! x)% x5 ¥e2X ;+cosxlogx PR 2}
| V1=xZsin"'x X
4. (a) (tan X)logX |:2COSGC 2 x log x +llog tan x}
X
+ (cos x)*™X[—sin x tan x +cos x log(cos x)]
(b) xtanx [m +sec? xlog x} + (sin x)“***[cot x cos x — sin x log sin x)]
X
< x*Jx+6 {i+ 1 6 } b —4e**
@ s X 26ve) Gxes)  ® @2
2
6. (a) a* x*[a+xlog,a] (b) 7 (2x +2)log, 7
2 X
7. (a) X262XCOS3X{;+2—3tan3X} (b) 2j§tx[log2—2cose02x—§}
9. (sinx)™"[—sin xlogsin x + cos x.cot x|
ogx| log(logx)+1
10.  (logx)™ | ————
X
(x—l)(x—Z)[l 11 }
1. (x=3)(x—4)[x-1 x-2 x-3 x-4
ptt x log| x+1 +xz_1 +xx% x2—110 x+x2+1
12. X 8 x) x*+1 x° & x°
—vylogx X
13.  tant 14. tan © 15. tant 16. logy 17. y 18. —f3
19, 24 e, L 2 =2 LI
" 3b T ah " a Ca? Tt " a
25— a6 L 27 2. L
© 2ar® Tt - 2 Tt
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APPLICATIONS OF DERIVATIVES

Notes

In the previous lesson, we have learnt that the slope of a line is the tangent of the angle which the
line makes with the positive direction of x-axis. It is denoted by the letter 'm'. Thus, if g is the
angle which a line makes with the positive direction of x-axis, then mis given by tan g .

We have also learnt that the slope mof a line, passing through two points (X1, y;)and (x5, y, ) is
givenby m = Y279 e shall also study about Rolle's Theorem and Mean Value Theorems
X2 —Xq

and their applications. In this lesson, we shall find the equations of tangents and normals to
different curves, using derinatives.

r

\Z| OBIECTIVES

After studying this lesson, you will be able to :

e find rate of change of quantities
e find approximate value of functions
e  define tangent and normal to a curve (graph of a function) at a point;

e find equations of tangents and normals to a curve under given conditions;

o define monotonic (increasing and decreasing) functions;
o establish that j—y > ( inaninterval for an increasing function and d—y < 0 foradecreasing
X X
function;
o define the points of maximum and minimum values as well as local maxima and local

minima of a function from the graph;

o establish the working rule for finding the maxima and minima of a function using the first
and the second derivatives of the function; and

o work out simple problems on maxima and minima.

state Rolle's Theorem and Lagrange's Mean Value Theorem; and

e test the validity of the above theorems and apply them to solve problems.

EXPECTED BACKGROUND KNOWLEDGE

e  Knowledge of coordinate geometry and
e  Concept of tangent and normal to a curve
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Applications of Derivatives

e Concept of diferential coefficient of various functions
e  Geometrical meaning of derivative of a function at a point

e  Solution of equetions and the inequations.

29.1 RATE OF CHANGE OF QUANTITIES

Let y = f(x) be a function of x and let there be a small change Ax in x, and the corresponding
change in y be Ay.
. . . Ay
Average change in y per unit change in x = Ar

As Ax — 0, the limiting value of the average rate of change of y with respect to x.
So the rate of change of y per unit change in x

A
— L[ _y — ﬂ
A—0Ax  dx
dy .
Hence, T represents the rate of change of y with respect to x.
Thus,
dy . dy] ,
The value of I at x = x, i.e. [d_ _ = f(xy)

f’(xq) represent the rate of change of y with respect to x at x = x,,.

Further, if two variables x and y are varying one with respect to another variable 7 i.e.
if y = f(t) and x = g(7), then by chain rule.
dy dy/dt dx

dx ~ dx/dt’ dt
Hence, the rate of change y with respect to x can be calculated by using the rate of change
of y and that of x both with respect to z.

| D)1 (PR B Find the rate of change of area of a circle with respect to its variable radius
r, when r = 3 cm.

Solution : Let A be the area of a circle of radius r,

then A= 7r?
The rate of change of area A with respect to its radius r
dA d >
— = —(mr”)=2mr
= dr dr ()

when r = 3 cm, Z—A:2nx3:6n
r

Hence, the area of the circle is changing at the rate of 6T cm?/cm
I el EPAMA A balloon which always remains spherical, has a variable diameter

3
E(ZX +3) . Determine the rate of change of volume with respect to x.
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Solution : Radius (say r) of the spherical balloon = 3 (diameter)

1 3 3
= —X—2x+3)=—2x+3
5 2( ) 4( )

Let V be the volume of the balloon, then

3
4 5 4[3 )
= —Tr’ =—7|—(2x+3
\% r=gm g (2x+d)

3

9 3
= —T 2x+3
\Y% T ( )

The rate of change of volume w.r. to ‘x’

dv 9

dx

2
- —ax3(2x+3)?x2= —7n(2x+3)2
16 8

27 . .
Hence, the volume is changing at the rate of ?Jt(2x + 3)2un1t3/un1t

ID eI EPARE A balloon which always remains spherical is being inflated by pumping in

900 cubic centimetres of gas per second. Find the rate at which the radius of the balloon is

increasing, when its radius is 15 cm.

Solution : Let r be the radius of the spherical balloon and V be its volume at any time ¢,

then

Diff. w.r. to ‘t’ we get

But

So,

=

when r = 15 cm,

[4 3) dr
—Tnr |.—
3 dt

dt

4 5
= —Tr
V=3
A% d (4 3)
- — —|—=-mr | =
dt dr\3
= i7t.3r2£=47tr2 dr
3 dt
adv .
—— = 900 cm’/sec. (given)
dt
T _ 900
dt
dr 900 225

dt ~ 4mr?

225 1
ntx15° T

ﬂ
dt

Hence, the radius of balloon is increasing at the rate of —cm/sec , when its radius is 15 cm.

ID e AR A ladder 5 m long is leaning against a wall. The foot of the ladder is pulled

T

along the ground, away from the wall, at the rate of 2m/sec. How fast is its height on the

wall decreasing when the foot of ladder is 4m away from the wall?
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Solution: Let the foot of the ladder be at a distance x metres from the wall and y metres
be the height of the ladder at any time ¢, then

x4y =25 (i)

A

A
— \ {t?
§ y Jo]d%r
\/ \ >
»> X =
Ground
Diff. w.r. to ‘t’. We get
dx dy
2x—+2 —_— =
dt Y dt 0
dy —_xdx
= o~ ydt
dx )
But — = 2 m/sec. (given)
dt
dt y y

(i)
When x = 4m, from (i) y>* =25 - 16 = y = 3m

Putting x = 4m and y = 3m in (i), we get
dy 2x4 -8
- 3 3
Hence, the height of the ladder on the wall is decreasing at the rate of %HI/SGC-
The total revenue received from the sale of x units of a product is given by
R(x) = 10x% + 13x + 24

Find the marginal revenue when x = 5, where by marginal revenue we mean the rate of
change of total revenue w.r. to the number of items sold at an instant.

Solution : Given R(x) = 10x* + 13x + 24

Since marginal revenue is the rate of change of the revenue with respect to the number of
units sold, we have

dR
marginal revenue (MR) = T 20x+13

when x =5, MR =20 x5 + 13 =113

MATHEMATICS



Applications of Derivatives

Hence, the marginal revenue =3 113
| D€ 111 PAXN The total costassociated with the productionof x units of an itemis givenby

C(x) = 0.007x> —0.003x? +15x + 4000

Find the marginal cost when 17 units are produced, where by marginal cost we mean
the instantaneous rate of change of the total cost at any level of output.

Solution : Given C(x) =0.007x> —0.003x? +15x + 4000

Since marginal cost is the rate of change of total cost w.r. to the output, we have

] dcC
Marginal Cost (MC) = E

0.007 x3x> —0.003%2x+15

0.021x* —0.006x +15
0.021x172 — 0.006 x 17 + 15
6.069 — 0.102 + 15

20.967

3 20.967

when x = 17, MC

Hence, marginal cost

\
L' § CHECK YOUR PROGRESS 29.1

1. The side of a square sheet is increasing at rate of 4 cm per minute. At what rate is the
area increasing when the side is 8 cm long?

2. Anedge of a variable cube is increasing at the rate of 3 cm per second. How fast is
the volume of the cube increasing when the edge is 10 cm long.

3. Find the rate of change of the area of a circle with respect to its radius when the radius
is 6 cm.

4. The radius of a spherical soap bubble is increasing at the rate of 0.2 cm/sec. Find the
rate of increase of its surface area, when the radius is 7 cm.

5.  Find the rate of change of the volume of a cube with respect to its edge when the edge
is 5 cm.

29.2 APPROXIMATIONS

In this section, we shall give a meaning to the symbols dx and dy in such a way that the

original meaning of the symbol d_z coincides with the quotient when dy is divided by dx.
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Applications of Derivatives

Let y = f(x) be a function of x and Ax be a small change in x and let Ay be the
corresponding change in y. Then,

Ay dy
Lt —_— = — =
Ax—0 Ax dx 770
ﬂ ﬂ+8 h 0 as Ax 0
= Ar = di , where € — 0 as -
dy
= —Ax+¢eAx
= Ay e

€Ax is a very-very small quantity that can be neglected, therefore

@

Ax .
i approximately

we have Ay =

This formula is very useful in the calculation of small change (or errors) in dependent
variable corresponding to small change (or errors) in the independent variable.

SOME IMPORTANT TERMS
ABSOLUTE ERROR : The error Ax in x is called the absolute error in x.

RELATIVE ERROR : If Ax is an error in x, then & is called relative error in x.
X

PERCENTAGE ERROR : If Ax is an error in x, then Ax x 100 is called percentage error in x.
X

d
Note: We have Ay = d—zAx+8.Ax

d
“* ¢.Ax is very smal, therefore principal value of Ay = d_y Ax which s called differential
5

ofy.
dy
i = —.Ax
1e. Ay e
So, the differential of x is given by
d_x = ﬂAX = A)C
dx
dy
= —dx
Hence, dy e
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YA

To understand the geometrical meaning of dx, Ax, dy and Ay. Let us focus our attention to
the portion of the graph of y =f(x) in the neighbourhood of the point P(x, y) where a tangent
can be drawn the curve. If Q(x + Ax, y + Ay) be another point (Ax # 0) on the curve, then

A d
the slope of line PQ will be = which approaches the limiting value d_i (slope of tangent

Ax
at P).

Therefore, when Ax — 0, Ay is approximately equal to dy.

ID eI EPARE Using differentials, find the approximate value of (/253
Solution : Let y = \/x

Differentiating w.r. to ‘x’ we get

1 1
dx 2 2Ux
Take x = 25 and x+Ax=25.3, then dx=Ax=0.3 when x = 25, y=+/25=5
dy 1 1 1
Ay = D Ar= Ax = %0.3=—x0.3=0.03
YTk 2x 225 10

= Ay =0.03 (- dy is approximately equal to Ay)
y+ Ay = Jx+Ax =253
= J25.3 = 5+ 0.03 = 5.03 approximately

1
| 61111 WA RN Using differentials find the approximate value of (127)3
I

Solution : Take y = X3
Let x = 125 andx+Ax:1 127, then dx = Ax = 2

When x = 125, y = (125)3 =5
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MODULE - VIl 1
Calculus Now y= x3
dy 1
dx ~ 3x%°
dy) 1 1 2
- —_— Ax = dx = X2 =—
Notes Ay (dx 323 3(125)2/3 75
Ay = —
= Y= 75
(- Ay = dy)
! 2
Hence, (127)3 = y+Ay=5+ == 5.026 (Approximate)

IB el AR Find the approximate value of f(3.02), where
flx) = 3x> + 5x + 3

Solution : Let x =3 and x+ Ax=3.02, then dx=Ax=0.02

We have f(x) = 3x*+5x+3
when x = 3
= f(3) = 3(3)*+53)+3=45
Now y = f(x)
dy

= —Ax=(6x+5)Ax
= Ay e (6x+5)
= Ay = (6 x3+5)x0.02=0.46

f(3.02) =flx + Ax) =y + Ay =45 + 0.46 = 45.46
Hence, the approximate value of f(3.02) is 45.46.
If the radius of a sphere is measured as 9 cm with an error of 0.03 cm,
then find the approximate error in calculating its surface area.

Solution : Let r be the radius of the sphere and Ar be the error in measuring the radius.
Then

r =9 cm and Ar = 0.03 cm

Let S be the surface area of the sphere. Then

S = 4nr?
das
= d_ = 4nX2r =87nr
r
-
dr/ g = 8 x(9)=72n

Let AS be the error in S, then
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AS = ——Ar=721x0.03=2.16n cm? Calculus
r
Hence, approximate error in calculating the surface area is 2.167 cm?.
B el (PARIN Find the approximate change in the volume V of a cube of side x meters
caused by increasing the side by 2%. Notes
Solution : Let Ax be the change in x and AV be the corresponding change in V.
Ax 2x
i —Xx100=2= Ax=—
Given that . 100
we have V= x3
d_V 3 2
= e =
dv
Now AV = —Ax
dx
2x
= 3x% x—
= AV =200
AV o %
- = 100

Hence, the approximate change in volume is 6%.

e\
L' § CHECK YOUR PROGRESS 29.2

1. Using differentials, find the approximate value of /36.6 .
1
2. Using differentials, find the appoximate value of (25)3.
1
3. Using differentials, find the approximate value of (15)4.
4. Using differentials, find the approximate value of /26 .
5. If the radius of a sphere is measured as 7 m with an error of 0.02 m, find the
approximate error in calculating its volume.
6. Find the percentage error in calculating the volume of a cubical box if an error of 1%

is made in measuring the length of edges of the box.

29.3 SLOPE OF TANGENT AND
NORMAL

Let y=f(x) be a continuous curve and let
P (x;, y; ) be a point on it then the slope PT at

P(xy,y;)is given by

d
(d—g at (xy,yy) ()
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We know that a normal to a curve is a line perpendicular to the tangent at the point of contact

and (i) is equal to tan @

T
We know that 0€=5+9 (From Fig. 10.1)
i
= tanocztan(5+6)=—cot6
_ 1
tan ©
1 -1
. Slope of normal :_;:(d] at (x,y;) or —(j—ijat (x1>v1)
dx

1. The tangent to a curve at any point will be parallel to x-axis if @ = () , i.e, the derivative

at the point will be zero.
dx
ie. (E] at (xq,y;)=0
2. The tangent at a point to the curve y = f (x) will be parallel to y-axis if j—z = (Qat that
point.
Let us consider some examples :
Find the slope of tangent and normal to the curve
X2 +x° +3xy+y2 =5at(l, 1)
Solution : The equation of the curve is
x2+x3+3xy+y2:5 ..... )
Differentialing (i), w.r.t. X, we get
2X+3x2+3{xj—z+y.1:|+2yj—z20 .... (ii)

Substituting x =1, y =1, in(ii), we get

2%1+3x1+3 d—y+1 +2d—y:0
dx dx

dy__3

dy_ o

5
or dx dx 5
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8
- The slope of tangent to the curve at (1, 1)is — 3 Calculus

5
. The slope of normal to the curve at (1, 1) is g

1
2 AR EY Show that the tangents to the curve Y = = [3X5 +2x7 - 3XJ Notes

at the points x = +3 are parallel.

5 3
3x" +2x7 -3
Solution : The equation of the curve is y = X Tex 7% 6X = @A)

Differentiating (i) w.r.t. X, we get

dy (15x4 +6x2 —3)

dx 6
(d—yj . =[15(3)4+6(3)2—3J
dx ) x= 6

:%[15><9><9+54—3]
3
:g[405+17]=211

(d_yj atx =—3 :é[lS (—3)4 +6(—3)2 —3} =211

dx

. The tangents to the curve at x = +3 are parallel as the slopes at x = +3 are equal.

1
|5CV ) PABEN The slope of the curve 6y3 - pxz +q at (2,-2) is pe

Find the values of p and q.
Solution : The equation of the curve is
6y3 = px2 +q e 6)]
Differentiating (1) w.r.t. x, we get
d
18y2 @& 2px (i)
dx

Putting x =2,y =-2, we get

18(—2)23—Z=2p-2=4p
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dy_»p
dx 18
o 1
It is given equal to s
1_p
—=—=p=3
6 18 7
- The equation of curve becomes
6y3 =3x2 +q
Also, the point (2, —2) lies on the curve
6(-2)" =3(2)’ +q
= -48—-12=q or q=-60

. The value of p=3, q=-60

Q)
\ & @ CHECK YOUR PROGRESS 29.3

1. Find the slopes of tangents and normals to each of the curves at the given points :

() y=x>—2x at x=2 (i) x> +3y+y>=5at(1,1)

(iii) x =a (0—sin @), y=a(1-cos 0) at 9=g

2. Find the values of p and q if the slope of the tangent to the curve xy+px+qy =2 at
(1,1)is 2.

3. Find the points on the curve <2+ y2 =18 at which the tangents are parallel to the line
x+y =3.

4. At what points on the curve y= x2 —4x +5 is the tangent perpendiculat to the line
2y+x-7=0.

29.4 EQUATIONS OF TANGENT AND NORMAL TO A CURVE

We know that the equation of a line passing through a point (Xl V1 ) and with slope m s
y-y =m(x-x)

As discussed in the section before, the slope of tangent to the curve y =f(x) at (Xl V1 ) is given

dy dx
by| 35 | & (X1, y;) and that of normal is "y at (x,yy)

. Equation of tangent to the curve y = f (x) at the point (x;, y;)is

MATHEMATICS
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MODULE - VIII
Y=y (S_Zj [x—x] Calculus
xpvi)
And, the equation of normal to the curve y = f(x) at the point (X;, y;)is
Notes
-1
y—V,o| =— X—X
A3 e
dx

dy

(1 The equation of tangent to a curve is parallel to x-axis if (—

de(xl’yl)

= (. Inthat case

the equation of tangent is y =y, .

(i) In case (d_y — oo, the tangent at (Xl’ Yq ) is parallel to y—axis and its

dx J
(x1-31)
equationis x = x;
Let us take some examples and illustrate

ID e PARER Find the equation of the tangent and normal to the circle X2+ y2 =25 at
the point (4, 3)

Solution : The equation of circle is

x2 4 yz -25 (1)
Differentialing (1), w.r.t. x, we get
2x+2y j—z =0
dy _=x
= dx y

()3
| at =——
dx /(4,3) 3
.. Equation of tangent to the circle at (4, 3) is

4
3=—T(x—4
y 3(X )

or 4(x-4)+3(y-3)=0 or, 4x +3y =25
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-1 3

dx (4’3)

.. Equation of the normal to the circle at (4,3) is
3

Also, slope of the normal

-3=—(x—-4
y=3=7(x-4)
or 4y—-12=3x-12
= 3x =4y

.. Equation of the tangent to the circle at (4,3) is 4x+3y =25

Equation of the normal to the circle at (4,3) is 3x =4y

| 61111 WA 8 [ Find the equation of the tangent and normal to the curve 1 6x 24 9y2 —=144at

the point (X, y;) where y; >0 and x; =2
Solution : The equation of curve is
16x2+9y? =144 ... )

Differentiating (i), w.r.t. x we get

32x+18yd—y=0
dx

dy __16x

or ax 9y

As x; =2 and (x1, y;) lies on the curve

16(2)* +9(y?) =144

80 4
- =80 y=ed s
9 3
4
As y1>0:>y=§\/g

4
.. Equation of the tangent to the curve at (2, 3 J5 ) is

16x
3 9y at(ZNgJ
T3

[x-2]
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or

or

3\/§y—%\/§-3\/§+8(x—2):0

3J5y-20+8x-16=0

or 3./5y+8x =36

4
Also, equation of the normal to the curve at (2’ 3 J5 j is

_4
773

v5= (%jat(l:\/g )

3x8(y)—323/5 =95 (x - 2)
24y -3245=95 x-18V5

2

[x-2]

or 9J5x =24y +14/5=0

2

| D@11 PAR VA Find the points on the curve % - i/_6 =1 at which the tangents are parallel

to x-axis.
Solution : The equation of the curve is

2

X 2

y

———=1 .G
9 16 ®
Differentiating (i) w.r.t. x we get
2x_2y dy _
9 16 dx
dy _16x
or dx 9y
. dy
For tangent to be parallel to x-axis, dx =0
= 16x _ 0 = x=0
9y
Putting x=01n (i), we get y2 =—16 y==14i
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2 2

This implies that there are no real points at which the tangent to % - i]_6 =1 is parallel to

X-axis.
Bl PARER Find the equation of all lines having slope —4 that are tangents to the curve
1

y:

x—1
1 .
Solution : y=— .. 6]
x—1
dy =1
dx  (x-1)?
Itis givenequal to —4
-1 i _ 4
(x=D
2 1 1 31
x—1)"=— x=lt—=x=—,—
= ( ) 10 = 5 )
Substituting x = % in (i), we get
1 1
y:—:—:—2
., 1
2 2
3
When X=—, y=2
2
3 1
. i _92 ) _’_2
,,Thepomtsare(z j(Z ]
.. The equations of tangents are
3
(a) y-2=-4 X=7], = y-2=-4x+6 or 4x+y=8
+2——4(X—lj
(b) y 5
= y+2=—4x+2 or 4x+y=0

1D el PARLE Find the equation of the normal to the curve y = x3at(2,8)

Solution : y=X =~ =3x>
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MODULE - VIII
. Slope of the normal BT Calculus
.. Equation of the normal is
1
—8=——(x-2
y 5 (x=2)
or 12(y-8)+(x—-2)=0 or x+12y =98 Notes
71
WX CHECK YOUR PROGRESS 294
1. Find the equation of the tangent and normal at the indicated points :

() y=x4—6x3+13X2—10x+5 at (0, 5)
(i) y = x2at (1, 1)

(i) y = x> —3x +2 atthe point whose x—coordinate is 3

2 2
2. Find the equation of the targent to the ellipse *_ | Y_Z —1at (x5, y;)

2
a“~ b
3. Find the equation of the tangent to the hyperbola
2 2
X Y
-==1at(xq,
a2 b2 (x0: ¥0)

4.  Find the equation of normals to the curve

y = x> +2x + 6 which are parallel to the line x +14y+4=0

5. Provethat the curves x = y2 and xy =k cut at right angles if g2 =1

29.5 Mathematical formulation of Rolle's Theorem

Let f be a real function defined in the closed interval [a, b] such that
@) fis continuous in the closed interval [ a, b ]

@)  fis differentiable in the open inteval (a, b)

(i) f(a)=1f(b)

AY AY

LIS

@ Fig. 29.2 )
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MODULE - VIIl | Then there is at least one point ¢ in the open inteval (a, b) such that f '(c) =0
Calculus

(i) The remarks "at least one point" says that there can be more than one point c € (a, b)such

that £ '(¢) = 0.

Notes
(i) The condition of continuity of fon [a, b] is essential and can not be relaxed

(i) The condition of differentiability of fon ( a,b ) is also essential and can not be relaxed.

For example f(x) =l x|, x € [-1,1] is continuous on [—1,1] and differentiable on (-1, 1)

and Rolle's Theorem s valid for this

Let us take some examples

I e ) EPARIR Verify Rolle's for the function

fx)=x(x-1D(x-2),xe[0,2]
Solution : fx)=x(x—-1D(x-2)
=x>—3x% +2x
(i  f(x)isapolynomial function and hence continuous in [0, 2]
(@)  f(x)isdifferentiable on (0,2)
() Alsof(0)=0andf(2)=0
f(0)=1(2)

. Allthe conditions of Rolle's theorem are satisfied.

Also, f(x)=3x? —6x+2
~f'(c)=0 gives 3¢ —6c+2=0 = C:6i— “366_24
1
c=1xt—
- NE]

We see that both the values of ¢ lie in (0, 2)
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B el ) A RIE Discuss the applicability of Rolle's Theorem for MODULE - VIl

f(x)=sin x —sin 2x, x € [0, 7] ) Calculus

@ is a sine function. It is continuous and differentiable on (0, 7t)

Again, wehave, f(0)=0 and f (7)=0

N . (71:) ¢ (0) 0o Notes

. Allthe conditions of Rolle's theorem are satisfied

Now f'(c)=2[2coszc—1J—cosc=0

or 4cos’c—cosc—2=0

1£V1+32

8

11\/5‘

8

COSC =

As 33 <6

cosc<%:0.875

which shows that c lies between O and 7t

Q
\ &' § CHECK YOUR PROGRESS 29.5

Verify Rolle's Theorem for each of the following functions :

3 2
Q) f(x)z%—%ux, xe[0,3] @  fx)=x2—1on[-1,1]

@) f(x)=sinx+cosx—1 on (O’gj (iv) f(X)Z(XZ—l)(X—z) on [-1,2]

29.6 LANGRANGE'S MEAN VALUE THEOREM

This theorem improves the result of Rolle's Theorem saying that it is not necessary that tangent
may be parallel to x-axis. This theorem says that the tangent is parallel to the line joining the end
points of the curve. In other words, this theorem says that there always exists a point on the
graph, where the tangent is parallel to the line joining the end-points of the graph.

29.6.1 Mathematical Formulation of the Theorem

Let fbe areal valued function defined on the closed interval [a, b] such that

(a)  fiscontinuous on [a, b], and

(b) fis differentiable in (a, b)
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© f(b) = f(a)
then there exists a point c in the open interval (a, b) such that

f(b)—f(a)

="

When f (b) =f(a), f'(c) = 0 and the theorem reduces to Rolle's Theorem

Let us consider some examples
Verify Langrange's Mean value theorem for
f(x)=(x=-3)(x—-6)(x—-9)on[3, 5]
Solution : f(x)=x-3)(x—6)(x—-9)
=(x=3)(x> —15x +54)
or f(x)=x>—18x%+99x —162 (D)
(i)  isapolynomial function and hence continuous and differentiable in the given interval
Here, £(3)=0, f(5)=(2)(-1D)(-4)=8
f(3) #£(5)
. All the conditions of Mean value Theorem are satisfied

f(5)—f(3) 8-0 _
5-3 2

f'(c)= 4

Now f'(x) =3x2-36x+99
3¢2-36c+99=4 OF 3¢2_36c+95=0

oo 36£41296-1140 36%£12.5
6 6
=8.08 or 3.9

c=3.9¢ (3,5)

.. Langranges mean value theorem is verified

1B eV (PPPAR Find a point on the parabola y = (x — 4)2 where the tangent is parallel to

the chord joining (4, 0) and (5,1)
Solution : Slope of the tangent to the given curve at any point is given by (f '(x)) at that point.
f'(x)=2(x-4)

Slope of the chord joining (4, 0) and (5,1) is
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1-0_, {..m:}’2_}’1:|
5— X — X1
.. According to mean value theorem
1
2(x-4)=1 or (X—4)=5
9
= X :E
which lies between 4 and 5
2
Now y=(x—4)
2
9 9 1
‘When X:—’y:(——4) [
2 2 4

91
. The required point is ( 5 4j

- CHECK YOUR PROGRESS 29.6

Check the applicability of Mean Value Theorem for each of the following functions :

) f(x)=3x2—4 on[2,3]
(ii) f(x)=logx on/[l,?2]
G — f()= x+§on 3]

(iv) f(x)=x>—2x%—x+3 on [0,1]

2. Find a point on the parabola y = (x + 3)2 , where the tangent is parallel to the chord

joining (3,0) and (—4.,1)

29.7 INCREASING AND DECREASING FUNCTIONS

You have already seen the common trends of an increasing or a decreasing function. Here we

will try to establish the condition for a function to be an increasing or a decreasing.

Let a function f (x) be defined over the closed interval [a,b].
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Let x;,xX, € [a,b], thenthe function f(x) is said to be an increasing function in the given interval
if f(x,)>f(x;) whenever x, > x; . It is said to be strictly increasing if f (x,)>f (x;) for all

Xy >X;, X1,X5 € [a,b].

T
In Fig. 29.3, sin x increases from -1 to +1 as X increases from ) to +§ .
AY
f(x) = 1
f(x) = sin x |
X1 = —l : —_
D T 2 : T % > X
- : 0 %= :
e a
f(x)=-1 f(x)=-1
\/
Fig.29.3

Note: A function is said to be an increasing function in an interval if

f(x+h)> f(x) for all x belonging to the interval when his positive.

A function f(x) defined over the closed interval [a, b] is said to be a decreasing function in the
given interval, if f (x, ) <f (x;), whenever x, > x;, x|, X, € [a,b] . It is said to be strictly

decreasing if £ (x;) >f (x,) forall x, >x;, X;,x, €[a,b].

In Fig. 29.4, cos x decreases from 1 to —1 as x increases from 0 to .
AY

_ L
\/X1=o

f(x) = cos x

b
(3]
4
\
bl

@)
<

[N}

a

f(x) =1

Fig.29.4

Note: A function is said to be a decreasing in an internal if f (x+h) <f (x) for all x
belonging to the interval when h is positive.

MATHEMATICS



29.7.1 MONOTONIC FUNCTIONS MODULE - Vill
Calculus

Let X1, X7 be any two points such that X| <X in the interval of definition of a function f(x).
Then a function f(x) is said to be monotonic if it is either increasing or decreasing. It is said to be

monotonically increasing if f(x,)>f(x;)for all x, >x; belonging to the interval and

monotonically decreasing if f (x;)>f (x,). Notes

Prove that the function f (x) =4x+7 is monotonic for all values of x e R.
Solution : Consider two values of x say x;,x, € R

such that X >X; (1)
Multiplying both sides of (1) by 4, we have 4x, >4x, .. )
Adding 7 to both sides of (2), to get

4%, +T7>4x1+7

We have f(xp)>1(xp)
Thus, we find f (x,) > f (x;) whenever x, > x; .

Hence the given function f (x ) = 4x + 7 is monotonic function. (monotonically increasing).
Show that
f(x)=x>
is a strictly decreasing function for all x < 0.
Solution : Consider any two values of x say x;, x, such that
Xo > X1 X, Xp <O )

Order of the inequality reverses when it is multiplied by a negative number. Now multiplying (i)

by x,, we have

Xy Xy < Xy-Xp
or, X3<X(Xa (ii)
Now multiplying (i) by x;, we have

X1 X <Xp-X|
or, X|Xy < x12 ..... (i)
From (ii) and (iii), we have

x% <X(Xy < x12

or, x% < x12
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or, f(xo)<f(xy) L (iv)
Thus, from (i) and (iv), we have for

Xn > X1

f(x)<f(x)

Hence, the given function is strictly decreasing for all X <O0.

CN
L'L § CHECK YOUR PROGRESS 29.7

1. (a) Prove that the function
f(x)=3x+4

is monotonic increasing function for all values of X€ R .
(b) Show that the function

f(x)=7-2x
is monotonically decreasing function for all values of x ¢ R .

(c) Provethat f (x)=ax+b wherea, bare constants and a > 0 is a strictly increasing
function for allreal values of x.

2. (a) Show that f (x)= x? isa strictly increasing function for all real x > 0.

(b) Prove that the function f (x) = x 2 _ 4 is monotonically increasing for
x > 2 and monotonically decreasing for —7 « x <2 wherexe R .
Theorem 1 : If f(x) is an increasing function on an open interval ]a, b[, then its derivative
f'(x) is positive at this point for all x € [a,b].
Proof : Let (x,y) or [x,f(x)]bea pointonthe curvey=f(x)
For a positive 0x, we have

X +0X > X

Now, function f(x) is an increasing function
f(x+8x)>f(x)
or, f(x+8x)—f(x)>0

f(x+8x)-f(x)
Ox

Taking §x as a small positive number and proceeding to limit, when §x — 0

>0 [8x>0]

or,

lim £ (x4+8x)—f(x)
x — 0 >

ox — 0
ox

or, f'(x)>0
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Thus, if y = (x) is an increasing function at a point, then f'(x) is positive at that point. MOCDliJLEI - Vil
aiculus
Theorem 2 : If f(x) is a decreasing function on an open interval ]a, b[ then its derivative f'(x)
is negative at that point for all x € [a,b].
Proof : Let (x,y) or [X, f(x)] be a point on the curve y = f(x)
Notes

For a positive 0x , we have  x+8x >x

Since the function is a decreasing function

f(x+08x)<f(x) x>0
or, f(x+8x)-f(x)<0
Dividing by 8x , we have f(x+8;)—f(x)<0 3x >0
X
. F(x+06x)-f(x)
or, lim <0
5x—0 ox

or, f'(x)<0

Thus, if y =f (x) is a decreasing function at a point, then, f '(X)is negative at that point.

Note: If f (x)is derivable in the closed interval [a,b], then f (x) is

(1 increasing over [a,b], if f '(x)>0 in the open interval ]a,b[

(i)  decreasing over [a,b], if f '(x)<0 in the open interval ]a,b].

29.8 RELATION BETWEEN THE SIGN OF THE DERIVATIVE AND

MONOTONICITY OF FUNCTION

Consider a function whose curve is shown in the Fig. 29.5

X

Fig.29.5
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We divide, our study of relation between sign of derivative of a function and its increasing or
decreasing nature (monotonicity) into various parts as per Fig. 29.5

(i) PtoR (i)Rto T (ii)) Tto V

®

(ii)

(d
(iii)

We observe that the ordinate (y-coordinate) for every succeeding point of the curve

from P to R increases as also its x-coordinate. If (x5, y, ) are the coordinates of a point

that succeeds (x;,y;) then x, > x; yields y, > yjor f (x,)>f (x;)-

Also the tangent at every point of the curve between P and R makes acute angle with
the positive direction of x-axis and thus the slope of the tangent at such points of the
curve (except at R) is positive. At R where the ordinate is maximum the tangent is
parallel to x-axis, as a result the slope of the tangent at R is zero.

We conclude for this part of the curve that

(@) The function is monotonically increasing from P to R.

(b) The tangent at every point (except at R) makes an acute angle with positive
direction of x-axis.

(¢) Theslope of tangent is positive i.e. j—y > ( for all points of the curve for which y is
X
increasing.
(d) The slope of tangent at R is zero i.e. j—y =0 where y is maximum.
X

The ordinate for every point between R and T of the curve decreases though its x-
coordinate increases. Thus, for any point x, > x; yelds y, <yj,or f (x5)<f(xp).

Also the tangent at every point succeeding R along the curve makes obtuse angle with
positive direction of x-axis. Consequently, the slope of the tangent is negative for all such
points whose ordinate is decreasing. At T the ordinate attains minimum value and the
tangent is parallel to x-axis and as a result the slope of the tangent at T is zero.

We now conclude :

(a) The function is monotonically decreasing from Rto T.

(b) The tangent at every point, except at T, makes obtuse angle with positive direction
of x-axis.

d
(c) Theslope of the tangent is negative i.e., d_y < 0 for all points of the curve for which
X

y is decreasing.

d
The slope of the tangent at T is zero i.e. d_z =0 where the ordinate is minimum.

Again, forevery point from T to V

The ordinate is constantly increasing, the tangent at every point of the curve between T
and V makes acute angle with positive direction of x-axis. As a result of which the slope
of the tangent at each of such points of the curve is positive.

Conclusively,
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dy MODULE - ViiI
dx Calculus
: dy .. dy
at all such points of the curve except at Tand V, where Ix =0.The derlvatlveg <0Oon
d

d
one side, % >0 on the other side of points R, T and V of the curve where % =0,

Not
ID el ) AR Find for what values of x, the function ores

f(x)=x2—6x+8

is increasing and for what values of x it is decreasing.
Solution : f(x)=x>—-6x+8
f'(x)=2x-6
For f (x) to be increasing, f '(x)>0
ie., 2x—6>0 or, 2(x=3)>0

or, x—3>0 or, X >3
The function increases for x>3.

For f (x) to be decreasing,

£'(x)<0
ie., 2x—6<0 or, x—3<0
or, Xx<3

Thus, the function decreases for x < 3.

| DN (PLPYR Find the interval in which f (x)= 2x3 —3x2 —12x +6 is increasing or

decreasing.
Solution : f(x)=2x>—3x*-12x+6
f'(x)=6x>-6x-12

=6(x2—x—2)

=6(x-2)(x+1)
For f (x) to be increasing function of x,

f'(x)>0
ie. 6(x—2)(x+1)>0 or, (x=2)(x+1)>0

Since the product of two factors is positive, this implies either both are positive or both are
negative.
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Either x—2>0 and x+1>0 or x—2<0 and x+1<0
ie. x>2 and x>-1 ie. x<2 and x<-1
x >2 implies x >—1 x <—1 implies x <2
x>2 x <—1

Hence f (x) is increasing for x >2 or x <—1.

Now, for f (x) to be decreasing,

f(x)<0

of, 6 (x-2) (x+1)<0 of, (x=2) (x+1)<0
Since the product of two factors is negative, only one of them can be negative, the other positive.
Therefore,
Either or

x—2>0and x+ 1< 0 x—2<0andx+1>0
ie. x>2andx<—1 ie. x<2andx>-1

There is no such possibility This can be put in this form

that x > 2 and at the same time
x<—-1 —1l<x<?2

.. The functionis decreasing in—1<x < 2.

| :e 1111 PARLI Determine the intervals for which the function

X
f(x)= > . ) is increasing or decreasing.
X

(X2 +1)d—x—x-i(x2 +1)
Solution : f'(x)= dx de
(x2+1)
(X2 +1)—x-(2x)

(x2 +1)2

2
As (x2 + 1) is positive for all real x.

MATHEMATICS
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Therefore, if —1<x <0, (1—-x) is positive and (1+x) is positive, so f '(x) > 0; MODULE - Vill
Calculus
- If 0<x <1,(1—x) is positive and (1+x) is positive, so f'f '(x) > 0;
If x <—1,(1-x) is positive and (1+x) is negative, so f '(x) <0;
x >1,(1-x) is negative and (1+x) is positive, so f '(x) <0; o
Thus we conclude that
the function is increasing for—-1<x<0andO<x<1
or, for-1<x<1

and the function is decreasing for x<—1 or x> 1

Note: Points where f' (x) = 0 are critical points. Here, critical pointsare y=—7,x=1.

I el AR Show that

(@) f (x)=cos x is decreasing in the interval 0 < x < T.
(b) f (x)=x—cosx isincreasing for all x.
Solution :(a) f (x)=cosx

f'(x)=-sinx

f (x) is decreasing

It £'(x)<0
ie., —sinx <0
ie., sinx >0

sin X is positive in the first quadrant and in the second quadrant, therefore, sin x is positive in
0<x<m

f (x) isdecreasingin 0<x <7
(b) f(x)=x—-cosx
f'(x)=1—(-sinx)

=1+sinx

Now, we know that the minimum value of sinx is —1 and its maximum; value is 1 i.e.,sin x lies
between —1 and 1 for all x,

ie., —1<sinx <1 or 1-1<1+sinx <1+1
or 0<1l+sinx<?2

or 0<f'(x)<2

or 0<f'(x)
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MODULE - VIl |, £1(x) 20

Calculus o ,
— f(x)=x—cosx is increasing for all x.

e\
L' § CHECK YOUR PROGRESS 29.8

Notes | Find the intervals for which the followiong functions are increasing or decreasing.

1. (af(x)=x>=7x+10 (b)f (x)=3x*~15x+10
2. (a)f(x)=X3—6x2—36x+7 (b)f(X)IX3—9X2+24X+12
3. (a) y=—3x2—12x+8 (b)f (x)=1—12x—9x2 —2x°>
4 _X- x#—1 (b)y= x> #1 —§+% x#0
L @y= O)y=—"—x#l @Y=+

T
5. (a) Prove that the functionlog sin x is decreasing in [5 , n}

(b) Prove that the function cos x is increasing in the interval [n, 2n]

(c) Find the intervals in which the function cos (2)( + %) ,0<x <m is decreasing or

increasing.
Find also the points on the graph of the function at which the tangents are parallel to x-axis.

29.9 MAXIMUM AND MINIMUM VALUES OF A FUNCTION

We have seen the graph of a continuous function. It increases and decreases alternatively. If the
value of a continious function increases upto a certain point then begins to decrease, then this
point is called point of maximum and corresponding value at that point is called maximum value
of the function. A stage comes when it again changes from decreasing to increasing . If the value
of a continuous function decreases to a certain point and then begins to increase, then value at
that point is called minimum value of the function and the point is called point of minimum.

AY
f(x) = sin x

Maximum Maximum Maximum
B D F

J3n 5—275 n U' n\]/zn 3n\

A C
Minimum Minimum

Minimum

Fig. 29.6
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Fig. 29.6 shows that a function may have more than one maximum or minimum values. So, for | MODULE - VIII
continuous function we have maximum (minimum) value in an interval and these values are not Calculus
absolute maximum (minimum) of the function. For this reason, we sometimes call them as local
maxima or local minima.

A function f (x) is said to have a maximum or a local maximum at the point x = a where a

~b<a<a+b(SeeFig. 29.7),if  f(a)>f(axb) for all sufficiently small positive b. [ Notes

AY AY

/I/'A o \\A 7 f(x)

i f(a)

f(a)

O a-b a a+b (0] a-b a a+b

Fig.29.7 Fig.29.8

A maximum (or local maximum) value of a function is the one which is greater than all other
values on either side of the point in the immediate neighbourhood of the point.

A function f (x) is said to have a minimum (or local minimum ) at the point x = a if

f(a)<f(atb)wherea—b<a<a+b

for all sufficiently small positive b.
In Fig. 25.8, the function f(x) has local minimum at the point x = a.

A minimum ( or local miunimum) value of a function is the one which is less than all other values,
on either side of the point in the immediate neighbourhood of the point.

Note: A neighbourhood of a point x € R is defined by open internal |[x—e [, when € >0.

29.9.1 Conditions for Maximum or Minimum

We know that derivative of a function is positive when the function is increasing and the derivative
is negative when the function is decreasing. We shall apply this result to find the condition for
maximum or a function to have a minimum. Refer to Fig. 25.6, points B,D, F are points of
maxima and points A,C,E are points of minima.

Now, on the left of B, the function is increasing and so f ' (X) > 0, but on the right of B, the

function is decreasing and, therefore, f ' (x) < 0. This can be achieved only when f '(x) becomes
zero somewhere in betwen. We can rewrite this as follows :

A function f (x) has a maximum value at a point if (i) f'(x) = 0 and (ii) f'(x) changes sign from
positive to negative in the neighbourhood of the point at which f'(x)=0 (points taken from left to
right).
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Now, on the left of C (See Fig. 29.6), function is decreasing and f'(x) therefore, is negative and
on the right of C, f (x) is increasing and so f'(x) is positive. Once again f'(x) will be zero before
having positive values. We rewrite this as follows :

A function f (x) has a minimum value at a point if (i) f'(x)=0, and (ii) f '(x) changes sign from
negative to positive in the neighbourhood of the point at which f'(x) = 0.

We should note here that '(x) = 0 is necessary condition and is YA
not a sufficient condition for maxima or minima to exist. We can

have a function which is increasing, then constant and then again
increasing function. In this case, {'(x) does not change sign.The

value for which f'(x) = 0 is not a point of maxima or minima. 8 0 >
Such point is called point of inflexion. o X
For example, for the function f (x) = x> ,X =0 is the point of
. . . f(x) = x°
inflexion as f'(x)=3x2 does not change sign as x passes

Fig. 29.9

through 0. f(x) is positive on both sides of the value '0' (tangents
make acute angles with x-axis) (See Fig. 29.9).

Hence f(x) =x> hasa point of inflexion at x = 0.

The points where f'(x) =0 are called stationary points as the rate ofchange of the functionis zero
there. Thus points of maxima and minima are stationary points.

The stationary points at which the function attains either local maximum or local minimum
values are also called extreme points and both local maximum and local minimum values are
called extreme values of f (x). Thus a function attains an extreme value at x=a if f (a) is either
a local maximum or a local minimum.

29.9.2 Method of Finding Maxima or Minima
We have arrived at the method of finding the maxima or minima of a function. It is as follows :
(i  Find f(x)
(i)  Putf'(x)=0and find stationary points

@)  Consider the sign of f '(x) in the neighbourhood of stationary points. If it changes sign
from+ve to —ve, then f (x) has maximum value at that point and if f '(x) changes sign from
—ve to +ve, then f (x) has minimum value at that point.

(iv)  Iff'(x) does not change sign in the neighbourhood of a point then it is a point of inflexion.

161111 (PARIN Find the maximum (local maximum) and minimum (local minimum) points of

the function f (x) = x> —3x% —9x.

Solution : Here f(x)=x>-3x%-9x

f'(x)=3x2—6x—9
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Step 1. Now f'(x)=0 gives us 3x* —6x-9=0
or x2-2x-3=0
or (x=3)(x+1)=0
or x=3,-1
Stationary points are x=3x=-1
Step I1. At x=3
For X <3 f'(x)<0
and for Xx>3 f'(x)>0

. T'(x) changes sign from —ve to +ve in the neighbourhood of 3.

.. f(x) has minimum value at x = 3.

Step I11. At x=-1,
For x<—1, f'x)>0
and for x>-—1, f'(x) <0

- f'(x) changes sign from +ve to —ve in the neighbourhood of —1.
-, f(x) has maximum value at x=—1.

~.x=-1 and x = 3 give us points of maxima and minima respectively. If we want to find
maximum value (minimum value), then we have

maximum value = f (1) = (1)’ =3 (=1)> =9 (~1)
=—1-34+9=5

and minimum value = f (3) =3 —3(3)* =9 (3)=-27

- (=1,5) and (3,-27) are points of local maxima and local minima respectively.
Find the local maximum and the local minimum of the function

f(x)=x2-4x
Solution : f(x)=x2—4x
f'(x)=2x-4=2(x-2)

Putting f' (x)=0 yields 2x—4=0, i.e., x=2.

We have to examine whether x =2 is the point of local maximum or local minimum or neither
maximum nor minimum.

Let us take x = 1.9 which is to the left of 2 and x = 2.1 which is to the right of 2 and find f'(x) at
these points.

MATHEMATICS
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MODULE - Vili £'(1.9)=2(1.9-2)<0

Calculus
£'(2.1)=2(2.1-2)>0

Since f'(x) <0 as we approach 2 from the left and f'(x) > ( as we approach 2 from the
right, therefore, there is a local minimum at x = 2.

We can put our findings for sign of derivatives of f(x) in any tabular form including the one given

Notes
below :
sign of f” (x) I
point x =2
left of 2 i right of 2 |
£/ (x) <0 | £ (x)>0 |
Local minimum I

Find all local maxima and local minima of the function
f(x)=2x —3x? ~12x +8
Solution : f(x)=2x>-3x>-12x +8
f'(x)=6x>—6x-12
=6(x2—x—2)
f'(x)=6(x+1)(x-2)

Now solving f'(x)=0 for x, we get
6 (x+1)(x-2)=0

= x=-—12

Thus f'(x)=0at x=-1,2.

We examine whether these points are points of local maximum or local minimum or neither of
them.

Consider the point x =— 1

Let us take x =—1.1 which is to the left of —1 and x =—0.9 which is to the right of _1 and find
f'(x) at these points.
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£'(=1.1) =6(=1.141)(—1.1-2) , which is positive i.e. f'(x)>0 MODULE - Vil

£'(-0.9) =6(-0.9+1)(-0.9—2) , whichis negative i.e. {'(x)<0 Caleulus

Thus, at x =— 1, there is a local maximum.
Consider the point x =2.
Now, let us take x = 1.9 which is to the left of x =2 and x =2.1 which is to the right of x =2 and
find f'(x) at these points. INOEES
£'(1.9)=6(1.9+1)1.9-2)
= 6x(Positive number)x(negative number)

= a negative number
ie. £'(1.9) <0
and  f'(2.1)=6(2.1+1)(2.1-2), which is positive
e, f(2.1)>0

f’(x)=0

f’(x)<0 e f"x)>0——
Xx=2
f'(x) <0 as we approach 2 from the left

and  f'(x)>0as we approach 2 from the right.

x =2 is the point of local minimum
Thus f (x) has local maximum at X = —1, maximum value of f (x)=—2-3+12+8 =15
f (x) has local minimum at x =2, minimum value of f (x)=2(8)-3(4)-12(2)+8=-12

sign of f” (x)

Point x = -1 Point x =2

Left of —1 Right of —1 Left of 2 Right of 2

positive negative negative positive

local maximum local minimum

| el PARRE Find local maximum and local minimum, if any, of the following function

f(x)=—2
1+x°2
X
Solution : f(x)= 3
1+x
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Then f'(x)=

1-x
(1+x2)2

For finding points of local maximum or local minimum, equate f'(x) to 0.

)
' B -
Le. (1+x2)
= 1-x2=0
or (1+x)(1-x)=0 or x=1,-1.

Consider the value x =1.
The sign of f'(x) for values of x slightly less than 1 and slightly greater than 1 changes from
positive to negative. Therefore there is a local maximum at x =1, and the local maximum

1 1

1+ 1+1 2

value=

Now consider x =—1.
f'(x) changes sign from negative to positive as x passes through —1, therefore, f (x) has alocal
minimumat x =—1

-1

Thus, the local minimum value = 7

I D) 1) PARZE Find the local maximum and local minimum, if any, for the function
f(x)=sinx+cosx,0<x <§

Solution : We have f(x) =sinx +cos x
f'(x) =cosx—sinx
For local maxima/minima, f'(x) =0

cosx—sinx =0

T . T
or, tanx =1 or, X=—1mn0<x<—
4 2
At X_Tc
4’
n .
For X<Z,cosx>smx

f'(x)=cosx—sinx >0

MATHEMATICS
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T
For X>Z,cosx—sinx<0

f'(x)=cosx—sinx <0

T
- T'(x) changes sign from positive to negative in the neighbourhood of e
n . . .
s X = 7 is a point of local maxima.

Maximum value = f (—j :—+—:\/§

.-. Point of local maxima is (% , J2 j

e
\ & f§l CHECK YOUR PROGRESS 29.9

Find all points of local maxima and local minima of the following functions. Also , find the
maxima and minima at such points.

1. x2-8x+12 2. x> —6x%+9x +15
3. 2x3—21x%2 +36x-20 4. x*—62x% +120x +9
5. (x—1)(x-2) 6. S

X +x+2

29.10 USE OF SECOND DERIVATIVE FOR DETERMINATION OF
MAXIMUM AND MINIMUM VALUES OFA FUNCTION

We now give below another method of finding local maximum or minimum of a function whose
second derivative exists. Various steps used are :

(1  Let the given function be denoted by f (x).
@) Find f'(x) and equate it to zero.
@)  Solve f'(x)=0, let one ofits real roots be x = a.

(iv)  Find its second derivative, f "(x). For every real value 'a' of x obtained in step (iii), evaluate
f" (a). Then if

f"(a) <0 then x =a is a point of local maximum.
f"(a)>0 then x = a is a point of local minimum.

f"(a)=0 then we use the sign of f'(x) on the left of 'a’' and on the right of 'a' to
arrive at the result.

| 61111 PAREN Find the local minimum of the following function :

MODULE - VIII
Calculus

Notes
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MODULE - Vil 2x% —21x2 +36x - 20
Calculus
Solution : Let f(x)=2x>-21x% +36x - 20
Then f'(x)=6x>—42x +36
Notes :6(X2—7X+6)
:6(x—1)(x—6)
For local maximum or min imum
f'(x)zO
or 6(x—1)(x—6)=0 —x=1,6
n d ]
Now f'(x)=—1"(x)
dx
zi[6(xz—7x+6)}
dx
=12x—-42
=6(2x —7)

For x=1,f"(1)=62.1-7)=-30<0
x =1 is a point of local maximum.
and f(1) = 2(1)° = 21(1)? +36(1) —20 = —3 isa local maximum.
For x =6,
f" (6)=6 (2.6 -7)=30>0
X =6 is a point of local minimum
and f(6) = 2(6)> —21(6)> +36(6)—20 = —128 isalocal minimum.
| B:e)i ) PARIY Find local maxima and minima ( if any ) for the function

f (x) =cos4x; O<x<g

Solution : f (x) =cos4x
f'(x)=—4sin4x
Now, f'(x)=0 = —4sin4x =0

or, sindx =0 or, 4x =0, 1T, 27
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T T
or, X:O’Z’E
x:E I: 0<x<£}
4 2
Now, f"(x)=—-16cos4x
at X=g,f"(x)=—16cosn
=-16(-1)=16>0
. .. T
. f(x) is minimum at X:Z
T
Minimum value f (Zj =cosTm=—1

| D110 PARIYM (a) Find the maximum value of 2x> —24x +107 inthe interval [-3,-1].

(b) Find the minimum value of the above function in the interval [ 1,3].

Solution :Let f (x)=2x>—24x +107
f'(x)=6x*-24
For local maximum or minimum,
f'(x)=0
ie. 6x2—24=0 = x=-2,2

Out of two points obtained on solving f'(x)=0, only-2 belong to the interval [-3,—1]. We shall,
therefore, find maximum if any at x=—2 only.

Now f"(x)=12x
f"(=2)=12(-2)=-24

or f"(=2)<0

which implies the function f (x) has a maximum at x =—2.

. Required maximum value =2(=2)* —24(-2) +107
=139

Thus the point of maximum belonging to the given interval [-3,—1] is —2 and, the maximum value
of the function is 139.

(b) Now £'(x)=12x

MODULE - VIII
Calculus

Notes
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MODULE -vil | .. ' (2)=24>0, [-- 2liesin[1,3]]
Calculus which implies, the function f (x) shall have a minimum at x =2.
Required minimum = 2(2)3 —24(2)+107
=75
Notes | NN [PAREN Find the maximum and minimum value of the function

f(x)=sinx(1+cosx)in (0,T).
Solution : We have,  f (x) =sinx (1+cosx)
f'(x) = cos x (1+cos x) +sin x (—sin x)
= cos x +cos” x —sin® x

=cosx+cos2x—(l—coszx)=2c0s2x+cosx—1

For stationary points, f '(x) =0

2cosZx+cosx—1=0

15148 —1£3 1
4

COSX = -1, —
4 2
T
X=T,—
3
Now, f(0)=0
f(zj = sin—(l+cos£j :ﬁ( +lj :ﬁ
3 2 4
and f(n)=0

. 343 T
.. T(x) has maximum value T at X = E

and miminum valueQatx=0and x =T

@
\ & f§ CHECK YOUR PROGRESS 29.10

Find local maximum and local minimum for each of the following functions using second order
derivatives.

1. 2x3 +3x% =36x+10 2. —x>+12x% -5
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3.0 (x=1)(x+2)? 4. Cosxtasdol
3. sinx(l+cosx),0<x<g 6. sinx+cosx,0<x<g
7 sm2x—x,_—SxS§

29.11 APPLICATIONS OF MAXIMA AND MINIMA TO

PRACTICAL PROBLEMS

The application of derivative is a powerful tool for solving problems that call for minimising or
maximising a function. In order to solve such problems, we follow the steps in the following
order :

(i)  Frame the function in terms of variables discussed in the data.

@)  With the help of the given conditions, express the function in terms of a single variable.
@)  Lastly, apply conditions of maxima or minima as discussed earlier.

Find two positive real numbers whose sumis 70 and their product is maximum.

Solution : Let one number be x. As their sum is 70, the other number is 70—x. As the two
numbers are positive, we have, x >0,70—x >0

70—-x>0 = x <70
0<x<70

Let their product be f (x)

Then f(x)=x(70—x) = 70x — x>

We have to maximize the prouct f (x).

We, therefore, find f'(x) and put that equal to zero.

f'(x) =70 -2x
For maximum product, ' (x) =0
or 70 -2x=0
or x =35

Now f"(x) =—2 which is negative. Hence f (x) is maximum at x = 35
The other number is 70 — x =35
Hence the required numbers are 35, 35.

|61 ) PR N Show that among rectangles of given area, the square has the least perimeter.
Solution : Let x, y be the length and breadth of the rectangle respectively.
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Since its area is given, represent it by A, so that we have

Its area = xy

A=xy

A .

or y=— .. (1)
X

Now, perimeter say P of the rectangle =2 (x +y)

or P=2(X+é)
X
dp A
= o=
dx ( xzj @
For a minimum P,d—PZO.
dx
A
; 2|11-—|=0
1.C. ( ij
or A =x2 or JA =x
a’p 4A
Now, T2 3 which is positive.
dx X

Hence perimeter is minimum when X = vV A

=—=X ('.‘A:xz)

Thus, the perimeter is minimum when rectangle is a square.

ID el EPARIE An open box with a square base is to be made out of a given quantity of

3
a
sheet of area a2 . Show that the maximum volume of the box is p \/5 .

Solution : Let x be the side of the square base of the box and y its height.
Total surface area of othe box = x2 + 4xy

a“—x
2 or y=

x2+4xy:a

Volume of the box, V =base areaxheight

MATHEMATICS
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4x
or V= l (azx — x3) ()
4
d_V:l( 2_3X2)
dx 4
) .. dv
For maxima/minima — =0
dx
[ 2\ _
Z(a _3x )_0
X2 a2 — X a ()
=5 = .G
V3
From (i) and (ii), we get
3
Vol ! (a ) a’ a’ (i
olume =— - = (i
4] 3 33| 63
. L RVICHEIE S
s dx? dx 4 2
x being the length of the side, is positive.
2
d \2] <0
dx
. The volume is maximum.

3
a
Hence maximum volume of the box = ——+—=.
6-/3

Show that of all rectangles inscribed in a given circle, the square has the
maximum area.

Solution : Let ABCD be a rectangle inscribed in a circle of radius r. Then diameter AC= 2r
Let AB=xand BC=y

Then AB2+BC2=AC? o xP+y’=(2r)’ =4r?

Now area A of the rectangle = xy

A:X\/4r2—x2

%:ﬂ_,_ 4r2 —x2 1

dx  o4/4r2 _x2
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B 4r% —2x?
Var? —x?2 D C
. .. dA
Formaxnna/mlmma,d—x=0 0O
A B
2 4.2
%ZO:XZ\/EI-
4r7 —x Fig.29.10
-2x)
Var? —x? (—4x)—(4r? —2x2 (7
d’A ( ) ( )2\/4r2—x2
Now 7= )
dx (4r —-X )

—4x (4r2 —x? ) +X (4r2 - 2x2)

(4r2 —)(2)E
—4\/5(2r2)+0
_ (2r2)§ ... (Putting x =~/2r)
833

Thus, Ais maximum when x = /2r

Now, from (i), y=+ 422 =2 1

x =Yy. Hence, rectangle ABCD is a square.
B el ) EPA R Show that the height of a closed right circular cylinder of a given volume
andleast surface is equal to its diameter.

Solution : Let V be the volume, r the radius and h the height of the cylinder.

Then, V =nr’h
A%
h=—+ .
or ) (D)
Now surface area S = 27trh + 272

= 27r. lz + 27[r2 = ﬂ + 27tr2
Tr r
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ﬁ _ 2V +4nr
Now dr 1‘2
o ds
For minimum surface area, e 0
_22V +4nr=0
r
or v =2mr?
o 2’ )
From (i) and (ii), we get h= =2r .(ii)
nr?
' d’s _ 4v o
Again, 2 =—-+t4n=8n+4n  _ [Using (ii)]
r° T

=12n>0
- Sisleast when h=2r
Thus, height of the cylidner = diameter of the cylinder.
Show that a closed right circular cylinder of given surface has maximum

volume if its height equals the diameter of its base.

Solution : Let S and V denote the surface area and the volume of the closed right circular
cylinder of height h and base radius .

Then S=2nrh+2m? ... (i)
( Here surface is a constant quantity, being given)
V =nr’h
_ 2
V= TCI‘2 S—2nr
=~ |s-2m? | ;
2 |
v _S_ (3r2) '
. E—
. . dv Fig.29.11
For maximum or minimum, - 0
. S 2\ _
1e., E—R(Sr )—0

MATHEMATICS

MODULE - VIII
Calculus

Notes

311



MODULE - VIl
Calculus
Notes
312

or
From (i), we have

=

=

Also,

Applications of Derivatives

S = 6mr?

6mr? = 2mrh + 2mr?

4mr? = 2mrh
2r=h -..(ii)
2
v =i[§—3nr2}
dr2 dr| 2
d (S

- v —|=1=0
=—6T7r, dr [ 2)
= a negative quantity

Hence the volume of the right circular cylinder is maximum when its height is equal to twice its

radius i.e. when h = 2r.

I D e ) EPAREE A square metal sheet of side 48 cm. has four equal squares removed from

the corners and the sides are then turned up so as to form an open box. Determine the size of

the square cut so that volume of the box is maximum.

Solution : Let the side of each of the small squares cut be x cm, so that each side of the box to
be made is (48—2x) cm. and height x cm.

Now x >0, 48-2x > 0, re.x<24
-. X lies betweenOand 24  or O<x<?24 2 : , X
X 1 : X
Now, Volume V ofthebox ~  |----- ! R
= (48— 2x) (48— 2x) X
ie. V =(48-2x)% x X . | X
X I I X
) Fig.29.12
(48—2x) +2(48—2x)(—2) X
=(48—2x)(48—6x)
. . . . dv
Condition for maximum or minimum is g =0

MATHEMATICS
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ie., (48-2x)(48-6x)=0 MODULE - Viil
Calculus
We have either x =24, or x=38
O<x<24
. Rejecting x =24, we have, x =8 cm. Notes
2
Now, d \2/ =24x-384
dx
2
d_\2/ =192-384=-192<0,
dx <=8

Hence for x = 8, the volume is maximum.

Hence the square of side 8 cm. should be cut from each corner.
| €111 SPA R T The profit function P (x) of a firm, selling x items per day is given by
P(x)=(150-x)x—1625.

Find the number of items the firm should manufacture to get maximum profit. Find the maximum
profit.

Solution : It is given that 'x'is the number of items produced and sold out by the firm every day.
In order to maximize profit,

dpP

P' =0 ie.—=0

(x) ie N

or a4 (150—x)x—1625]=0
dx

or 150-2x=0

or x=75

Now, di P'(x)=P"(x)=-2=anegative quantity. Hence P (x) is maximum for x = 75.
X

Thus, the firm should manufacture only 75 items a day to make maximum profit.
Now, Maximum Profit =P (75) =(150-75) 75-1625
=Rs. (75x75-1625)

=Rs. (5625-1625)
=Rs. 4000
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16101 AR PE Find the volume of the largest cylinder that can be inscribed in a sphere of
radius 't cm.

Solution : Let h be the height and R the radius of the base of the inscribed cylinder. Let V be
the volume of the cylinder.

Then V =7nR’h (i)
From A OCB, we have
h 2
r’ =[5j +R? ..(w0oB?=0C?+BC?)
12
R?=r?—— (il
7 (i)
2 3
2 h 2 h
V=n|r"—— |h=nmr*h—-mt—
Now ( 4 J 4
dv _ r2_3nh2
dh 4
) ) dv
For maxima/minima, E—O
2
2_37’Ch -0
4
2 2r
2 _ 47 h=-—
= h® = 3 = NE)
N d*V _ 3rh
ow _dh2 =
A~ ~.B’
dzv(ath_gj__snxzr
dh? V3 2x3 h2|
2O
:—\/§Rr<0 !
2! N\
V is maximum at h—g I
NG AR
C
) 2r . ..
Putting h = — in (1), we get Fig.29.13
3

R2_r2_4r2 _ﬁ R=\/§r
4x3 3 7 3

Maximum volume of the cylinder = R 2h

3
:n.(%ﬂjﬁz dmr cm’.

37 )3 33

MATHEMATICS



rw
L"‘ {# CHECK YOUR PROGRESS 29.11

1.

I1.

Find two numbers whose sum is 15 and the square of one multiplied by the cube of the
other is maximum.

Divide 15 into two parts such that the sum of their squares is minimum.
Show that among the rectangles of given perimeter, the square has the greatest area.

Prove that the perimeter of a right angled triangle of given hypotenuse is maximum when
the triangle is isosceles.

A window is in the form of a rectangle surmounted by a semi-circle. If the perimeter be
30 m, find the dimensions so that the greatest possible amount of light may be admitted.

Find the radius of a closed right circular cylinder of volume 100 c.c. which has the minimum

total surface area.

A right circular cylinder is to be made so that the sum of its radius and its height is 6 m.
Find the maximum volume of the cylinder.

Show that the height of aright circular cylinder of greatest volume that can be inscribed
in a right circular cone is one-third that of the cone.

A conical tent of the given capacity (volume) has to be constructed. Find the ratio of the
height to the radius of the base so as to minimise the canvas requried for the tent.

A manufacturer needs a container that is right circular cylinder with a volume 165 cubic
meters. Determine the dimensions of the container that uses the least amount of surface
(sheet) material.

A movie theatre's management is considering reducing the price of tickets from Rs.55 in
order to get more customers. After checking out various facts they decide that the average
number of customers per day 'q' is given by the function where x is the amount of ticket
price reduced. Find the ticket price othat result in maximum revenue.

q = 500+100 x

where x is the amount of ticket price reduced. Find the ticket price that result is maximum

revenue.

MATHEMATICS

MODULE - VIl
Calculus

Notes




MODULE - VIl
Calculus

Notes

316

Applications of Derivatives

T %
el LET US sum up

The equation of tangent at (X;, y;) to the curve y = f (x) is given by

{x—x}

y-y =[f '(X)]at(xl’yl)

The equation of normal at (X;, y;) to the curve y = f(x) is given by

Y=y ZL_&J(X , )(X—x1)

The equation of tangent to a curve y =f(x)at (X;,y;) and parallel to x-axis is
given by y =y, and parallel to y-axis is given by x = x;
y = f{x) be a function of x.

The rate of change of y per unit change in x

Ax—0 Ax  dx

d

d_z represent the rate of change of y w.r. to x.

If y=f() and x = g(¢)

So ﬂ _ dy/dt,@;to
dx dx/dt dt

d
Ay = d—)yc Ax+eAx
€.Ax is a very-very small quantity that can be neglected, therefore

Ay = @ Ax , approximately
dx

Increasing function : A function f (x) is said to be increasing in the closed interval [a,b]

iff(Xz)Zf(Xl) Whenever Xy >Xq

Decreasing function : A function f (x) is said to be decreasing in the closed interval
[a,b]

if £(x5)<f(xp) whenever x, > x;

f (x) is increasing in an open interval ]a,b[

if f'(x)>0 for all x € [a, b]
f (x) is decreasing in an open interval ]a,b[
if f'(x)<0 for all x € [a, b]

MATHEMATICS
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. Monotonic function : MODULE - VIII
(1 A function is said to be monotonic (increasing) if it increases in the given interval. Calculus

(i) A function f (x) is said to be monotonic (decreasing) if it decreases in the given
interval.

A function f(x) which increases and decreases in a given interval, is not monotonic.

° In an interval around the point x = a of the function f (x),
@) if ' (x) > 0 on the left of the point 'a'and f'(x) < 0 on the right of the point x = a,
then f (x) has a local maximum.
@@)  if f'(x) <0 on the left of the point 'a' and ' (x) >0 on the right of the point x = a,
then f (x) has a local minimum.

Notes

° If £(x) has alocal maximum or local minimum at X = a and f (x) is derivable at X = a, then
f'a)=0
. (1  If £'(x) changes sign from positive to negative as x passes through 'a’, then f (x)

has a local maximum at x = a.

@)  If f'(x) changes sign from negative to positive as x passes othrough 'a’, then f (x)
has alocal minimum at x = a.

° Second order derivative Test :
@) Iff'(a) =0, and f "(a) < O; then f (x) has a local maximum at X = a.
@) Iff'(a) =0, and f"(a) >0; then f (x) has a local minimum at x = a.

@) Incasef'(a)=0,andf" (a) =0;then to determine maximum or minimum at X = a,
we use the method of change of sign of f '(x) as x passes through 'a’ to.

e \ SUPPORTIVE WEBSITES

http://www.youtub.com/watch?v=IDY9JcFaRd4
http://www.youtub.com/watch?v=bGNMXfaNR5Q
http://mathworld.wolfram.com/PartialDerivative.html
http://en.wikipedia.org/wiki/Partial_derivative
http://en.wikipedia.org/wiki/Integral

<
Sl TERMINAL EXERCISE

1. The side of a square is increasing at the rate of 0.2 cm/sec. Find the rate of increase
of the perimeter of the square.

2. Theradius of a circle is increasing at the rate of 0.7 cm/sec. What is the rate of increase
of’its circumference?

3. Aman is walking at the rate of 4.5 km/hr towards the foot of a tower 120 m high. At
what rate is he approching the top of the tower when he is 50 m away from the tower?
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10.

I1.

12.

13.
15.

16.

17.

18.

19.

20.
21.

Applications of Derivatives

Sand is pouring from a pipe at the rate of 12 cm’/sec. The falling sand forms a cone
on the ground in such a way that the height of the cone is always one-sixth of the radius
of the base. How fast is the height of the sand-cone increasing when the height is 4 cm?

A man 2 metres high, walks at a uniform speed of 6 metres per minute away from a
lamp past, 5 metres high. Find the rate at which the length of his shadow increases.

A particle moves along the curve, y = x> + 2. Find the points on the curve at which
the y-coordinate is changing 8 times as fast as the x-coordinate.

A stone is dropped into a quiet lake and waves move in a circle at a speed of 3.5 cm/
sec. At the instant when the radius of the circular wave is 7.5 cm, how fast is the
enclosed area increasing?

A stone dropped into a still pond produces a series of continually enlarging concentric
circles. Find the rate at which one of them the enlarging when its diameter is 12 cm
assuming the wave is then recording from the centre at the rate of 3 cm/sec.

Find the point on the curve y? = 8x for which the abscissa and ordinate change at the
same rate.

A particle moves along the curve y = §x3 +1. Find the points on the curve at which
the y, coordinate is changing twice as fast as x-coordinate.

The total revenue in rupees received from the sale of x units of a product is given by
R(x) =3x? + 36x + 5. Find the marginal revenue when 5 units of the product are sold.

The total cost C(x) associated with the production of x units of a product is given by

C(x) = 0.005x” —0.02x +30x+5000.
Find the marginal cost when 3 units are produced.

Using differentials find the approximate value of the following (13 — 19)

V25.02 14. {495
® 401 (i) \0.24

1

@ +/0.0037 (i) (26)
L 1
i (66)° (i) (82)%
1 1
@ (32.15) () (31.9)°
. 1 o
O 2002 @ 7251

Find the approximate value of (3.02), where f(x) = 3x*> + 15x + 5

Find the approximate change in the volume of a cube of side x meter caused by
increasing the side by 3%.

MATHEMATICS
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22. Find the approximate change in the surface area of a cube of sides x meters by
decreasing the side by 1%.

23. Find the approximate change in the volume of a cube of side x meters caused by
increasing the side by 1%.

24. Find the approximate value of f(5.001), where
flx) = x> — 72> + 15
25. Find the slopes of tangents and normals to each of the following curves at the indicated
points :

@ y =+/x atx=9

(i) y=x>+x atx =2
(i) x=a(0—-sin0),y=a(l+cosO) at e:g
(v) y=2x%+cosx atx=0

(v) xy=6 at(1,6)

26. Find the equations of tangent and normal to the curve

X=acos 0> y=asin 0 @ 4

2 2
27.  Find the point on the curwv 95 16 =1 at which the tangents are parallel to y-axis.

28. Find the equation of the tangents to the curve
y= x2 —2x +5, (i) whichis parallel to the line 2x + y + 7 = 0 (ii) which is perpendicular
to theline5(y —3x) =12

29.  Show that the tangents to the curve y =7 x3 +11 at the points x=2and x = _p are
parallel

30.  Find the equation of normal at the point

2 3
(am ,am ) to the curve ay? = x>

31. Show that f(x) = x? is neither increasing nor decreasing for all xe R .

Find the intervals for which the following functions are increasing or decreasing :

x 4
32, 2x3-3x%-12x+6 3. g ox#0
34, 4 _0x? 35. sinx —cosx,0<x<2m
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Find the local maxima or minima of the following functions :

36.

37.

38.

39.

40.

41.

42.

@  x3-6x%2+9x+7 ®)  2x3-24x+107
©  x3+4x?-3x+2 @  x*-62x%+120x+9
1 X
@ 2 ® G-y lex<d
(©) xvJ1l-x, x<1
. 1 T .
(a) smx+5cos2x, OSXSE (b) sin2X ,0<x <27

(©) —x+2sinx,0<x<27w
For what value of x lying in the closed interval [0,5], the slope of the tangent to

x5 — 6x2 +9x+4
is maximum. Also, find the point.

Find the vlaue of the greatest slope of a tangent to
—x3 +3x2 +2x — 27 at a point of othe curve. Find also the point.

A container is to be made in the shape of a right circular cylinder with total surface area
of 24 t sq. m. Determine the dimensions of the container if the volume is to be as large as
possible.

A hotel complex consisting of 400 two bedroom apartments has 300 of them rented and
the rent is Rs. 360 per day. Management's research indicates that if the rent is reduced by

x rupees then the number of apartments rented q will be q = %x +300,0<x <80.

Determine the rent that results in maximum revenue. Also find the maximum revenue.
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CHECK YOUR PROGRESS 29.1
1. 64 cm?/minute 2. 900 cm3/sec 3. 127 cm?/cm

4. 11.27 cm?/sec 5. 75 cm3/cm

Notes

CHECK YOUR PROGRESS 29.2
1. 6.05 2. 2.926 3. 1.96875
4. 5.1 5. 3.92n m? 6. 3%
CHECK YOUR PROGRESS 29.3

1 2 5

1. @ 10, 1o (ii) 55 @) 1, -1
2. p=5, q=-4 3. (3,3), (-3,-3) 4. (3,2)
CHECK YOUR PROGRESS 294
1. Tangent Normal
i y+10x=5 x—10y+50=0
@ 2x-y=1 Xx+2y—-3=0
() 24x-y=52 X+24y =483
S e i I M st ol
4. Xx+14y—-254=0, x+14y+86=0
CHECK YOUR PROGRESS 29.6
5 [Lﬂj
' 196 14

CHECK YOUR PROGRESS 29.8

7
1. (a) Increasing for X > X Decreasing for X < )

5 5
(b) Increasing for X > X Decreasing for X < 5

2. (a) Increasingfor x > 6 or x < —2, Decreasing for —2 < x <6

(b) Increasing for x > 4 or x <2, Decreasing for X in the interval ]2,4[
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3. (a) Increasing for x <—2; decreasing for x >~ —2

(b) Increasing in the interval —1 < x < —2, Decreasing for x >~ —1 or x < -2
4. (a) Increasing always.
(b) Increasing for x > 2,Decreasing in the interval ) < x <2

(¢) Increasingfor x ~ 2 or x <—2 Decreasing inthe interval _2 « x <2

.. . 3n n

5. (¢) Increasing inthe interval Y <x< Y
. . 3n
Decreasing in the interval 0<x< Y

T r
Points at which the tangents are parallel to x-axis are X = Y and X = 3

CHECK YOUR PROGRESS 29.9

1. Localminimumis—4atx =4

2. Local minimumis 15 at x =3, Local maximumis 19 at x= 1.

3. Local minimumis — 128 at x =6, Local maximumis—3atx=1.

4. Local minimumis — 1647 at x=—-6, Local minimumis —316 at x =195,
Local maximumis 68 at x=1.

5. Local minimumatx=0is—4, Local maximumat x =—21s 0.

1
6. Localminimumatx=-1, value = —1 Local maximum at x = 3, value = 7

CHECK YOUR PROGRESS 29.10

1. Local minimumis—34 atx=2, Local maximumis 91 at x =—3.
2.  Local minimumis—5atx=0, Local maximumis 251 at x =8.
3. Local minimum—4 at x =0, Local maximumO at x =—2.

4. Local minimum=-28;x =3, Local maximum=0;x=1.

Neither maximum nor minimum at x = 0.

3\/5 o

5. Localmaximum =——;X =—
4 3

T
6. Local maximum = \/5; X ZZ

7. Localminimumzi+£;x z—E,Localmaximum =£—£;x _I
2 6 6 2 6 6
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CHECK YOUR PROGRESS 29.15 MODULE - Vill
1. Numbers are 6,9. Calculus
2. Parts are 7.5, 7.5
] ] 30 30
5. Dimensions are : = ——, —— meters each.
n+4 m+4
Notes
1 1
6. radius = (ET cm ; height = 2[ﬂj3 cm
b T
7. Maximum Volume = 327t cubic meters.
9. h=+/2r
10. r =2 meters, h =4 meters.
11. Rs. 30,00
TERMINAL EXRCISE
45
1. 0.8 cm/sec. 2. 1.47 cm/sec. 3. 2_6 kmv/hr.
1 ~ )
4. e cm/sec. 5. 4 meters/minute 6. 4, 11), 3
7. 52.5m cm?/sec. 8. 361 cm’/sec. 0. 2, 4)
(133)
10. '3 3 11. 66 12. 30.015
13. 5.002 14. 7.0357
15. (1) 20.025 (i) 0.49
16. (1) 0.0608 (i) 2.963
17. (i) 4.0417 (i) 3.0093
18. (1) 2.001875 (i) 1.99875
19. (1) 0.2495 (i) 0.1996
20. 77.66 21. 0.09x° m> or 9%
22, 0.12x*m? 23. 0.03x m3 or 3%
1
24, -34.995 25. 6 o’ -6
(i) 13, - — G 11
9 13 &l
] 1
(iv) 0, not defined v) -6, s
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MODULE-VIIl |56 22 (x+y)=a; x+y=0 27 (3,0).(-3,0)
Calculus
28. () 2x+y—-5=0 (i) 12x +36y =155
30. 2x+3my—am2 (2+3m2)=0
Notes 32. Increasing for x > 2 or <—1, Decreasing in the interval —1 <x <2
33. Increasing for x > 4 or x < — 4, Decreasing in the interval ]—4,4[
34. Increasing for x> 1 or—1 <x <0, Decreasing forx <—lorO0<x<1
n 3n n
35.  Increasing for 0 <X <— or — < X <27, Decreasing for —— <X <—.
4 4 4 4
36. (a) Local maximumis 11 at x =1; local minimum s 7 at x = 3.
(b) Local maximumis 139 at x =-2; local minimumis 75 at x = 2.
. . . .40 1
(©) Local maximum is 20 at x =—3; local minimum is 27 at X = 5 .
(d) Local maximum is 68 at x = 1; local minimum is—316 at x =5 and
— 1647 at x =— 6.
37. (a) Local minimum is 3 atx=0.
(b) Local maximumis —1 at x = 2.
imumis —=at X ==.
(©) Local maximumis 3 \/5 3
. .3 T - 1 T
38. (a) Local maximumis — at X =—3; Local minimumis —at X =—;
4 6 2 2
. . T _ 5w .. . 3n
(b) Local maximumis 1 at X = and x = e ; Local minimumis —1 at X = e
. . T .. .
(©) Local maximum is Tn ++/3 at x= g; Local minimum is
Sm
—57 —
T — \/g at x = ? .
39. Greatest slope is 24 at x = 5; Coordinates of the point: (5, 24).
40. Greatest slope of atangentis 5 at x =1, The pointis (1,-23)
41. Radius of base =2 m, Height of cylinder =4 m.
42. Rent reduced to Rs. 300, The maximum revenue =Rs. 1,12,500.
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INTEGRATION

In the previous lesson, you have learnt the concept of derivative of a function. You have also
learnt the application of derivative in various situations.

Consider the reverse problem of finding the original function, when its derivative (in the form of
a function) is given. This reverse process is given the name of integration. In this lesson, we shall
study this concept and various methods and techniques of integration.

<
AS

OBJECTIVES

After studying this lesson, you will be able to :

explain integration as inverse process (anti-derivative) of differentiation;

find the integral of simple functions like x™  sin x, cos x,

1
sec? x, cosec?x, sec X tan X, COSeC X cot X, —, e* etc.;
X

state the following results :

M JIE(x)xeg(x)]dx =[f(x)dx +[g(x)dx

@ [[EKF(x)]dx =+k[f(x)dx

find the integrals of algebraic, trigonometric, inverse trigonometric and exponential
functions;

find the integrals of functions by substitution method.

evaluate integrals of the type

dx
ax2 +bx + ¢

dx dx dx dx
J.XZiaZ’J‘aZ_XZ’J.\/XZiaQ’I\/az_xz’.[

dx (px +q)dx J« (px +q)dx
Vax2 +bx + ¢~ ax® +bx+c¢’? \ax? £ bx + ¢
derive and use the result

J.l;'((:;)) +m|f(x)|=C

state and use the method of integration by parts;

MATHEMATICS
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Integration

j x2 + a2dx, j a? — x2dx, Jeax sin bx dx, _[eax cos bx dx,

. evaluate integrals of the type :

I(px+q) ax? + bx + ¢ dx, Isin_lx dx Icos_lx dx

Isinn x cos™ x dx, I dx I dx

a+bsinx’ ?a+bcosx

derive and use the result
Iex [f(x)+f'(x)]dx =e*f(x)+c;and

. integrate rational expressions using partial fractions.

EXPECTED BACKGROUND KNOWLEDGE

. Differentiation of various functions

. Basic knowledge of plane geometry

. Factorization of algebraic expression

. Knowledge of inverse trigonometric functions

30.1 INTEGRATION

Integration literally means summation. Consider, the problem of finding area of region ALMB
as shownin Fig. 30.1.

Fig. 30.1

-« . . >

L M

\

We will try to find this area by some practical method. But that may not help every time. To
solve such a problem, we take the help of integration (summation) of area. For that, we divide
the figure into small rectangles (See Fig.30.2).

A

L Q Q&M

\/

Unless these rectangles are having their width smaller than the smallest possible, we cannot find
the area.

MATHEMATICS



Integration

This is the technique which Archimedes used two thousand years ago for finding areas, volumes, MODULE - Vil
etc. The names of Newton (1642-1727) and Leibnitz (1646-1716) are often mentioned as the Calculus
creators of present day of Calculus.

The integral calculus is the study of integration of functions. This finds extensive applications in
Geometry, Mechanics, Natural sciences and other disciplines.

In this lesson, we shall learn about methods of integrating polynomial, trigonometric, exponential
and logarithmic and rational functions using different techniques of integration.

Notes

30.2. INTEGRATION AS INVERSE OF DIFFERENTIATION

Consider the following examples :

d/ » d . d
i —(x7)=2x ii —(sinx) =cosXx (i —e*)=¢*
W (<) G - (sinx) G ()
Let us consider the above examples in a different perspective
@) 2x is a function obtained by differentiation of x2.
2

= X is called the antiderivative of 2 x
(i) cos x is a function obtained by differentiation of sin x

= sin x 1is called the antiderivative of cos x

(i) Similarly, X is called the antiderivative of e*

Generally we express the notion of antiderivative in terms of an operation. This operation is
called the operation of integration. We write

1. Integration of 2 x is x? 2. Integration of cos x is sin X
X

3. Integration of e* is e

The operation of integration is denoted by the symbol I .
Thus

1. IZde=x2 2..[cosxdx=sinx 3. Iexdx =e*

Remember that dx is symbol which together with symbol j denotes the operation of integration.

The function to be integrated is enclosed between I and dx.

Definition: If di [f(x)]=1f"(x),thenf(x)issaidto be an integral of f'(x) andis written
X

as _[f (x)dx = f(x)

The function f'(x) which is integrated is called the integrand.
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Integration

Constant of integration

If y= xz,thenﬂ = 2Xx
dx

I 2xdx = x2

2

d d
Now consider d_x ( x2 +2 ) or — ( X~ +c ) where c is any real constant . Thus, we see that

X
integral of 2x is not unique. The different values of I 2 x d x differ by some constant. Therefore,

J. 2xdx = x? + C, where c is called the constant of integration.
Thus Iex dx =¢e* +C, J.cosxdx =sinx + ¢

In general J-f '(x)d x = f (x )+ C. The constant c can take any value.

We observe that the derivative of an integral is equal to the integrand.

Note: jf(x)dx, jf(y)dy , jf(z)dz but not like jf(z)dx

Integral Verification
n+l d Xn+1
ndx = > e — +C |=x"
1. jx dx—n+1+C ) dx[n+1 J
wherenisaconstantand = —1.

2. Isinx dx = —cosx +C .- —(—cosx +C) =sinx
dx
d .

3. Icosx dx =sinx +C .- —(sinx +C) =cos x
dx
d 2

4. jsec x dx =tanx + C .. —(tanx + C) = sec” x
dx
d 2

5. Icosec x dx =—cotx +C -.-d—(—cotx+C):cosec X
X
d

6. J.secxtanx dx =secx +C -.-d—(secx+C)=secxtanx
X
d

7. Icosec x cot x dx = —cosecx + C ..od—(—cosecx+C)=cosec X cot X
X

1 — in-l isin_1x+C =;
8. I —dX—sm x+C dx( ) 1 2
MATHEMATICS
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MODULE - VIII

9. I 2dx=tan_1x+C o i(tan_lx+C)= ! 5 Calculus

1+ x Todx I+x
10 I;dx—sec_lx+C x —(sec‘1x+C): /1

' wx2 —1 - odx xvVxZ -1
Notes
d
1. jede=eX+C d—x(e"+c)=ex
aX d ax X 1

*dx = e — +C|=a%"=—,
12. Ia dx 10ga+C . dx[loga j X1fx>0

1 d
13. J.—dleog|x|+C .« —(log|x|+C)

X dx
WORKING RULE
1. To find the integral of X", increase the index of x by 1, divide the result by new index

and add constant C to it.
1
2. _[ P dX will be very often written as I dx
(x) f(x)

71
\ & @ CHECK YOUR PROGRESS 30.1

5

1. Write any five different values of I x 2dx
2. Write indefinite integral of the following :
(@) 5 (b) cos x ©0
3. Evaluate :
1
@ [x%dx () [xTdx (o) I;dx (d) [3*57%dx
1
(e) J.g/;dx 63) Ix‘g dx (g J.ﬁ dx (h) f\/g x 8 dx
4. Evaluate :
cos 0 sin O
do b de
@ Isinz 0 ®) J-cosz 0
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Integration

J- cos? 0 +sin% 0
c

do
cosZ 0 @ ‘[

30.4 PROPERTIES OF INTEGRALS

If a function can be expressed as a sum of two or more functions then we can write the integral

of such a function as the sum of the integral of the component functions, e.g. if f (X) = x! +x3 ,

then

sin? G

8 X4

If dx—j[x +X3]dX_J 7dx+j Bdx =+ 4+ ¢
8 4
So, in general the integral of the sum of two functions is equal to the sum of their integrals.

JIE(x)+g(x)]dx = [f(x)dx + [g(x)dx
Similarly, if the given function

f(x)=x"—x?

we can write it as jf(X)dX = I(X7 —Xz)dx = Jx7dx—jx2dx

8 3
=X X ic
8 3
The integral of the difference of two functions is equal to the difference of their integrals.
ie. j[f(x) ]dx—jf dx—jg

If we have a function f(x) as a product of a constant (k) and another function [ g(x) ]

ie. f(x) = kg (x), then we can integrate f(x) as

J.f(x)dx :J.kg(x)dx =k.|.g(x dx

Integral of product of a constant and a function is product of that constant and integral of the
function.

ie. [Kf (x)dx =Kk[f(x)dx

|B'el i) RIS Evaluate :

(i) [ 4% dx (i [(22)(37 ) ax

X

+C

Solution :(i) j4x dx = log 4

MATHEMATICS
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2

)

dx — 2
log(

)

2
3

( j" +C

(i) j(2x)(3_x)dx:I3—xdx:I

Remember in (ii) it would not be correct to say that

j2X3—de = jszx j3_"dx

5
X —X A
Because j2xdxj3_xdx: 2 3 23 L
log 2| log3 ( 2 j
log 3

Therefore, integral of a product of two functions is not always equal to the product of the
integrals. We shall deal with the integral of a product in a subsequent lesson.

IDelnCRIPA Evaluate :

sinZ 0 + cosZ @

. dx ..
@) J. —a whenn=0andn=2 (i) I— 26 de
Solution :
) dx ¢ dx
® Whenn =0, I cos" x _J. cos® x
dx
=7 =J. dx
Now j dx can be written as I x%dx .
o+l
jdX =J.x°dx = g+1+C=X+C
When n=2,
dx dx
J-cosn x 7 cos? x
= J-secz x dx
=tanx=C

-1
sinZ 0
=cot 0+ C

sinZ @ + cosZ O

sin? 0 9= ‘[

(i)

J

de = —J. cosec?0 do
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Integration

ID.eln)) BRI Evaluate :

2
+1
(i) j(sinx+cosx)dx (ii)jX ;— dx
X
1-x 1 1
dx i - dx
(@) J.\/; (IV)I[1+XZ 1_X2J
Solution:(i)_[(sinx+cosx)dx:J.sinXdX+J‘cosx dx =—cosx +sinx + C

i jx2:1dxzj(%+i3]dx:J‘%dx+J‘X—l3dX

X X X

log | x| x> C =log|x| ! +C
- + +C = -—
oglx - 1 2x2

(iv) I( 12_\/1_1)(2}‘1":] dxz_j\/l(ixxz

1+x 1+x
=tan 'x —sin"'x +C
IDelnCRIF S Evaluate :
3
i J1—sin 26 d6 i [46"——] dx
® f (i) J N

61
(iii) j(tanx+cotx)2 dx @iv) I[Xz_ljdx

X

Solution : () /T —gin 20 = vcos2 6 + sin2 6 — 2sin O cos 0

[ sin? 0 + cos? 0 = 1]

- \/(cosﬂ—sinﬁ)z =+(cos®—sin0)
(sign is selected depending upon the value of 9 )
(a) If  /1-sin26 =cos®—sin®
then Imdezf(cose—sine)de

MATHEMATICS
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:jcose de—jsinede =sin®+cos® + C
b)) If le—sinze d@:j(—cose+sme)de =—jcose de+jsinede

=—sin®—cos0+C

X 3 — X 3
(i) j(4e _X—ﬁJ dx—j4e dX_IT\/T_l dx

i)  [(tanx +cotx)”dx = [(tan? x + cot? x + 2 tan x cot x ) dx
= [(tan? x + cot? x +2) dx
= [(tan? x + 1+ cot? x + 1) dx
= [ sec? x + cosec?x ) dx

= Isecz x dx + Icoseczx dx

=tanx —cotx + C

J.(x4—x2+1— 22
X

@)

—
7~ N\
sl ks
[\S] o)
+ | |
—_ | =
Ne—
[oN

bel

Il

j dx (dividing x® =1 by x2 + 1)

+1
— [ x%dx — [x2 B
j dx j dx+jdx 2j T
=§—§+x—2tan_lx+C

I el ERIEE Evaluate :

3 5x 4x
@ J‘(\/;+%j dx (ﬁ)j(4e _if _3]dx
X

€

Solution :

) J.(\/;+%j3dxz‘[(x3/2

= 3’2dx+3j\/_dx+3j\/_d +j 7

I+3x/_ + 3/2jd

212 X372 x1/2 2

= +3 +3 -—=+C

Tk

)]
\S[o%}
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Integration

MODULE - VIl s 4 '
Calculus _ %Xz %2 4 6x2 —2x 2 4+ C
R |t G A PO S 9e 3dx
(i e ol B el B ekl e
Notes

= 4J‘e2X dx—9jeX dx—BJe_3X dx

=2e%* —9eX + e +C

Q
X CHECK YOUR PROGRESS 30.2

1. Evaluate :

o lle we

1 5+43x —6x2 —7x* —8x°
©) I(leg—\/;+ﬁ)dx (d)_[[ X x6 X X de

X
4 2
X 2
dx VX + —j dx
© I 1+ x?2 ® I ( VX
2. Evaluate :
2cos X
- 2 dx
(@) J-1+ CcoS 2X (®) Itan xdx c ‘[ sin? x

- @ X _

(d) J.l— 05 2x (e) ‘[cos . (f) j(cosec X — cot x ) cosec x dx
3.Evaluate :

(a) [V1+cos2x dx (b) [VI-cos2x dx (c) j S dx

— cos 2x

4. Evaluate :

(a) j\/X +2 dx

30.5 TECHNIQUES OF INTEGRATION

30.5.1 Integration by Substitution
This method consists of expressing J- f ( x ) dx in terms of another variable so that the resultant

function can be integrated using one of the standard results discussed in the previous lesson.

First, we will consider the functions of the type f (ax + b), a # (0 where f(x) is a standard

function.

MATHEMATICS
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| EV N RIXW Evaluate : MODULE - Vil
Calculus
@  [sin(ax+b)dx
Solution : (i) J.sin(ax +b)dx
Put ax+b=t. Notes
dt dt
Then a=-— or dx = —
dx
. o dt . . .
J.sm (ax +b) dx = ISIH t; (Here the integration factor will be replaced by dt.)
+b
:ljsint dt :l(—cost)+C = —M+C
a a a
I eI R Evaluate :
N 1
@) j(ax+b) dx , where n # —1 (ii) fmdx
Solution : (i) j(ax +b)" dx, where n # —1
dt dt
Put ax +b =t = a=-—ordx=—
dx a
1 1 tl’l+1
b)"dx = — |t =—- +C
J.(ax+ ) dx aJ. 2 (ntl)
n+l
:l‘(ax+b) +C where n # —1
a n+1
1
: —— dx
O (ax +b)
1
Put ax +b =t = dX=gdt
1 1 dt 1
. ax=[=&_1
J.(ax+b) a t alog|t|+C
1
= —log|ax +b|+C
a
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MODULE - Vil I el [GRIIE N Evaluate :

Calculus
(1) J'65x+7dx

Solution : (i) I e X+ dx

Notes dt
Put S5x+7 =t = dx = —

J.es"”dx = lJ.etdt = let +C
5 5

_Lsx7 o
5
Likewise J'eax+bdx — leax+b +C
a

Similarly, using the substitution ax + b=t, the integrals of the following functions will be :

+b n+l
[ (ax +b)" dx Al e e
a n+1
I;dx _ L lax + b| + C
(ax +b) B
. 1
js1n(ax+b)dx =——cos(ax+b)+C
a
1 .
J.cos(ax+b)dx =—sin(ax +b) +C
a
) 1
fsec (ax + b)dx =;tan(ax+b)+C
2 1
Icosec (ax +b)dx =—gcot(ax+b)+C

1
.fsec(ax+b)tan(ax+b)dx =—sec(ax+b)+C
a

1
J.cosec(ax+b)cot(ax+b)dx =——cosec(ax+b) +C
a

ID el ERIRE Evaluate :

@  [sin®xdx (i) [sin®x dx (i) [cos?x dx (iv) [sin3x sin2x dx

Solution : We use trigonometrical identities and express the functions in terms of sines and
cosines of multiples of x

w
w»
=)

MATHEMATICS



Integration

MODULE - VIII
‘ J.sinz x dx = jﬂ dx [ sin? x = ﬂ} Calculus
® - 2 ' 2
=lj(1—cos2x)dx =lj1dx—ljcos2x dx
2 2 2
=lx—lsin2x+C Notes
27 4
i jsin3xdx=j35inx_sm3xdx [~ sin3x =3sinx - 4sin’x |
(1) 1 .
1 3
=%J.(3sinx—sin3x)dx =Z[—3c0sx+coz X}+C
() _[COSSX dx =_[ COS3X—;3COS % dx [ cos 3x = 4cos3x—3cost
1| sin3 .
:lj(cos3x+3cosx)dx :_[sm X+3smx}+C
4 4
. ) 1 ) .
(@iv) jsm3x sin 2X dx=§.[2s1n3x sin 2x dx
[- 2sin Asin B =cos(A—-B)—cos(A+B)]
1| . in 5
=%I(cosx—cos§x)dx =5[smx—sm5 X}+C
71
X CHECK YOUR PROGRESS 30.3
1. Evaluate :
(a) Jsin(4—5x)dx (b) jsecz(2+3x)dx
©) Isec(x+£)dx (d) jcos(4x+5)dx
4
(@  [sec(3x+5)tan(3x +5)dx
® jcosec(2+5x)c0t(2+5x)dx
2. Evaluate :
J'—dx 4 10
(a) (G-ax) ® [(x+1)*dx (© [(4-7x)"dx
(d) j(4x—5)3dx (e) I L ax (f),[ 1 dx
3x — 5 V5 -9x
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1
2
@  [(2x+1)7dx (h) J——dx
3. Evaluate :
1
2x+1 3-8x R — dX
d b d

@  [e>Hdx (b) [ Hax © |
4. Evaluate :

(@ J‘cos2 x dx (b) J‘sin3 x cos> x dx

(©) J.sin 4x cos3x dx  (d) Icos 4x cos 2x dx

f'(x)
30.5.2 Integration of Function of The Type T (x)

f'(x)
f(x)

f'(x) dt
fﬁdx:h =log|t|+C =log|f(x)|+C

To evaluate j dx , we put f (x) =t. Then ' (x) dx =dt.

Integral of a function, whose numerator is derivative of the denominator, is equal to the logarithm
of the denominator.

I eI ERIBUN Evaluate :

| £ WP L
@ 2o @ 2Vx (3 +Vx )

Solution :

@) Now 2x is the derivative of x> + 1.
By applying the above result, we have

jxfildx=1og\x2+1\+c

1
(i) E is the derivative of 3 4 \/x

J' dx
2x (3+x )

=10g‘3+\/;‘+C

MATHEMATICS
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I el CRIEN Evaluate :

e +e* e?* —1
i - dx ii dx
® J‘ex—e_X W e2X +1
Solution :
@) e* + e * isthe derivative of e* —e™*
X + —X
Ildx =log|le* —e* |+ C
eX — e X
Alternatively,
e +e
For I o dx,
Put e —e ¥ =t
Then (ex+e_x)dx:dt
eX +e* t X X
[ [ i =t

W

Here e2*

by e™*, the given function will reduce to

]
]

rw
\ & fl CHECK YOUR PROGRESS 30.4

X —X
e —e _
———dx =log|le* +e*|+C
eX +e*
2x X —X
e —1 et —e _
3 dx=I—=log e*+e*|+C
e +1 e* +e7*%

2x
62 1dX
e +1

— 1 is not the derivative of €>* + 1. Butif we multiply the numerator and denominator

[ e* —e ™ ) is the derivative of (e* +e™*
L ) ( )]

MODULE - VIl
Calculus

1. Evaluate :
X 2x +1 2x +9
dx b) [ —————dx — 277 dx
(a)I3x2—2 ()Ix2+x+1 ( Ix2+9x+30
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(d)I 3 dx (e) Iz—sdx (Djf (5+x)

+3x+3

® '[ (8 + log X)
2. Evaluate :

@ [ f;x dx o [T

30.5.3 Integration by Substitution

@) j tan x dx (i1) Isec x dx

Solution :
sin x sin X

i tan x dx = dx =-— dx

® J. J. cos X I cos X
= —log|cos x| + C  (*+ — sin x is derivative of cos x)
= log - +C  or = log|sec x| + C

J.tanxdx :log|secx|+C

Alternatively,
sin x dx —sin x dx
[ranxax = [Snxdx __=sinx dx
COS X COS X
Put COs X = t.

Then —sinx dx =dt

d
jtanxdx = _-[Tt = —log|t|+ C = —log|cos x|+ C

= log +C = log|sec x|+ C

COS X

(i1) J. sec x dx

sec x can not be integrated as such because sec x by itself is not derivative of any function. But

2

this is not the case with sec” x and sec x tan x. Now Isec x dx can be written as

+ t
jsecx (secx anx)dX
(secx + tan x)
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SCC x+secxtanx)

_I sec X + tan x X
Put secX + tan X = t.
Then (secxtanx+sec x)dx—dt
dt
J.secx dx :IT =log|t| + C =log|secx + tanx |+ C

1
B el BRISKE Evaluate _[ a2 2 dx
- X

Solution: Put x = 3sin 0 = dx = acos0 do

P

- x?2 a2sin% 0

:_I cos © Gzlj 1 d6=i’|‘sec9d9

—sin’ 0 cos 6
1 1+sin6
=llog|sece+tan9|+C = —log —= ""C
a a cos 0
1 1+
_ 2 . a
_alog > +C:_10g a+x +C:ll
1_L aZ_XZ a
a2
1
:l]og (a_'_sz +C — 1 log atx + C
a a—Xx 2a a—x
1
10V ) RN N Evaluate : I 57— dx
—a

Solution : Put x =asec®0 = dx = asec6 tan® dO

1 asecH tan © dO
ot

—a a’sec? 0 —a’

=_Isecetan9
tanZ 0

(tan26=sec26—1)
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Integration

sec 6

:_J' =_J. jcosecede
tane sin O
1 1- 0
:llog|cosec 0 —cot 6| + C =—10g‘& +C
a a sin O
2
_ X _
—log 5 +C:—log UL P
a a 2 2
1= < X —a
X2
1 VX —a 1 X —a
=—1lo +C =—1o +C
a & VX +a 2a X+ a
Example 30.15 |
xampie o a2+X2
Solution: Put x = a tan® = dx = a sec? 0 dO
asec? 0 40

J.az+x dx—j 2(1+tan29)

1 1 X 1 X
= — de :—e-l—c —:tane tan _:e)
aj a (a = a
:ltan_1£+C
a a
1
Example 30.16 || N dx
a® —x
Put X =asin = dx = a cos 9 do
J~ 1 dx—I acos9 40
VaZ — x? \/a —a%sin? 0

acosO

-]

=sin~

acosO I 6+C

X
'Z4cC
a

MATHEMATICS



Example 30.17 j 1 dx
[2_ a2

Solution : Let Xx=asecO = dx =asecOtan0dO

1 asecH tan 6
[y = e
x2 — a2 avsec? 0 —1

= J.secedezlog|secﬂ+tan9| +C

x 1
Sy —Vx2?-a?
a a

X +Vx2% —a?

= log +C

= log +C

1

——dx
Example 30.18
j a2 + X2

Solution : Put x =a tan 6 = dx = asec20do

= Isecedﬂ

1
Va2 +x2 + 2|+ C

a a

= log|sec © + tan 8] + C = log

= log VaZ +x2 +x|+C

x2 +1
Example 30.19 [l Eorprks
X+

Solution : Since x?2 is not the derivative of x# + 1, therefore, we write the given integral as
1+ 1
X2
j dx
) 1
X“+
X
1 1
Let X —— =1_.Then - 1+—2 dx =dt
X X
2 1 2 2, 1 2
Also X —2+—2=t — X +—2=t+2
X X
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Integration

MODULE - VIl 1
Calculus I+ dt :j de
. —X — 2 2
. ] R Jt2+2 (t)° +(v2)
X%+ —
2
1
X
1 t — -
Notes =—tan_1—+C = —tan +C
NN V2 V2

Solution :

X
Put Xx+—=t. Then (1— 2jdx=dt

X X
Also x2+2+i2=t2 —~ X2+ —==t2-2
X X
1 1
2 dt dt
I Xl dX=J. 2 _.[ 2 2
X2+ — -2 (t) —(\/5)
2
X
t—\/E +C
2\/_ t+\/§
1
R
uS +C
22 s
X
2
dx

X
Example 30.21 j T
X +

Solution : In order to solve it, we will reduce the given integral to the integrals given in Ex-
amples 11.19 and 11.20.

2
X X +1 x% -1
i.e., 4 = I|: :|dX
xT+1

X+1 x* +1
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1Ix2+1 1

2 _
dx + IX 1dx
29 x4 +1 27 x4

X' +1
x - L x+ L _\2
= %tan_1 \/_X +%log ’1(— +C
2 2 | V2 v
X

Example 30.22 j I ax

x4t +1

Solution : We can reduce the given integral to the following form

lj(xz+1)—(x2—l)

7} dx

X" +1
1 x—+ 1 , |x+i-v2
tan”~ X |- log S +C
V2 V2 | 22 T L
X
1 x> -1
E le 30.23 dx b dx
o fete efsh
. 1 1
Solution : (a) j 3 dx =J‘ dx
X“—x+1 X2—X+l—l+1
4
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Integration

o b

2 _ 2
®) SN ST
X"+ x7+1 x2+1+i
2
X
1
Put X+—=t = (l——z]dxzdt
X X
2 I 2 1
Also X +2+—2:t — X +1+—2:t -1
X X
1_% dt
X dx—j 1 t—1
2 —log|—|+C
x2 414 o S
2
x+l—1
= —log X +C
1
x+—+1
X
Example 30.24 [JR{EREH
Solution : Let tan x = t° = sec? x dx = 2t dt
:> dx = ——dt = —"_d
sec” x 1+t
2
J'\/tanxdx=J't( 2t4)dt=J' 2
1+t 1+t

2 2
t“+1 t° -1 2 2 _
:J' - + dt:J‘t +1dt+'[t 1dt
t"+1 tT+1 4 +1 t* +1
Example 30.25 J‘«/cot x dx
Solution : Let cot x = t2 = —cosec?x dx = 2t dt
-2 2
L dx=———dt =t
cosec“x t"+1
j cotxdx:—jt( 42t jdt
tt+1
MATHEMATICS



_.[ 2% dt =—I£ jdt

t4+1
Proceed according to Examples 11.19 and 11.20 solved before.

j(\/tanx +x/cotx)dx

t2 -1
t4 +1

4 +1

Let SINX —COSsX =t = (COSX+SinX)dX=dt
Also 1—2sinxcosx =t> = 1—t2 = 2sin x cos X
1-t2
= = sin X COS X
sin X — cos X dt
——dx =
J.x/cosxsinx I 1—t2 =\/§J. dt
) Vi-t?

=V2sin"![sinx —cosx ]+ C

ID el ERIPYE Evaluate :

(Using the result of Example 26.25)

J‘ dx J‘ dx
@ V8 +3x — x2 ® x(1-2x)
Solution :
J‘ dx :J- dx
(2) J8 +3x — x2 \/8—(X2—3X)
—J' dx _ 2dx
- 2
IO JMJ (x-2)
4 2 2
*-3)
x -
=sin_lle+C
2
:sin_1(2f/i3j+c
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Integration

MODULE - VIlI dx dx
b =
Calculus ® Ix(1—2x) -[\/X_zxz
:Ljd_x =LI dx
V27 x o V2 \/1_{X2_X+1}
SR 16 27 16
Notes .
1 dx (X—j
T
4 4 4
1 .
=ﬁsm (4x -1)+C
Q
L "'44 CHECK YOUR PROGRESS 30.5
1 Evaluate
x2 eX X
® J‘)(2—9dx ®) J‘e27‘+1dx © J‘1+x4dx

J‘ dx J- dx J‘ dx
@ V16 — 9x2 © 1+ 3sin? x ® V3 - 2x — x2
dx dx

® I3x Text21 0D I\/5—4x—x2 ® Ixx/3x2—12

de e*dx f1+x
0 J.s1n 0+ cos* @ ®) J.\/1+62X ® I 1-x dx

J' dx J< 3x2 dx j X + 1
(m) hax — x2 (n) 5 16x° (0) (2 41

J- dx I sin 0 40 J~ sec? x dx
T N T

dx

1

— d

(S)I (x+2)°+1 © jx/16xz+25 ’
30.6 INTEGRATION BY PARTS

In differentiation you have learnt that

(fg) =1 () + e (F)
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d
or f i

(g)=%(fg)—g%(f) (1)

d
Also you know that J.a(fg)dx =fg

Integrating (1). we have

[ e)de= [ fe) [ g S ( ) s

=fg—fg%(f)dx

if we take f=M(X):%(g)=v(x).
(2) become ju(x)v(x)dx
=u(x)-Iv(x)dx—j[%(u(x))jv(x)dx}dx

=I function x integral of II function —I [differential coefficient of function x integralof 11
function]dx

A B

Here the important factor is the choice of I and II function in the product of two functions
because either can be I or II function. For that the indicator will be part 'B' of the result above.

The first function is to be chosen such that it reduces to a next lower term or to a constant term
after subsegent differentiations.

In questions of integration like

xsin x, xcos” x, x’e”
©) algebraic function should be taken as the first function

(ii) If there is no algebraic function then look for a function which simplifies the product in
'B'as above; the choice can be in order of preference like choosin first function

@) an inverse function (i) a logarithmic function
(i) a trigonometric function (iv) an exponential function.
The following examples will give a practice to the concept of choosing first function.

I function II function

1. J. xcos xdx x (being algebraic) COS X
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2. J.xze‘dx 2 (being algebraic) e~
3. jx2 log dx logx 2
log x 1
dx
4, j(lﬂz) logx (1+x)°
5. J.xsin’1 xdx sin” x X
6. Ilog xdx log x 1

(Insingle function of logarithm
and inverse trigonometric we

take unity as II function)
7. sin”' xdx sin”' x 1
I el ERIPAE Evaluate :
J. x* sin x dx

Solution: Taking algebraic function y2 as function and sin x as II function, we herv.
Ixz sin x dx = xZIsin x—j[i(xz)jsinxdx} dx
! dx

=—x? cosx—2jx(—cosx)dx
=—x2c0sx+2jxcosxdx (D

againjxcosxa’xzxsinx+cosx+c )
Substituting (2) in (1), we have

J.xz sin xdx = —x? cos x + 2[xsin x + cos x]+ C

=—x’cosx+2xsinx+cosx+C

I eI ERIPAN Evaluate :

sz log x dx

Solution: In order of preference log x is to be taken as I function.
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2 e MODULE - Vil
Ilogxxzdx =—10gx—j—-—dx Calculus
3 x 3
I I
3

X X2 X 1(x
== | gy =—logx——| — |+C
3 log x j 3 dx 3 g 3

Notes

3 3
:x—logx—x—+C
3 9

IDENIERIDRIIN Evaluate :
j sin ' xdx
Solution: J.sin"lx dx = J.sin"lx 1-dx

o X
= xsin 1x—jgdx

J1—x?

-1
Let 1-x*=t¢ = 2xdx=dt = xdx=7dt

X 1¢dt
Iﬁdx:_ajj =Jt+C =—J1-x2 +C
jsin_lxdx=xsin_l x+Vl=-x*+C

’am\
L‘L § CHECK YOUR PROGRESS 30.6

Evaluate:

1. (@) _[x sinxdx  (b) J-(l +x° ) cos2xdx  (c) Ix sin 2x dx
2. (@) _[x tan’ xdx (b) sz sin® x dx

3. () Ix3 log2xdx (b) (1—x2)10gxdx (©) I(log x)2 dx

J-lo%xdx b J«log(log x) "

X X

4. (a)

(73]
W
[y
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MODULE - VIl . .
Calculus 5. (@) _[x e'dx (b) Ix e"dx
6. (a) jx(log x)2 dx
7. (a) J.sec" xdx  (b) J.xcot’l xdx
Notes
30.7 INTEGRAL OF THE FORM

je" [f(x)+f' (x)]dx
where f' (x) is the differentiation of f (x). In such type of integration while integrating by parts the
solution willbe e* ( f (x))+C.
For example, consider

J.ex [tan x +log sec x]dx

t
Let J.(x)=10gsecx, then f'(x)=M=tanx
sec x

So (1) can be rewritten as

J.e"[f'(x)+f(x)]dx=e" (f(x))+C—e"logsecx+C
Alternatively, you can evaluate it as under:

J'ex [tan x +log sec x| dx = je’( tan xdx+_[ex log sec x dx

I I

=e"logsecx— J.e" logsec xdx + J.e" logsec x dx

=e"logsecx+C
I e ERIKIB Evaluate the following:

1 1 1+ xlogx
e'| ——— |dx e'| —— |dx
@ ] (x xzj ® Je| = j
xe" [ 14sinx
——dx e’ dx
©) J.(x+1)2 (d I _1+cosx}
352 MATHEMATICS
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Solution:

o Je(ipeetel i (eee 4]
o (1+xlongd e ( Hng)dx Notes

. d
=je (logx-l‘—(logx))dx =e'logx+C
dx

xe _x+I-1 S dx = o b1
o Syt Iy =l ey o

MODULE - VIl
Calculus

dx

1+2sin > cos >
:|d =\e 2 2
X

—Ie"[l+$inx
(d) 1+cosx 2cos? >

=Ie" lse02£+tan£ dx
22T

Jong o3
=J'e tan —+—| tan— | |dx
2 X 2

—e¢'tan=+C
2
IBelnJERIRPA  Evaluate the following:
() I sec’ x dx (b) je" sin x dx

(7]
N
()
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Solution:

(@)

Let

or

or

or

or

(b)

Let

or

or

Integration

jsec3xdx
I:Isecx-seczxdx

:secx-tanx—‘[secxtanxwanxdx
1= secxtanx—j(sec3 x—secx)dx ( tan” x = sec’ x—l)
1= secxtanx—J.sec3xdx+J.secxdx
21:secxtanx+jsecxdx
I=secxtanx+10g|se(:x+tanx|+Cl
1 :%I:secxtanx+log|secx+tanx|]+C
Iex sin x dx
I:J‘ex sin x dx
= ex(—cosx)—J.e"(—cosx)dx =—¢" cosx+_[ex cos x dx
=—e" cosx+(e" sinx—jex sinxdx)
I =—e"cosx+e'sinx—1
2] =—e* cosx+e"sinx

X

1 2%(sinx—cosx)+C

ID eI ERIRRE Evaluate:

Solution:

Let

jVaz—xzdx

1 =J.\/a2 —xzdx='|-\/a2 —x* 1dx

Integrating by parts only and taking 1 as the second function, we have

MATHEMATICS
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2
2\a* —x

MODULE - VIl
Calculus

a—x)

a’—x +I
\/a -x’ Notes

zjﬁdx—j\/az —x*dx

I=xva>=x*+a’sin™ (f)—l

a

. x
or 21 =x\a>—x* +a’sin 1(—)

a
a

or 1 :%{x\/az — x> +a’sin™ (fﬂ+c

+C

[2_ 2 2
Similarly, J‘\lxz—ClzalJC:%—a?log‘x+\/xz—a2

+C

/ 2
j\/a +x°dx %—%log‘x+x a’+x°

(a) j J16x% +25dx (b) j V16— x2dx ©) j J1+ x—2x%dx

Solution:

2
(a) J\/16x2+25dx:4j‘/x2+édx:4j x>+ 3 dx
16 4
Using the formulaforj‘«/(x2+a2)dx we get,
j\/16x2+25dx= X +§+§]0g + x2+2_5
2\/ 16 32 V 16

= §\/16x2 125 +%510g‘4x+\/16x2 n 25‘+ c

}c
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(b) Using the formula for I1l(a2—x2)dxwe get,
X 75 16 . 1 x
“-\/16—)(2 dX=J.~'(4)2—X2dX —E 16—x +?Sln Z+C
©) J.\/1+x—2x2dx=\/§j,%+§—x2dx
1 x 1)1
=2 == -~
fj\/_z (x 2 16) 16})6
2 2
=J§j\/ (e
4 4
_x ! 2 x !
"4 19 1 9 4
-2 4——(—_j+ i — 4 |+c
2 V16 ""4) Tex2" " T3
i 4
:\/5_4)68_1-% 1+x—2x2+%sin_l 4x_1}+€
ol T 2 el
8 32 3
71
X CHECK YOUR PROGRESS 30.7
Evaluate:
1. (a) J.e"secx[1+tanx]dx (b) Ie"[secx+log|secx+tanx|:|dx
2. (@) Ix—_lexdx (b) Ie" sin”! x— dx
x? 1-x°
(x—1 xe*
e’ dx dx
] (x+1) 4. I(x+1)2
5 jx+Sinde 6 je"sin2xdx
' 1+cosx '
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30.8 INTEGRATION BY USING PARTIAL FRACTIONS

Bynow we are equipped with the various techniques of integration.

4x+5
But there still may be a case like P16 where the substitution or the integration by parts
X +x-—

may not be of much help. In this case, we take the help of another technique called techmique
of integrayion using partial functions.

p(x)
Any proper rational fractionm can be expressed as the sum of rational functions, each

having a single factor of q(x). Each such fraction is known as partial fraction and the process
of obtaining them is called decomposition or resolving of the given fraction into partial fractions.

3 N 5  8x+7  8x+7
Forexample, .\ 5™ | (x+2)(x=1) x*+x-2

3 5 8x+7

o oy e called partial fractions of JENNEE

(x)

If 2 (x) is a proper fraction and g (x)can be resolved into real factors then,

Here

~

(a) corresponding to each non repeated linear factor ax + b, there is a partial fraction of the
form

(b) for (ax +b )2 we take the sum of two partial fractions - as

A B
+ 2
ax+b (ax+b)

For (ax+b )3 we take the sum of three partial fractions as

A B C
+ +

ax+b  (ax+b)’ (ax+b)

and so on.

(©) For non-fractorisable quadratic polynomial ;2 + px + ¢ there is a partial fraction

Ax+ B
ax* +bx+c
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MODULE - Viii
Calculus : : S : /()
Therefore, if g (x) is a proper fraction (%) and canbe resolved into real factors, 2 (x) can
be written in the follwoing form:
Factor in the denominator corresponding partial fraction
Notes A
ax+b
ax+b
, A N B
(ax+Db) (ax+b) " (ax+b)’
\ A N B N C
(ax+b) (ax+b) (ax+b)2 (ax—l—b)3
Ax+B
ax’ +bx+c A +bxtc
Ax+B Cx+D
(ax® +bx+ )2 2 " 2
ax” +bx+c ax” +bx+c (ax2+bx+c)
where A,B,C,D are arbitary constants.
The rational functions which we shall consider for integration will be those whose denominators
can be fracted into linear and quadratic factors.
IDel ) ERIKEN Evaluate:
I 22x +5 i
X —x=2
2x+5 2x+5
Solution: ¥ —x—2 (x—2)(x+1)
2x+5 A N B
Let (x=2)(x+1) x-2 x+1
Multiplyping both sides by (x—2)(x+1) ,we have
2x+5=A(x+1)+B(x-2)
Putting x =2, weget 9=3A  or A=3
Puttingx=-1, we get3=-3B or B=-1
substituting these values in(1),we have
358
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2x+5 3 3 1
(x—2)(x+1) x—2 x+1

dx:I 3 dx— de
x—2

2x+5
J- x+1

2
X —x=-2

:310g|x—2|—log|x+1|+C

I el ERIRIN Evaluate:

3
jx -|2—x+1x
x -1
1
Solution: Ix +x+
x2+x+1_x x41_ L 2x+1
Now x* =1 x* =1 (x+1)(x—1)
I=||x+ 2x+1 dx
(x+1)(x-1)
2x+1 A N B
Let (x+1)(x 1) x+1 x-—1 )

= 2x+1=A(x—1)+B(x+1)

. 3
Putting x=1,weget3=§

) 1
Putting x=-1, we get A=§

Substituting the values of A and B in (2) and integrating, we have
2x+1 1 1
———dx=— dx+—
j(x2—1) ZJ(x 2 +1) j

:%log|x+1|+%log|x—l| Q)
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MODULE - Vili From (1) and (3), we have

Calculus 2 3
I="—+—log|x+1|+2log|x—1|+C
2 2 2

I e R Y Evaluate:

Notes
8
dx
I(x_z)(xm)
Solution:
8 A +Bx+C
@) (x+2)(x2+4) x+2 x*+4

(As x? 4+ 4 isnotfactorisable into linear factors)
Multiplying both sides by (x +2)(x* +4), we have
8=A(x>+4)+(Bx+C)(x+2)

On comparing the corresponding coeffcients of powers of x on both sides, we get

0=A+B
0=2B+C ;= A=1,B=-1,C=2
8=4A+2C
8 1 x—2
dx = dx— d.
J.(x+2)(x2+4) ! J.)c+2 " J-xz—4 *

1 1 2x dx
:Ix+2dx:EIx2+4dx+2Ix4+4

:10g|x+2|—%log‘x2 +4‘+2-%tan1§+C

:log|x+2|—%log‘x2 +4‘+tan_1%+C

IDe ) RIUKEE Evaluate:

j 2sin 260 —cos @
4—cos’@—4sin @

Solution:

Let

i - 4sin €@-1 ade
:J- 2s1n226’ co.s¢9 40 :J.( sin )cos
4—cos“@—4sin 6 3+sin’@—4sin 0
MATHEMATICS
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Letsing =t, thencos gd g =dt

J- 4r—1 dr
3+12 -4t
Let vl 4,5 Thus  41—1=A(1—1)+b(1-3)
3—1*—4t -3 -1 us -
3 11
Put tzlthenBz—E Put t=3thenA:E
11 1 3¢ dt 11 3
=—||— |dt——=|— =—Iloglt-3|—-=loglt—1|+C
=75 (t—?)j 2oy =7 ol =3l Flogl -1

= 1—2110g|sin0—3|—%10g|sin9—1|+C

2t ldt 1
__I1+t _I —t+1 EI

:—%10g|1+t|+é10g‘t2—t+1‘+%-%tan TB»Z

——10g|1+t| log‘t t+1‘ \/5 n‘(%}c

1 1 1 2tan @ —1
=——log|l +tan 8|+—1o tan26—tan9+1+—tan"l(—j+C
3108 [+5oe] 5 NE

rW
\ & § CHECK YOUR PROGRESS 30.8

Evaluate the following:

L @  [V4x’-5dx b V¥ +3xdx (© 3 2x— 22 dx

x+1 X
@ I(X-2)(X-3)dx Ol s

2 2x% +x+1

3. (@) szx_4dx (b) I(x_1)2 (x+2) dx
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(7]
=)
S}

LET US SUM UP

(b)

Integration

dx

J~ 1—cosx
cos x(1+cosx)

Integration is the inverse of differentiation

Standard form of some inddefinite integrals

(a)

(b)
(©)
(d
(e)
®
@
(h)

V)

)

@

(m)

Properties of indefinite integrals
x) ]dx

(a)

jx"dx
j%dx

J-sin xax

J. cosx dx
cosec’xdx

cosecxcot xdx

1

Ny

Jsee?
J
j sec x tan xdx
J
J

1
J‘x\/xZ -1 &

je’“dx

J.ax dx

[[F(x)*

xn+1

o+l

+C(n;t 1)

=log|x|+C
=—cosx+C
=sinx+C
=tanx+C
=—cotx+C

=secx+C

=—cosecx+C
=sin' x+C
=tan"' x+C

=sec'x+C

=e'+C

X

=—+C(a>0anda#1)
log

= J-f(x)dxijg (x)dx

MATHEMATICS
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® [k (x)dx

@) J(ax+b)ndx

@ LN

sm ax+b

(iii)

COS ax+b

@)

cosec’ ax+b dx

(i)

]
]
0 [sec?(ax+b)d
]
Jsee

(ax+b)tan(ax+Db)dx

(vii)

=kIf(x)dx

(ax+b)""

+C(n#-1
n+1 (n )

!

a
1

:—10g|ax+b|+C
a

=_—lcos(ax+b)+C
a

=lsin(ax+b)+C
a

=ltan(ax+b)+C
a

=lcot(ax+b)+C
a

=lsec(ax+b)+C
a

1
(vii) jcosec(ax+b)cot(ax+b)dx =—cosec(ax+b)+C

@)  Jerrdr= e
a
() jtan xdx
(ii) J.cot xdx
(iii) jsecxdx
(iv) J.co sec x dx
1 1 a+x
* @ J‘aZ—xz dx:zloga—x
1 1 a—x
i dx=—-1Io0
(@ J.clz—x2 2a ga+x

(iif) _[21 dx=Lian" X1c

2
a +x a a

1

(iv) .[ \/7

dx =sin" —+C

a

= —log|cos x| +C= log|sec x| +C
=log |sin x| +C
= 10g|secx+ tan x| +C

= 10g|co sec x —cot x|+C

+C

+C
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1
o 1=
dx
o s

Integration

+C

dx = log‘x+\/x2 —-a’

+C

=log‘x+\/x2 +a’

Integral of the product of two functions

I function x Integral of I function —I [ Derivative of I functionx Integral of II function]dx

[e'[£(x)+ f(x)]ax=e"f(x)+C
[Va? —x2dx:%{xm+a2 sin”! (fj}C

a

[ .2 2 2
I\/xz—a2dx=%—%log‘x+\/x2 —a’|+C

[ 2 2 2
I\/d2 +xzdx=%+a?log‘x+\/az+x2 +C

Rational fractions are of following two types:
Proper, where degree of variable of numerator < denominator.
Improper, where degree of variable of numerator > denominator.

f(x) f(x)

If g (x) is a proper fraction (%) can be resolved into real factors, then 2 (x)

can be written in the following form :

Factors in denominator Corresponding partial fraction
b A
ax+ ax+b
) A N B
(ax+D) ax+b  (ax+b)
\ A N B N C
(ax+b) ax+b (ax+b)2 (aerb)3
Ax+B
ax” +bx+c 2+ bxtc

Ax+B Cx+D
(axz +bx+c)2 ax’ +bx+c " (ax2 +bx+c)2

where A,B,C, D are arbitary constants.
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e SUPPORTIVE WEB SITES

http://www.bbc.co.uk/education/asguru/maths/12methods/O4integration/index.shtml

http://en.wiktionary.org/wiki/integration

http://www.sosmath.com/calculus/integration/byparts/byparts....

TERMINAL EXERCISE

qil

Integrate the following functions w.r.t.x:

sin® x+cos’ x

sin” xcos® x
2
4. (tanx—cotx)

2cos’ x

=

1—cos2x

10. cos(7x—r)

B [—&—
’ sin x —cos x

16, [rr—dx

3+4logsin x

19. J‘sec“x tan xdx
= j sec’ x
' Jtan x

25. j 3x% + ddx

-8 _[ dx
: sin’ x+4cos” x
dx
31 J‘1+3sin2x

sin
4. dx
3 J. sin 3x

2. J1+sin2x

4 1

5.

1+x° _\/1_

2
X

2
8. (sin£+cos£) 0.
2 2

11. sin(3x+4)

1

14...-(1+x2)tan—lxdx 15 log(tan;j

17 I sin 2xlog tan x

12.

dx

20. j % sin e*dx

23. 25-9x"dx
Jo

26. j 1+9x>dx

dx

29. I2+cosx

35. [

2

4cos’ x

cos2x
cos’ xsin? x
2sin’ x
1+cos2x

X .X :
COS——SsIn—
( 2 2]

cos’(2x+b)

cosec
dx

18, [° LN
e —1

J- xdx
21 V2xT 43
24. I\/ 2ax—x*dx

xX*dx
S
dx
30. J‘xz —6x+13

- IL
' V9 +x!

36. j-sec2 (ax+b)dx

MATHEMATICS

MODULE - VIl
Calculus

(7]
W

Notes



MODULE - VIl
Calculus

Notes

37.

40.

43.

46.

49.

52.

55.

38.

6

=)

62.

64.

66.

68.

70.

72.

74.

76.

I dx
x(2+logx)

dx

J‘ cotx
logsin x

Icosz xdx

Isinz xcos® xdx
3

J-tan xdx

dx

J. 1+ x+cos2x
x> +sin2x+2x

dx
J. 1+4x°

J- sin x cos x dx

a*sin® x+b* cos® x

.J-e"(coslx— ! }dx
1—x?

., |1—cosx
Itan ! dx
1+cosx

sin”! x

3

(1—x2 )E

je" (1+x)log(xe")dx

dx

Ie" sin® x dx

[1og (x+1)dx

J- sin @ cos @
cos’ @—cos@—2

J‘ X +1 dx
(x*+2)(2x" +1)

dx
J.l—ex

Integration

3 COS X —Sin x
38, [ 39. SRS
1+x SIin x + cos x
sec’ x sin x
41. | ———dx  42. dx
J‘a+btanx J.1+cos
44, j sin® x dx 45, j sin Sxsin 3x dx
1
- 4
47. [sin® xdx 48. j'1+sinxdx
0. Icosx smx st J~cosec2x
1+sin2x ' 1+cotx
sec@cosecBdl cot@de@
53 [ 54—
log tan @ logsin @
l—tan @ -l
de d
6. J.1+tanl9 >7. I—e o
dx
59. |——
sin x +cos x

61.

63.

65.

67.

69.

71.

73.

75.

L[ sinx+cosx
fo sz,
cos” x
Icos|:2cot"‘( 1_—xﬂdx
1+x

J‘\/Elogxdx

J- log x de

(1+x)2

jcos (log x)dx

X

I(
I

—1)2(x+3)

2
x +1 i

dx

x(x° +1)

log x

I

x(1+1log x)(2+log x) g
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AN
CZM ANSWERS

CHECK YOUR PROGRESS 30.1

5 1 7 7 7 7
1. —x*+1L,=x*+2,=x*+3,=x*+4,=x*+5
7 7 7 7 7
x6
2 @ €+C (®  sinx+C c© 0
x’ 1 c
3 @  +C b st ©  loglx|+C
5
5 4
- -1
(d) (3)+C © Sr+C @ o+C
log| = 4 8x
5
© 2Jx+Cc O gpc
4. (@) —cosesf+C (b)  secg+C
() tang+C (d  —coté+C
CHECK YOUR PROGRESS 30.2
x* 1
1. (a) ?+Ex+c (b) —x+tan"' x+C

(©

()

2. (a)

©

()

3
= 1
x" —%xz +2Vx+C (d)——=—
X

3

34 +i3+z—8x+C
4x" 3x° «x

2

x?—x—tan"lx+C (f) %+4x+4logx+C

ltanx+C
2

—2cosecx+C

—secx+C

(b) tanx—x+C

(d) —%cotx+C

(f) —cotx+cosecx+C
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3. (a)

©

4. (a)

\/Esinx+C

—lcotx+C
2

3

%(x+2)2 +C

CHECK YOUR PROGRESS 30.3

1. (@)

©

(Y
®
2 (a)
©
©)
€
3 (a)
©
4 (a)

(©)

écos(4—5x)+C

VA T
sec| x+— |+tan| x+—
( 4] ( 4)

isin(4x+5)+C

log

—%cos ec(3+5x)+C

1

—— _icC
12(3—-4x)

—%(4—7x)” +C

%10g|3x—5|+C
1 3
g(2x+1) +C

1
= e2x+1 + C

Integration

() 2 cosx+C

(b)

+C

©)

(b)

(d

®

(h)

(b)

(b)

(d

%tan(2+3x)+C
1
gsec(3x+5)+C

1 5
—(x+1) +C

1 4
—(4x-5) +C
g (4x-9)

2 5-9x+C
9
log|x+1]+C

_163—8x +C
8

L —20052x+lcos6x +C
320 2 6

l(sin 6x

+sm2x)+c
2

6 2
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CHECK YOUR PROGRESS 304

L. (@
©
©
@

2. (a

élogbxz —2+c
log|x* +9x+30|+C

log‘x2+x—5‘+C

10g|8+10g x|+C

+C

1
—logla + be”
5]

CHECK YOUR PROGRESS 30.5

1. €))

(©)

()

(@

)

(9]

(m)

(0)

)

x—3
x+3

3
x+—lo +C
> g

%tan_1 (x*)+C

%tan_1 (2tanx)+C

o e

sec” —+C

2\/_
e +1+e*

sin‘l(x_aj+C
a

\x? +1+log‘x+\/x2 +1‘+C
2Xx+N9+4x*

2

log +C

1
—lo
> g

+C

(b)

(b)

(d

®

(h)

Q)

)

(n)

log‘x2+x+l‘+C
%log‘f +3x+3‘+C

210g‘5+\/;‘+C

tan ™" (e" ) +C

tan’l(ex)+C
1sin_1(3—x)+C
3 4
sin_l[x—HJ+C

2
sin_l(x+2j+c

3
1 tan“ 6 —1

—tan +C

\/_ [\/—tané’J
sin x=v1-x*+C

lsin‘1 (ix3j+ C
4 3
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@ —%log‘2cost9+\/4cosz6’—1‘+C

) log‘tanx+\/tan2x—4‘+c

2
af X+2 Liog|+ 2+(§j +C
(s) tan [ n j+C (t) 1 glx+,|x 1
CHECK YOUR PROGRESS 30.6
L. (@) —xcos x+sin+C
1 2\ . xcos2x sin2x
—|1+ n2x+ - +C
(b) 2( x*)sin 2x 7
—XCcos2x lsin 2x+C
© 2 2 2
2. (@ xtanx—log|secx|—x+C
(b) lx3—lx2 sin2x—lxcos2x+lsin2x+C
6 4 4 8
x*log2x x* x’ x’
—_— x—— |logx—x+—+C
3 (a) 2 16+C (b) ( 3 g 9
(©) x(logx)’ —2xlog x+2x+C
1-n xl—n
4 (@) l_nlogx— (1—n)2 +C (b)  logx. [log(logx)—1]+C
2
| X 2x 2 e4x e4x
e ———+—|+C -
5 (@) 3 9 27} (b) X 2 x16 +C

log x) —log x4+ L |+C
(logx)” —log >

7. (a) xsec_lx—log‘x+\/x2—1‘+c

(b) x—zcot"1 x+£+lcot_1 x+C
2 2 2
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CHECK YOUR PROGRESS 30.7 MODULE - VIl
Calculus
1. (a) e“sec x0+C (b) e’ 10g|secx+tanx +C
1 X
2. (a) ;‘3 +C (b) e“sin" x+C
Notes
__icC e*
S (T I
3. xtan%+C 6. %ex(sin 2x—2co0s2x)+C

CHECK YOUR PROGRESS 30.8

, 5 5 » 5
‘/ -———1lo +,/ -—|+C
1. (a) XAl X 1 7 gl|x X 1
(2x+3) 5= 9 3, [aas
(b) T X +3x—§10g x+§ +Vx73x|+C
L oxs)V3o2x—2x +— sin_l(2x+lj+c
© 3 NG J7

2. (@  4log|x—3-3log|x-2/+C

(b) %log|x—4|+log|x+4|+C

2
3. @ - 2logl-2+logx+2f]+e

11 7 4
—I1 —1|+—=1 +2)— +C
3 3

log|x—1|— - +C

5. (a) %log|1—sinx|—%|1+sin x|

! log‘l—\/asinx‘+L2log‘1+\/§sinx‘+C

42 42

MATHEMATICS 371



MODULE - VIl
Calculus

Notes

N W

(b)

I1.

13.

14.

16.

18.

20.

22.

23.

24.

25.

TERMINAL EXERCISE

secx—cosecx+C
—cotx—tanx+C
4tan”' x—sin”' x+C

—cotx—x+C

x+cosx+C

—cos(3x+4) iC

3
v T
cosec| x—— |—cot| x——
( 4j ( 4j

log‘tan_l x‘ +C

NG

%log|3+4log sin x|+ C

X —X

2logle? —e? |[+C

—cose*+C

2Jtanx +C

Ly (25—9x2)+§sin—1(§xj+c
6 6 5

%(X—a)\ﬂax—xz +%a2 sin_l(x_

a

Wil +d 2 |\Brefii+d
— +Zlog
2 NG \ 2

X
10g|secx+tanx|—2tan§+C

§+

Integration

+C

2. sinx—cosx+C
4. tanx—cotx—4x+C
6. tanx—x+C
8. x—cosx+C
sin(7x—7)
10. —F+C
7
tan (2x+b)
12. —+C
2
X
15. log|log tanE +C

17. %log|log tan x|+C

| !
19. —sec  x+C
0 4

2
21. —“sz+3+c

aj+C

C

w
N
()
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Nox+1 1 >
26. T+glog‘3x+ 1492 |+C Calculus
27. {%x\/xz—az +%a2 log|x++/x* —a’ :|+C
Notes
tan[ j
1. _,(tanx
—tan +C
28. ) ( ) j 29.
1. (x-3
30, Stan I(XTJ+C 31. %tanl(Ztanx)+C
a X—a 1 9+x* -3
x+=lo +C —logl————+|+C
32. 2 gx+a 3. 12 \/9+—x4+3
|\/§+tanx| 1 |tanx \/_|
34. ‘f tanx‘ 35. ‘tanx+\/7‘
1
36. —tan(ax+b)+C 37.  log|(2+logx)[+C
a
1 6 .
38. glog(1+x )+C 39. 10g|smx+cosx|+C
1
40. log|log(sinx)|+C 41. Zlog|a+btanx|+C
1sin2x 1
42.  —log[l+cosx|+C 3. 5 tox+C
4 cos +cos3x+c 45 1 sin2x lsin8x+c
. —cosx .= -=
2 2 2 8
1., sin’x 1 . .
46. s’ x = +C 47. 3—2[12x—851n2x+s1n4x]+C
tan” x
48. tan x —secx+C 49 +10g|cosx|+C,
-1
50. —————+C 51. log +C
COS X +sin x 1+cotx
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52.

54.

56.

38.

59.

60.

62.

64.

66.

68.

70.

72.

74.

76.

%log‘x2+sin 2x+2x‘+C 53
log|log sin 9|+C 5.
log|cos 6 +sin 6]+ C 57.

mlog‘az sin” x+b* cos? x‘ +C

Llo Sec(x—£j+tan(x—£j+c
VR .
e‘cos x+C ol.
lese 63
" .
xsin'x 1

+—log|[l—x*|+C 65
Vi-x* 2 ‘
xe* [log(xex)—1}+c 67.
1 e’

2

xlog|x+1|—x+log|x+1|+C

—%10g|cos6’—2|—%10g|cos€+1|+ C 73.

ﬁ{tanl [%) +tan™' (\/ﬂ)} +C 75,

X

log +C

X

1-e

_e"—ﬁ(2sin2x+cos2x)+C 69.

71. %10g|x—1|—

Integration

log |tan 0| +C.

l tan™' 2x
2

e'secx+C

—lx2+C
2

3
%xg (logx—%j+c
3 3
_Llog|x|+log|x|—log|x+1|+C
I+x

%[cos (log x) +sin (log x) |+ C

+§log|x+3|+C

1
2(x—1)

5

llog +C

5

X +1

2+log x)’
(2+1og x) i

lo
g 1+logx

MATHEMATICS



=
311en31

DEFINITE INTEGRALS

In the previous lesson we have discussed the anti-derivative, i.e., integration of a function.The
very word integration means to have some sort of summation or combining of results.

Now the question arises : Why do we study this branch of Mathematics? In fact the integration
helps to find the areas under various laminas when we have definite limits of it. Further we will
see that this branch finds applications in a variety of other problems in Statistics, Physics, Biology,
Commerce and many more.

In this lesson, we will define and interpret definite integrals geometrically, evaluate definite integrals
using properties and apply definite integrals to find area of a bounded region.

<
AS

©)

OBJECTIVES

After studying this lesson, you will be able to :

define and interpret geometrically the definite integral as a limit of sum;
evaluate a given definite integral using above definition;
state fundamental theorem of integral calculus;

state and use the following properties for evaluating definite integrals :

b a C b C
G jf(x)dx:—jf(x)dx (ii) If(x)dx+jf(x)dx=.[f(x)dx
a b a a b
2a a a
(i) If(x)dx=If(x)dx+ff(2a—x)dx
0 0 0
b b
(iv) If(x)dx :J-f(a+b—x)dx
a

a

) J.f(x)dx :Jf(a—x)dx
0 0

2a a
(vi) jﬂxhn=2ﬁWXMMﬂW(%—x)=ﬂx)
0 0

=0if f(2a—-x)=—-f(x)
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Definite Integrals

a a
(Vi) I f(x)dx = ZI f (x)dx iffis an even function of x
—a 0
= (0 if fis an odd function of x.

° apply definite integrals to find the area of a bounded region.

EXPECTED BACKGROUND KNOWLEDGE

. Knowledge of integration

. Area of a bounded region

31.1 DEFINITE INTEGRAL AS A LIMIT OF SUM

In this section we shall discuss the problem of finding the areas of regions whose boundary is
not familiar to us. (See Fig. 31.1)

L

Fig.31.1 Fig.31.2

Let us restrict our attention to finding the areas of such regions where the boundary is not
familiar to us is on one side of x-axis only as in Fig. 31.2.

This is because we expect that it is possible to divide any region into a few subregions of this
kind, find the areas of these subregions and finally add up all these areas to get the area of the
whole region. (See Fig. 31.1)

Now, let f(x) be a continuous function defined on the closed interval [a, b]. For the present,
assume that all the values taken by the function are non-negative, so that the graph of the
function is a curve above the x-axis (See. Fig.31.3).

MATHEMATICS
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Fig. 31.3

Consider the region between this curve, the x-axis and the ordinates x =aand x =b, that is, the
shaded region in Fig.31.3. Now the problemis to find the area of the shaded region.

In order to solve this problem, we consider three special cases of f(x) as rectangular region,
triangular region and trapezoidal region.

The area of these regions = base x average height
In general for any function f (x) on [a, b]
Area of the bounded region (shaded region in Fig. 31.3 ) = base x average height

The base is the length of the domain interval [a, b]. The height at any point x is the value of f (x)
at that point. Therefore, the average height is the average of the values taken by f'in [a, b]. (This
may not be so easy to find because the height may not vary uniformly.) Our problemis how to
find the average value of fin [a,b].

31.1.1 Average Value of a Function in an Interval

If there are only finite number of values of fin [ a,b], we can easily get the average value by the
formula.

Average value of fin [, b] = Sum of the values of fin[a,b]

Numbers of values

But in our problem, there are infinite number of values taken by fin [ a, b]. How to find the
average in such a case? The above formula does not help us, so we resort to estimate the
average value of fin the following way:

First Estimate: Take the value of fat 'a' only. The value of fat ais f (a). We take this value,
namely f'(a), as a rough estimate of the average value of fin [a,b].

Average value of fin [a, b] (first estimate ) =f (a) (1)

Second Estimate: Divide [a, b] into two equal parts or sub-intervals.

Let the length of each sub-intervalbe h, h = b-a .

Take the values of f at the left end points of the sub-intervals. The values are f(a) and f(a + h)
(Fig.31.4)
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YA
| i :
| ! |
| | 1
f(a) - fa+h), |
] 1
| | i
| ! i
1 L 1 > X
o) (a+h) b
Fig.31.4

Take the average of these two values as the average of fin [a, b].

Average value of fin [a, b] (Second estimate)

_f(a)+f(a+h) _b-a .
B 2 - = @

This estimate is expected to be a better estimate than the first.

Proceeding in a similar manner, divide the interval [a, b] into n subintervals of length h

b—a
(Fig. 31.5), h =

YA
/E/—E—\ﬂ
1 [ : [
oo =1
IA:E: QI'
- |l'
§l+:+: = b
b4 i
P S0
oo =
! ' : L » X

) aa+ha+2h a+(®m-Dh b

Fig. 31.5

Take the values of f at the left end points of the n subintervals.

The values are f (a), f(a+h),...... ,f[a+ (n-1) h]. Take the average of these n values of f in
[a, b].

Average value of fin [a, b] (nth estimate)
f(a)+f(a+h)+..... +f(a+(n—-1)h) b—a

- . h= (i)
n n

For larger values of n, (iii) is expected to be a better estimate of what we seek as the average
value of fin [a, b]

Thus, we get the following sequence of estimates for the average value of fin [a, b]:

MATHEMATICS
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f(a)

%ﬁ(ﬂ+¢(a+hn, h=b;a
%ﬁ(@+ﬁ(a+hyuwa+2h”, h=b;a
1 ...... -
—[f(a)+f(a+h)+.... +ffa+(n—-1)h}], h=

As we go farther and farther along this sequence, we are going closer and closer to our destina-
tion, namely, the average value taken by f'in [a, b]. Therefore, it is reasonable to take the limit of
these estimates as the average value taken by fin [a, b]. In other words,

Average value of fin [a, b]

lim S{f(a)+f(a+h)+f(a+2n)+.tflat(n-1)h]},

n—oo 1Nl

(iv)
It can be proved that this limit exists for all continuous functions f on a closed interval [a, b].

Now, we have the formula to find the area of the shaded region in Fig. 31.3, The base is

(b — a ) and the average height is given by (iv). The area of the region bounded by the curve f
(x), x-axis, the ordinates x=aandx=b

—(b-a) lim ~{f(a)+f(a+h)+f(at2h)+..+flat(n-1)h]},

n—oo 1N

liml[f(a)+f(a+h)+ ........ +f{a+(n—l)h}],h:b—a

n—0n n

)

We take the expression on R.H.S. of (v) as the definition of a definite integral. This integral is
denoted by

If(x)dx

b

read as integral of f (x) from a to b'. The numbers a and b in the symbol I f(x)dx are called
a

respectively the lower and upper limits of integration, and f (x) is called the integrand.

Note: In obtaining the estimates of the average values of fin [a, b], we have taken the left end
points of the subintervals. Why left end points?
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Why not right end points of the subintervals? We can as well take the right end points of the
subintervals throughout and in that case we get

(b—a) lim L{f(a+h)+f(a+2h)+

n—oo N

b
If(x)dx

=limh[f(a+h)+f(a+2h)+
h—0

2
Example 31.1 Findj x dx as the limit of sum.

1

Solution : By definition,

(b—a) lim ~[f(a)+f(ath)+

n—oo 1N

b
jf(x)dx +f{a+(n—-1)h}],

1
Herea=1,b=2,f(x)=xand h =

2
jxdx: lim —

| 1[f(1)+f(

n—oco N
1+(

1+l
n

1+—

J

n

lim
n—oo

—+

+1+(1

n times n

lim
n—>co

lim
n—oo

n

.1
lim —
n—eo N |

[Sincel+2+3+....+(n—1):

) 1[3n—1}
= lim —

n—eo N 2

. [3 1} 3
=lm|—-—-—|=—=
n—ooe| 2 2n 2
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2
Example 31.2 gl I e*dx as limit of sum.
0
Solutions : By definition
b
If(x)dxzlimh[f(a)+f(a+h)+f(a+2h)+ ..... +f{a+(n-1)h}]
h—0
a
b—a
where h =
n
Herea:O,b:2,f(x)=e"andh:2_0:g
n n
2
[eXdx = lim h[f(0)+f(h)+f(2h)+ ...+ f(n—1)h]
0 h—0
= lim h[eo +el +e2h 4 . +e(n_l)h]
h—0
(") -1
= lim h| €’
h—0 eh—l
s 2 n-1 (rn—lﬂ
Since a+ar+ar” +....... + ar =a 1
r_
nh _ 2
- mnh{eh 1}:1m1% —ff—i—
I
h
el -1 e?-1
lim =
h—0 el — 1 1
h
h
e’ —1
- lim =1
=e? -1 { h—0 h }

Inexamples 31.1 and 31.2 we observe that finding the definite integral as the limit of sum is quite
difficult. In order to overcome this difficulty we have the fundamental theorem of integral calculus
which states that

Theorem 1: If fis continuousin [ a, b] and F is an antiderivative of fin [a, b] then

b
[t(x)dx=F(b)-F(a)
a

The difference F (b) —F (a) is commonly denoted by [ F( x ) ]]: so that (1) can be written as

b
J.f(x)dsz(x)]:or[F(x)]:

d
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In words, the theorem tells us that

b
J. f (x) dx = (Value of antiderivative at the upper limit b)
a

—(Value of the same antiderivative at the lower limit a)

| :e11111) (SR B Evaluate the following

N3

2
2
(a) J.cosx dx (b) Ie *dx
0 0
Solution : We know that

J. cosxdx =sinXx + ¢

T

cos x dx = [sinx]g

o—la

—sinX—sin0=1-0=1
2
22 er 2
X _ .o X — X
(b) Ie dx—{z}, [.Iedx—eJ

(55

Theorem 2: If f and g are continuous functions defined in [a, b] and c is a constant
then,

b b
() Icf(x)dx:cjf(x)dx

b b b
(i) “f(x)+g(x)]dx=If(x)dx+jg(x)dx

a a

b b b
i | [F(x)-g(x)]dx = [f(x)dx-[g(x)dx

a

2

Evaluate | (4x% = 5% +7 ) dx
0
2 2 2 2
Solution : J.(4X2 -5x + 7)dx = I4X2dX —ISX dx + I7 dx
0 0 0 0
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2 2 2
= 4J' x2dx — SI xdx + 7Jl dx
0 0 0

3T 2 5
B
_ .(%j—s(%)w(z)

=32 10114
3
_ 44
3
r1
WX CHECK YOUR PROGRESS 31.1
5 1
1. Find I( X +1) dX 5 the Timit of sum. 2. Find ,[ e* dX a5 the limit of sum.
0 -1
i T
4 2
3.  Evaluate (a) I sin x dx (b) J (sinx + cos x ) dx

2
) [ (4% =5x% + 6x +9) dx

31.2 EVALUATION OF DEFINITE INTEGRAL BY

SUBSTITUTION

The principal step in the evaluation of a definite integral is to find the related indefinite integral.
In the preceding lesson we have discussed several methods for finding the indefinite integral.
One of the important methods for finding indefinite integrals is the method of substitution. When
we use substitution method for evaluation the definite integrals, like

3 ki
J' T sin x
2 0 1 + cos? x

the steps could be as follows :
(1  Make appropriate substitution to reduce the given integral to a known form to integrate.
Write the integral in terms of the new variable.

(i) Integrate the new integrand with respect to the new variable.
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@)  Change the limits accordingly and find the difference of the values at the upper and lower
limits.

Note: If we don't change the limit with respect to the new variable then after integrating
resubstitute for the new variable and write the answer in original variable. Find the values of
the answer thus obtained at the given limits of the integral.

| Be1i11) RIS Evaluate the following :

T '
2 . 2 . 2

@ J- sin X dx (b) J- sin 20 o (© J~ dx
0 0 0

sin* @ + cos* 0 5+ 4cosx

Solution : (a) Letcosx=t then sinxdx=-dt

T T
Whenx=0,t=1and X = E’t = 0. As x varies from 0 to E,tvariesfromlto().

4] 4
P b
e | — a0
o sin” 0 +cos™ 6 o(sin29+00529) —25sin% 0 cos? O

sin 20

do
1—2sin?0cos? 0

Il
S — 3

sin 20 d6
1—2sin29(1—sin29)

Il
S =3

Let sin?@=t
Then 2sinBcosOdO = dt i.e. sin 20 d6 = dt

T
,t =1.As gvaries from O to -, the new variable t varies

When 9 =0,t =0and 6 = >

from Oto 1.

ki
2
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1
1 1 1
I=[———— dt=[ — 4
{1—2t(1—t) 02¢2 2t +1
1
1 1 1
1 1 1=—| dt
1=— dt
2J. > 20

¢ 1
11 1 _5
_E,I tan —l ':tan ll_tan l(—l):|
2 2 0
_E_(_Ej_n
4 4) 2
l—tan25
(c) We know that cos x =—)2(
1+ tan? =
2 T
2 2
.[5 41 =J' dX
0 + 4 cos X 0 4(1 can )
5+
( +tan )
n
2 sec (%)
=l )
09+tan (Ej
Iﬁt tan— =1t
T
Then Sec2%dxz2dt when x = 0, tzO’WhenXZE,t=1
T
2 | -
.[ o dx = Zj 3 dt [From (1)]
05+4c0sx 09+t

=—| tan — = —| tan —
3 3], 3 3
31.3 SOME PROPERTIES OF DEFINITE INTEGRALS

The definite integral of f (x) between the limits a and b has already been defined as
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If(x)dx =F(b)—-F(a),Where (%([F(x)]:f(x),

where a and b are the lower and upper limits of integration respectively. Now we state below
some important and useful properties of such definite integrals

Notes

0 jf dx—jf (u)jf )dx = —[f(x)dx
b

C b
(i) jf(x)dxzjf(x)dx+jf(x)dx, where a<c<b.

C

W) jf dx—jf a+b-x)dx

a

v) If(x)dx:J-f(x)dx+jf(2a—x)dx
0

0
(vi) J.f(x)dX:If(a—x)dx

0, iff(2a—x)=-f(x)
(vii) 2[f(x)dx, iff(2a—-x)="f(x)
0

0, if £ ( x)is an odd function of x

(vii) ZI f(x)dx, if f(x)isaneven function of x

0

Many of the definite integrals may be evaluated easily with the help of the above stated proper-
ties, which could have been very difficult otherwise.

The use of these properties in evaluating definite integrals will be illustrated in the following
examples.

| 11110 IR NN Show that

X —_—
logltanx | dx =0 (b) J-1.|_Sinxdx_7t
0

(a)

O = | 3

386
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Solution: (a)Let 1= |logltanx |dx

S e—

a

a
Usingthepropertyjf(x)dX = If(a— x ) dx, we get
0 0

log (cot x ) dx

L]

Il
o — |3

[~

©)

0Q
TN

=

=
TN
|

|

>
—
~—

o

]

Il
S| a3

a2

R
2 ] 2

= Ilog(tanx)_ dx =—Ilogtanxdx
0 0

=1 [Using (i)]

O — |3

(i)

ie. =0 or logltanx Idx =0
z X
——dx
(b) -[1+sinx
0
z X
[=|——dx :
Let -([1+sinx @
- P X a a
I= — dx f(x)dx =|f(a—x)dx
J.01+sin(7'l:—x) g (x) £ ( )
RSN
01+sinx (1)
Adding (i) and (ii)
TX+7m—x = 1
2I=I+dx=nJ+dx
1+ sin x 1+ sin x
0 0
% 1-sinx
S e LLIPN
Ol—sin X
T
:nj(seczx—tanxsecx)dx
0
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MODULE - VI _ nftanx - secx "
0
Calculus
=n[(tanm — secn:) —(tan 0 —sec0)]
=n[0-(-1)-(0-1)]
=2n
Notes | -~ I=mn
I el ERIWA Evaluate
T T
2 p 2
@ J- v/sin x dx J- sin X — COS X dx
O\/sinx + Jcos x 1+ sin x cos x
T
2 .
Solution : (a) Let I = SR X gx ()

'([ \/sin X + x/cos X

s1n *—X

\/sm *—X \/COS

(Using the property ,[ f (

Also 1= dx

Se— a3

N\:-l

) dx —If a—x)dx)

VCOS X

Jcos x + +/sin x

dx (1)

S e— 8

Adding (i) and (ii), we get

la

2
ol = \/SlIlX-f-\/COSXdX _

1.dx
Vsin x + ~/cos x

S =3

(=)
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- MODULE - VIlI
. 2 Jsinx - Calculus
1.e. J. dx = —
Ox/sinx + Jcos x 4
n
2 sin X — cos x .
(b)Let T = j ST dx @) Notes
0 1 + sin X cos x

dx (1)

n

2 .
_J- COS X — sin X

O1+cosxsinx

Adding (i) and (i), we get

sin X — COS X COS X — sin X

S =3
o3

21 = - + - dx

1 + sin X cos X 1+ sin x cos x
r
2 §in X — COs X + COs X — sin x

=j - dx
0 1 + sin X cos X

=0

I1=0

2

a X 3
xe
1) CRIEE Evaluate (a) I [+ <2 dx () I |x +1]dx

2 2

X X
Xe f(—X)=—Xe

Solution : (a) Here f(x)=

2 2

1+ x 1+ x
=~ (x)

-, f(x) isanodd function of x.

2
a X
| xe S dx =0
S lx
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3
(b) I|x+1|dx
-3

| +1| x+1Lif x >2-1
X =
—-x—-Lif x < -1

3 -1 3
J. |X + 1|dX = J. |X + 1|dX + I |X + 1|dX, using property (iii)
-3 -3 -1

-1 3
= I(—x—l)dx+ I(x+1)dx

-3 -1
-1
=|—-—-x| +|—+x
2 -3 2 -1
1 9 9 1

=——+14+=--3+—-+3-—+1=10
2 2 2

L

2
IR el CRIRE Evaluate I log (sin x ) dx
0

0 a

Solution : Let I = I log (sin x ) dx @)

0
T
2 T
Also 1= I log [ sin ( 5 - X j } dx, [Using property (iv)]
0

T
2

= Ilog(cosx)dx (ii)
0

Adding (i) and (ii), we get

21 = [[log(sinx)+log(cosx)]dx = | log(sinx cosx)dx

S e— 3
S =3

T

n L
2 : 2 2

= Ilog(smzxjdx = Ilog(sian)dx —J.log(2)dx
0 0 0

MATHEMATICS



Definite Integrals

n
2 T
= [log(sin2x ) dx — = log 2 (i)
2
0
T
2
Again, let I = j log ('sin 2x ) dx
0
1
Put 2x =t . dxzadt
T
Whenx=0,t=0and X = E,t =T
1 L’
[, = —Ilog(sint)dt
2
0
L
1 2
=3 .2I log (sint)dt, [using property (vi)]
0
T
1 2
=3 .ZI log (sin x ) dt [using property (i)]
0
- I =1 [from@()] ... (iv)
Putting this value in (iii), we get
T T
2l=1—-—log?2 [=—-——log?2
> g = ) og
T
2 T
Hence, I log (sin x )dx = —Elog 2
0
LG J CHECK YOUR PROGRESS 31.2
Evaluate the following integrals :
L g f2x+3
1 jxex dx 2. J'd—x 3 I 5 dx
0 05+4sinx 0 ox” +1
T
5 2 B .
4. [Ix+2]dx 5. Jx2-xdx 6. [ —""— dx
-5 0 o Cos X + sin X
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T T
2 t xe 2
dx ;
7. I log cos x dx 8. .[ 1+ <2 9 I sin 2x log tan x dx
0 0
L
2
0. | _Co5 X dx
01+smx+cosx

31.4 APPLICATIONS OF INTEGRATION

Suppose that f and g are two continuous functions on an interval [a, b] such that f (x ) < g(x)

for x € [a, b]thatis, thecurve y=1f(x) does notcross under the curve y=g (x) over [a, b ].
Now the question is how to find the area of the region bounded above by y = f (x), below by y
=g (x), and on the sides by x=aand x =b.

Again what happens when the upper curve y = f (x) intersects the lower curve y = g (x) at either
the left hand boundary x = a, the right hand boundary x =b or both?

31.4.1 Area Bounded by the Curve, x-axis and the Ordinates

Let AB be the curve y =f (x) and CA, DB the two
ordinates at X = a and x = brespectively. Suppose y B
= f (x) is an increasing function of x in the interval

a<x<b.
Let P (x, y) be any point on the curve and

Q(x + 8x, y + dy) a neighbouring point on it.
Draw their ordinates PM and QN.

Here we observe that as x changes the area (ACMP) ¢
also changes. Let

A=Area (ACMP)

Then the area (ACNQ)= A + A .

The area (PMNQ)=Area (ACNQ) — Area (ACMP)
= A+ 0A - A =0A

Complete the rectangle PRQS. Then the area (PMNQ) lies between the areas of rectangles
PMNR and SMNQ, that is

SA liesbetweeny 3 x and (y + dy ) Ox

SA
= S lies betweeny and (y + 8y )

MATHEMATICS
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MODULE - VI
In the limiting case when Q — P, dx — 0 and dy — 0. Calculus

. O0A li

Iim — |4 1m (y+SY)
s ox lies between y and Sy—0
dA
- = Notes

dx Y

Integrating both sides with respect to x, from x =ato x =b, we have
b b
dA b
dx =| —-dx =[A
£ y £ " [A]

= (Area when x = b) — (Area when X = a)
= Area (ACDB) -0
= Area (ACDB).
b
Hence Area (ACDB) = If (x)dx
a

The area bounded by the curve y = f (x), the x-axis and the ordinates x=a, x=bis

b b
If(x)dxorjydx
a a

where y = f (x) is a continuous single valued function and y does not change sign in the interval
a<x<b.

|11 ERIW N Find the area bounded by the curve y = x, x-axis and the lines x =0, x = 2.

Solution : The given curveis y = x

AY
.. Required area bounded by the curve, x-axis and the y=x
ordinates x = 0, x = 2 (as showninFig.31.7) is
2
J. x dx
0
2
2
- { X } 0 -
5 < >
0 Fig. 31.7
=2 — () = 2 square units x=0 x=2
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IDETTRIBEN Find the area enclosed by the circle x? + y? = a2, and x-axis in the first

quadrant.

. . YA
Solution : The given curve is x“ + y2 =a?, ©,2)

which is a circle whose centre and radius are
(0, 0) and a respectively. Therefore, we have to

2

find the area enclosed by the circle x? + y? = a2,

the x-axis and the ordinates x =0 and x = a. ©.0)
a X' ’ o > X
Required area = I y dx (2, 0)
0
a
= I a? — x2dx
0 Fig.31.8
(- yis positive in the first quadrant) vy

2 a
X a R X
=| — 32 —X2 + —ss1in ](—j
2 2 a) |,

2 2
0+ sin'1-0-2sin""0
2 2
3.2 T A | T .
2 2 |wesinn'l=—,sin""0=0
22 2
naz )
= T square units

e\
L'L § CHECK YOUR PROGRESS 31.3

1. Find the area bounded by the curve y = x 2, x-axis and the lines x =0, x =2.

2. Find the area bounded by the curve y = 3 x, x-axis and the lines x =0 and x = 3.

31.4.2. Area Bounded by the Curve x =f (y) between y-axis and the Linesy=c,y=d

Let AB be the curve x=f (y) and let CA, DB
be the abscissae at y =c, y=drespectively.  y|D B

Let P (x, y) be any point on the curve and let S1Q(x + 8x, y + 8y)

Q(x + dx, y + dy ) beaneighbouring point M R
on it. Draw PM and QN perpendiculars on P(x, y)

y-axis from P and Q respectively. As y changes, A

the area (ACMP) also changes and hence

clearly a function of y. Let A denote the area

(ACMP), then the area (ACNQ) will be © Fig. 31.9 *

A + JA.
The area (PMNQ) = Area (ACNQ) — Area (ACMP)= A + A — A = 8A .

MATHEMATICS
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Complete the rectangle PRQS. Then the area (PMNQ) lies between the area (PMNS) and the | MODULE - VIII
area (RMNQ), that is, Calculus
SA liesbetween x 8 y and (x +8x)d8y
O0A
= 5_y lies between x and X + 8 x
In the limiting position when Q — P, 6x — 0 and ,°, Notes
0A .
lim — g lim (x + ox
Sy—0 By lies between x and 5x—0 ( )
dA_
— D?y =X
Integrating both sides with respect to y, between the limits ¢ to d, we get
d d
dy
C C
d
= :[ A]C
= (Area when y =d) — (Area wheny =¢)
= Area (ACDB) —0
= Area (ACDB)
d d
Hence area  (ACDB) = _[ xdy = I f(y)dy
C C
The area bounded by the curve x = f(y ), the y-axis and the linesy=candy=d is
d d
[xdy o [f(y)dy
C C

where x =f('y ) is a continuous single valued function and x does not change sign in the interval
c<y<d.

IB el ERINPA Find the area bounded by the curve x =y, y-axis and the lines y =0, y = 3.

Solution : The given curve is x =Y.
.. Required area bounded by the curve, y-axis and the lines y =0, y=3 is

x dy Ay

Il
M1 O O—=——Ww
<
[
<

) |“<N

0 Fig. 31.10

Il
o | \©
I
o
«
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9
= - Square units

| NN IRIW K] Find the area enclosed by the circle x? + y? = a? and y-axis in the first
quadrant.

Solution : The givencurve is x> + y2 = a, whichis a circle whose centre is (0, 0) and radius

a. Therefore, we have to find the area enclosed by the circle x? + y? = a?, the y-axis and the

abscissae y =0, y = a.

a YA
Required area = I x dy (0, a)
0
a
= .[ Ja? —y? dy
/< » X
0 X (0] (a, 0)

(because x is positive in first quadrant)

2 a
= a2 —y2 4 %sin‘1 (XH Fig. 31.11

2 a) |,

2 2
0+ sinl1-0-2-¢in"0
2 2

2 T
=2 square units ( sin~! 0 =0,sin"'1 = —j
4 2
Note: The area is same as in Example 31.11, the reason is the given curve is symmetrical
about both the axes. In such problems if we have been asked to find the area of the curve,
without any restriction we can do by either method.

ID eI ERIMER Find the whole area bounded by the circle X2 + y2 =a’.

2

2 4y?=a’ y

Solution : The equation of the curve is x

The circle is symmetrical about both the axes, so the whole B
area of the circle is four times the area os the circle in the
first quadrant, that is,

Area of circle =4 x area of OAB X
A’ (@) A
na’
=4x e (From Example 12.11 and 12.13) = 542
square units b Fig. 31.12
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IB el ERINER Find the whole area of the ellipse

2 2
X—2 + y_2 =1
a b
Solution : The equation of the ellipse is
2 2
X—2 + y_2 =1
a b

The ellipse is symmetrical about both the axes and so the whole
area of the ellipse is four times the area in the first quadrant, that is,
Whole area of the ellipse =4 x area (OAB)

In the first quadrant,

y
Now for the area (OAB), x varies from 0 to a A/Q/ =

a
Amm(OAB):IYdX
0

a
:EI a2 — x2 dx
a9

b_X 2 X :
=—| Z+a%-x? +a—sin_1(—j
a_2 2 a

2 2
:E O+a—sin_11—0—a—sin_10
a 2 2

_ abm

=
Hence the whole area of the ellipse

:4Xab_n
4

= mab. square units

31.4.3 Area between Two Curves
Suppose that f (x) and g (x) are two continuous and non-negative functions on an interval [a, b]
suchthat f (x) > g(x) forall x e [a, b] thatis, the curve y=f(x) does not cross under the

curve y=g (x) for x € [a, b]. We want to find the area bounded above by y=f(x), below by
y =g (x), and on the sides by x =aand x =b.
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Let A= [Areaundery = f(x)] —[Areaundery °} y=f(x)
=z L. (1)
Now using the definition for the area bounded

by the curve y = f ( x ), x-axis and the ordi-

i y=g(x)
nates x =a and x = b, we have !
Area under i
FGO = Fr(x)d o == T
y=ix _£ L - 2) Fig. 31.14
b
Similarly,Areaunder ¥ = € (x) = [g(x)dx 3)
a
Using equations (2) and (3) in (1), we get
b b
A=jf(x)dx—jg(x)dx
a a
b
= [[f(x)-g(x)]dx (4)

What happens when the function g has negative values also? This formula can be extended by
translating the curves f (x) and g (x) upwards until both are above the x-axis. To do this let-m be
the minimum value of g (x) on [a, b] (see Fig. 31.15).

Since g(x)2-m = g(x)+m=20
1 T
y=1f® i |
1 |
: ! i Area i
E Area i i :
i {X=b i |
Ox=a: /i > X X=ai y=g(>Mx=b
1 : > X
(0]
— y=g(x)
Fig. 31.15 Fig. 31.16

Now, the functions g (x ) + m and f (x) + m are non-negative on [a, b] (see Fig. 31.16). It
is intuitively clear that the area of a region is unchanged by translation, so the area A between f

and g is the same as the area betweeng (x ) + m and f (x)+ m  Thus,

A=[areaundery = [f (x) + m]]—[areaundery =[g(x)+m]] ... (5)

MATHEMATICS
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Now using the definitions for the area bounded by the curve y = f (x), x-axis and the ordinates x
=aand x =b, we have

b
Areaundery:f(x)+m:I[f(x)+m]dx ..... (6)
a
b
and Areaundery:g(X)+m:“g(X)+m]dX @)

a

The equations (6), (7) and (5) give
b b
A= I[f(x)+m]dx —I[g(x) + m | dx

b

= [[f(x)-g(x)]dx

a
which is same as (4) Thus,
If f (x) and g (x) are continuous functions on the interval [a, b], and

f (x) 2 g (x),Vx € [a, b], then the area of the region bounded above by y = f (x), below
by y =g (x), on the left by x =a and on the right by x =b is

b
= [[f(x)-g(x)]dx
34 _
=?squareumts

If the curves intersect then the sides of the region where the upper and lower curves intersect
reduces to a point, rather than a vertical line segment.

1D el (RINIE Find the area of the region enclosed between the curves y = x2 and
y=x+6.

Solution : We know that y = x 2 is the equation of the parabola which is symmetric about the
y-axis and vertex is origin and y = X + 6 is the equation of the straight line. (See Fig. 31.17).

Fig. 31.17
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A sketch of the region shows that the lower boundary is y = x2 and the upper boundary is

y=x+ 6. These two curves intersect at two points, say A and B. Solving these two equations
we get

x2=x+6 = x2-x-6=0
= (x=3)(x+2)=0 = x =3,-2
Whenx=3,y=9and whenx=-2,y=4

. The required area = J-_32[(X +6)-x> ] dx

125 .
=~ Suare units

Ih:e10) BRIM VA Find the area bounded by the curves y2 =4x andy=x.

Solution: We know that y2 = 4x the equation of the parabola which is symmetric about the
x-axis and origin is the vertex. y = x is the equation of the straight line (see Fig. 31.18).
A sketch of the region shows that the lower boundary is y = x and the upper boundary is y2 = 4x.

These two curves intersect at two points O and A. Solving these two equations, we get

400

2
y =
L _y=0 y=x
4 y YA
= y=0,4
Wheny=0,x=0and wheny =4, x =4.
1 >
2 o '
Here f (x) =(4x)" ,g(x)=x,a=0,b=4
Therefore, the required area is
iz ) -
0
4
32
_| 4.2 X
3 2
0
_32
3
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8
= 3 Square units

1 921111 (33 B Bl Find the area common to two parabolas x> = 4ay and y2 = 4ax.

Solution : We know that y2 — 4ax and x2 = 4ay are the equations of the parabolas, which

are symmetric about the x-axis and y-axis respectively.

Also both the parabolas have their vertices at the origin (see Fig. 31.19).

A sketch of the region shows that the lower boundary is x? = 4ay and the upper boundary is

y2 = 4ax. These two curves intersect at two points O and A. Solving these two equations, we

have
4
X 57 = dax
16a
= x(x3—64a3)=0
= x =0,4a

Yi

\

x% = 4ay

Hence the two parabolas intersect at point

(0,0) and (4a, 4a).

Here

Therefore, required area

f(x)=+4ax,g(x)

x2

=—,a=0andb =4a
4a

3 4a
2.2+/ax2 B x3
3 12a 1o

_32a%  16a°
3 3

1
:—6a2

3 square units

Fig. 31.19
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r1
L * @l CHECK YOUR PROGRESS 314

1. Find the area of the circle x> + y? =9

2 2

2. Find the area of the ellipse XT + % =1
x2 y?
3. Find the area of the ellipse — +~— =1
25 16
2 x?
4.  Find the area bounded by the curves y“ = 4ax and y = .
a

5. Find the area bounded by the curves y2 = 4x and x? = 4y.

6. Find the area enclosed by the curves y = x2 and y=x+2

74,59
o4l LxT Us sum up

° If fis continuous in [a, b] and F is an anti derivative of fin [a, b], then

b
[f(x)dx =F(b)-F(a)
a
° Iffand g are continuousin [a, b] and cis a constant, then

cf(x)dx=cjf(x dx

a

@

—jf dx+‘[g

a

—
'—h

(111) ]dX —If dX—.[g

/N
&
O =T T BT
—
Hj
—~
N

° The area bounded by the curve y = f (x), the x-axis and the ordinates
X =a,x =bis If(x)dx or Iydx
a a

where y = f ( x ) is a continuous single valued function and y does not change sign in

theinterval 3 < x < b

MATHEMATICS



Definite Integrals

. If f (x) and g (x) are continuous functions on the interval [a,b] and f (x ) > g (x ) ,forall

x € [a,b], thenthe area of the region bounded above by y = f (x), below by y = g (x), on

the left by x =a and on the right by x=b is

b
[If(x)

e\ SUPPORTIVE WEB SITES

—g(x)]dx

http://mathworld. wolfram.com/DefiniteIntegral.html
http://www.mathsisfun.com/calculus/integration-definite.html

Sl TERMINAL EXERCISE

Evaluate the following integrals (1 to 5) as the limit of sum.

b
1. J.de

a

b
2. J.XZ dx
a

Evaluate the following integrals (4 to 20)

2
N N ]
0

|
10. I dx
3
n
2
13. J.sinz'xdx
0

16. jxlog sin x dx
0

sin 2x dx

S e— 8

1
3. j-sin_1 x dx
0

= 1
—deé
11. £5+3cosﬂ

2
14. IX\/X + 2dx
0

LY
17. Ilog(1+cosx)dx
0

12.

15.

18.

O =D

—

x2 +1)dx
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19.

21.

23.
24.

25.

26.

Definite Integrals

dx 20.

-2
sin” x
_ log (1 + tan x ) dx

sin X + cos x

S e—0a
O |3

Find the area bounded by the curve x = y*, y — axis and lines y=0, y=2.
Find the area of the region bounded by the curve y = x* and y=x.

Find the area bounded by the curve y* = 4xand straight line x=3.

Find the area of triangular region whose vertices have coordinates (1,0), (2,2) and (3.1)

2 2
Find the area of the smaller region bounded by the cllipse % + yj =1 and the straight

LX)
—+==1
hne3 )

Find the area of the region bounded by the paralal y = x* and the curve y = |x|

404
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M ANSWERS
CHECK YOUR PROGRESS 31.1
1 ﬁ 2. e— l Notes
' 2 ' e
3 V2 1 b) 2 z g 2
@y O © 3 @ =
CHECK YOUR PROGRESS 31.2
e—1 2 1 1 3 -1
2 ! ~log6 +——tan"' /5
1. > 2. 3tan 3 3. 5 0og 6+ \/g an
4. 29 5, 242 6. —
15 4
T ioe2 1 [E —lo 2:|
7. B og 8. 0 9. 0 10. 513 g
CHECK YOUR PROGRESS 31.3
1 8 i 2. — i
. 3 $q. units L sq. units
CHECK YOUR PROGRESS 31.4
1. 97 Sq. units 2. 67 sq. units 3. 20m sq. units
4 16 > . s 16 . 6 2 .
. 3 Sq. units -3 Sq. units -5 Sq. units
TERMINAL EXERCISE
2 .2 3 .3 2
T a— p, o2 3 2 4. B
2 3 3 4
5.1 6. ~log2 7. = g — -1
2 8 4 2
9 z 10. —lo el 1. — 12. 1-1log2
2 4 %3 4 C 1T
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MODULE - VIlI 2 16 64
Calculus |13 3 14. E( 2++2) 5. o5
2 2
T T
16. ——1log?2 17. — 18. —
> g Ttlog 2 2
Notes 1 T 8
—log(1++2 ~log2 = i
19. NG g( ) 20. 2 g 21. 3 square unit.
1 . .
22. gSquare unit 23.  8+/3 Square unit
3 . 3 .
24, ESquare unit 25. 5(75 —2) Square unit

1
26. 3 Square unit
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DIFFERENTIAL EQUATIONS

Notes

Having studied the concept of differentiation and integration, we are now faced with the question
where do they find an application.

In fact these are the tools which help us to determine the exact takeoff speed, angle of launch,
amount of thrust to be provided and other related technicalities in space launches.

Not only this but also in some problems in Physics and Bio-Sciences, we come across relations
which involve derivatives.

. ds 2 o o ds
One such relation could be E = 4.9 t“ where s is distance and ¢ is time. Therefore, E

represents velocity (rate of change of distance) at time z.

Equations which involve derivatives as their terms are called differential equations. In this lesson,
we are going to learn how to find the solutions and applications of such equations.

r

\Z| OBJECTIVES

After studying this lesson, you will be able to :

. define a differential equation, its order and degree;
o determine the order and degree of a differential equation;
° form differential equation from a given situation;
o illustrate the terms "general solution" and "particular solution" of a differential equation
through examples;
° solve differential equations of the following types :
d d
(i) ~> = () (i) =2 = F(x) g(»)
dx dx
dy _ f(») dy
i) 5 = iv) —=P(x)y + Q(x)
Wax " g(y) Mg y*Q
o find the particular solution of a given differential equation for given conditions.
EXPECTED BACKGROUND KNOWLEDGE
. Integration of algebraic functions, rational functions and trigonometric functions
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32.1 DIFFERENTIAL EQUATIONS

As stated in the introduction, many important problems in Physics, Biology and Social Sciences,
when formulated in mathematical terms, lead to equations that involve derivatives. Equations

2

which involve one or more differential coefficients such as d_ ) d_z (or differentials) etc. and
X X

independent and dependent variables are called differential equations.

For example,
L dy . d%y
@) d_x:COSX (11)dX—2+y=0 (iii) xdx + ydy = 0
2 3
d’y > ( dy j d dy 2
| — | +x°| — | =0 i A T
W) ( dx? ] dx ) dx dx

32.2 ORDER AND DEGREE OF A DIFFERENTIAL EQUATION

Order: It is the order of the highest derivative occurring in the differential equation.

Degree: It is the degree of the highest order derivative in the differential equation.

MODULE - VIlI
Calculus
Notes
408

Differential Equation Order Degree
: dy _ .
(1) ax = s X One One
2
d
(i) (%j +3y% = 5x One Two
2
d’s 5 ( ds 4
(iif) 2 +t e 0 Two Two
, d*v  2dv
(iv) F T =0 Three One
v) (Z_Z] 4+ x3 (3_33/} — sin X Four Two
X X

|B:e) 1) (GRPA W Find the order and degree of the differential equation :

2
d—y+ 1+(
dx? d

dy

X

J]

0
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Solution: The given differential equation is

2 2 2
—d§+ 1+(d—yj =0 o —d2y+ dy =1
dx dx dx2 dx

Hence order of the diferential equation is 2 and the degree of the differential equationis 1.

Note: Degree of a differential equation is defiend if it is a palynomial equation in terms of its
derivatives.

32.3 LINEAR AND NON-LINEAR DIFFERENTIAL EQUATIONS

A differential equation in which the dependent variable and all of its derivatives occur only in the
first degree and are not multiplied together is called a linear differential equation. A differential
equation which is not linear is called non-linear differential equation . For example, the differential
equations

dzy o Py zdy .
dx_2+y_0 and  cos x¥+x &+y—0are]mear.

2
. . . (dy y _ . . dy .
The differential equation Ix + < log X is non-linear as degree of Ix S two.

d?y
dx?

Further the differential equation y — 4 = x isnon-linear because the dependent variable

2
y and its derivative d_;, are multiplied together.
X

32.4 FORMATION OF A DIFFERENTIAL EQUATION

Consider the family of all straight lines passing through the origin (see Fig. 28.1).
This family of lines can be represented by

y=mx .. (1)
Differentiating both sides, we get

dy _

i (2)

From (1) and (2), we get
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d
Soy=mx andy =x d_z represent the same family.

Clearly equation (3) is a differential equation.

Working Rule: To form the differential equation
corresponding to an equation involving two variables,
say x and y and some arbitrary constants, say,
a, b, c, etc.

(1 Differentiate the equation as many times as the Y
number of arbitrary constants in the equation. Fig. 32.1
(i) Eliminate the arbitrary constants from these

equations.

If an equation contains n arbitrary constants then we will obtain a differential equation of n
order.

I D)) CRyWA Form the differential equation representing the family of curves.

y = ax? +bx. e (D
Differentiating both sides, we get
ay_ 2ax+b (2)
X
Differentiating again, we get
d2y
—=2a . 3
2 3)
1 d%y
a=—— . 4
= > dX2 ( )

(The equation (1) contains two arbitrary constants. Therefore, we differentiate this equation
two times and eliminate 'a' and 'b').

On putting the value of 'a' in equation (2), we get

2
dy_ 4y Ly
dx dx?
dy dzy
b=—-x— ..
= Ix 02 (5)
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o .. . ) MODULE - VIII
Substituting the values of 'a'and 'b' given in (4) and (5) above in equation (1), we get
Calculus
2 2
2 dx? dx dx?
2 42 2
x“dy dy o,d7%
=———+xX——X"—=
or y > dX2 dx dX2 Notes
d 2 42
or yox 3y _xdy
dx 2 dx2
2 42
or 4y xg +y=0
2 dx2 dx

which is the required differential equation.

IB.e) i) Ry B Form the differential equation representing the family of curves

y =acos (x+b).
Solution : y=acos(x+b) ... (D)

Differentiating both sides, we get

Y asin(x + b) (2

dx

Differentiating again, we get
2
d_;/ =-acos(x+Db)
dx

From (1) and (3), we get
d2y d2y
—5 =-y or — +y=0
dx?

which is the required differential equation.

| D)1 GRyH B Find the differential equation of all circles which pass through the origin and
whose centres are on the x-axis.

Solution : As the centre lies on the x-axis, its coordinates will be (a, 0).
Since each circle passes through the origin, its radius is a.

Then the equation of any circle will be

(x—al)z+y2=a2 (1)

To find the corresponding differential equation, we differentiate equation (1) and get
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Calculus 2(x-a)+2y_-=0
or x—a+yﬂ:0
dx
_ Yy
Notes | ©T a—y&+x

Substituting the value of 'a' in equation (1), we get

2 2
(X—ycdl—Z—xj +y2=(yg—z+xj

2 2
dy 2 _ 2 ( dy) dy
— | +y =Xx"+|y—| +2xy—
or (ydxj Y ydx ydx
or y2:)(2+2xyd—y
dx

which is the required differential equation.

If an equation contains one arbitrary constant then the corresponding differential equation is
of the first order and if an equation contains two arbitrary constants then the corresponding
differential equation is of the second order and so on.

dr

dt
which is the required differential equation.

'am\
Q CHECK YOUR PROGRESS 32.1

Find the order and degree of the differential equation
dy

or

=x—+1
Y dx
2. Write the order and degree of each of the following differential equations.
4 2
(@) ( s ) + 3s s 0
dt dt?

d?%s ’ ds
(b) F +3 at +4=O
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3. State whether the following differential equations are linear or non-linear.
() (xyz—x)dx+(y—x2y)dy=0 (b) dx +dy =0
(©) d—y:cosx (d) d—y+sin2y=0
dx dx
4. Form the differential equation corresponding to

(x—a)>+(y—b)* =r? byeliminating 'a'and b'.

5. (a) Form the differential equation corresponding to
y2 =m ( a’ —x? )
(b) Form the differential equation corresponding to

y% — 2ay + x> = a2, where ais an arbitrary constant.

(c)  Find the differential equation of the family of curves y = Ae?* + Be™>* where A
and B are arbitrary constants.
(d) Find the differential equation of all straight lines passing through the point (3,2).

(e) Find the differential equation of all the circles which pass through origin and whose
centres lie on y-axis.

32.5 GENERAL AND PARTICULAR SOLUTIONS

Finding solution of a differential equation is a reverse process. Here we try to find an
equation which gives rise to the given differential equation through the process of
differentiations and elimination of constants. The equation so found is called the primitive or
the solution of the differential equation.

(1) If we differentiate the primitive, we get the differential equation and if we integrate the
differential equation, we get the primitive.

(2) Solution of a differential equation is one which satisfies the differential equation.

| el [(RPAW Show that y=C; sin x + C, cos x, where C; and C, are arbitrary

constants, is a solution of the differential equation :
2

d_;/ +y=0
dx
Solution : We are given that
y=C;sinx +Cycosx ... (1)
Differentiating both sides of (1), we get
Q:CI cosx —Cysinx . (2)
dx

MODULE - VIl
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Differentiating again, we get
d? .
—Z:—Clsmx—Czcosx
dx

2
Substituting the values of d_z and y in the given differential equation, we get
X

2
jx—§+y=C1 sin X + C, cos x + (—C; sin x — C, cos x)
d%y
or —+y:0
dx?

In integration, the arbitrary constants play important role. For different values of the constants
we get the different solutions of the differential equation.

A solution which contains as many as arbitrary constants as the order of the differential equation
is called the General Solution or complete primitive.

If we give the particular values to the arbitrary constants in the general solution of differential
equation, the resulting solution is called a Particular Solution.

General Solution contains as many arbitrary constants as is the order of the differential equation.

a
| V111 CRPA N Show that Yy = €X + - (where c is a constant) is a solution of the differential

equation.
RN
dx dy
a
Solution : Wehave y = ¢X + - e (D)

Differentiating (1), we get

dy dx 1
— = _— =
dx = dy ¢
dy dx
On substituting the values of ax and d_y in R.H.S of the differential equation, we have

x(c)+a(l)=cx+3=y

c c
= R.H.S.=L.H.S.
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a
Hence y = ¢X + - is a solution of the given differential equation. Calculus
Example 32.7 RiggeEs 3x2 + C is the general solution of the differential equation
d
% — 6x = 0, then find the particular solution wheny =3, x = 2. Notes

Solution : The general solution of the given differential equation is given as

y = 3x2 +C (D)
Now on substituting y = 3, x =2 in the above equation , we get

3=12+C or C=-9
By substituting the value of Cin the general solution (1), we get

y = 3x%2 -9

which is the required particular solution.

32.6 TECHNIQUES OF SOLVING IN G: A DIFFERENTIAL EQUATION

32.6.1 When Variables are Separable

. . . dy
(i) Differential equation of the type ax f(x)
: : . : dy
Consider the differential equation of the type Fale f(x)
or dy=f(x) dx
On integrating both sides, we get

J.dy = I f(x)dx
y = .[f (x)dx +¢
where c is an arbitrary constant. This is the general solution.

Note: It is necessary to write ¢ in the general solution, otherwise it will become a particular
solution.

I eI )RR Solve

(X+2)QZX2+4X—5
dx

d
Solution : The given differential equationis (X +2) d_z =x? +4x -5
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dy X2 +4x -5 dy X2 +4x+4-4-5
or = or — =

dx X+ 2 dx X+ 2

2
d 9

or g:(x-i_z) J— 9 or _y=X+2_

dx X+ 2 X+ 2 dx X +2

d —(x+2— 2 jdx
or y 12 ) e (1)

On integrating both sides of (1), we have

dy = || x+2 -
'[ Y j ( X +2
where c is an arbitrary constant, is the required general solution.

Example 32.9 NOE

b

2
)dx or y=%+2x—9loglx+2l+c

d_ 2x3 — x
dx
given thaty =1 whenx=0
. - . . dy _ . 3 _
Solution : The given differential equation is ax 2x
or dy = (2x* - x )dx (D)
On integrating both sides of (1), we get
4 2
dy = [(2x3 - x )dx or 222 4
Jay=](2x7 -x) y ;
4 2
X X
or =—-—+C . 2
Y= )

where C is an arbitrary constant.

Since y =1 when x =0, therefore, if we substitute these values in (2) we will get

1=0-0+C = C=1
Now, on putting the value of Cin(2), we get
_ 1 4 2 _ 1 2 2
y—E(x - X )+10r y—Ex (x —1)+1

which is the required particular solution.
d
(ii) Differential equations of the type d_i =f(x) - g(y)

Consider the differential equation of the type

dy
=L = f (x)-
(x) - g(y)
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of g(y)

In equation (1), x's and y's have been separated from one another. Therefore, this equation is
also known differential equation with variables separable.

To solve such differential equations, we integrate both sides and add an arbitrary constant on | Notes
one side.

To illustrate this method, let us take few examples.

Example 32.10 gNOIVE
(1+x2)dy = (1+y2)dx
Solution : The given differential equation
(1+x2)dy = (1+ yz)dx

dy  dx
1+y2 1+x

can be written as 2 (Here variables have been seperated)

On integrating both sides of (1), we get

dy dx
J‘1+y2 _‘f1+x2

-1 1

or tan” y =tan  x +C
where C is an arbitrary constant.

This is the required solution.

|Be) 11 (GRPAIW Find the particular solution of

dy = 2x
dx  3y?+1

wheny (0) =3 (i.e. when x =0, y = 3).

Solution : The given differential equation is
dy __2x > .
dx 3y 41 (3}’ + l)dy = 2x dx (Variables separated) (1)

If we integrate both sides of (1), we get
I(3y2 + 1)dy =IZde,
where C is an arbitrary constant.

y3 +y= x2+C (2
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It is given that, y (0) = 3.
. onsubstituting y=3 and x =0 in (2), we get

27+3=C
C=30
Thus, the required particular solution is

y3+y=X2+30

32.6.2 Homogeneous Differential Equations

Consider the following differential equations :

d d
@ yz +X2d_§: Xyd—z (i) (X3 +y3)dx—3xy2dy =0
o dy X +xy?
(111) dX y2X

d
In equation (i) above, we see that each term except % is of degree 2

[as degree of y2 is 2, degree of x? is2 and degree of xyis 1 + 1 =2]

d
In equation (i) each term except = isof degree 3.

dx

d
In equation (iii) each term except i is of degree 3, as it can be rewritten as

yzxd—yzx3 +xy2
dx

Such equations are called homogeneous equations.

Homogeneous equations do not have constant terms.

For example, differential equation

(x2+3yx)dx—(x3+x)dy20

dy
is not a homogeneous equation as the degree of the function except Ix in each term is not the
X

same. [degree of x2 is 2, that of 3yx is 2, of x3 is 3, and of x is 1]

32.6.3 Solution of Homogeneous Differential Equation

To solve such equations, we proceed in the following manner :
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@) write one variable = v. (the other variable).
(i.e.eithery=vxorx=vy)
(ii) reduce the equation to separable form

(i) solve the equation as we had done earlier.

Example 32.12 NI\

(x2 + 3xy + yz)dx—xzdy =0
Solution : The given differential equation is
(X2 + 3xy + yz)dx—xzdy =0

dy x? + 3xy + y2

or d_x = 2 (1)

It is a homogeneous equation of degree two. (Why?)
Let y = vx.Then

dy dv
— =V+Xx—
dx dx
. From (1), we have
2 2
V+Xﬂ=X + 3x.vx + (vx) or V+X£:X2{l+3v+v
dx x2 dx
or V+Xd—V=1+3V+V2 or xﬂ:l+3v+v
dx dx
d d
or X—V=V2+2V+1 or Z—V:_X
dx vVe+2v+1l X
dv _d_x
or (V+1)2 X e (2)

Further on integrating both sides of (2), we get

v+1

On substituting the value of v, we get

- +log|x|=C which is the required solution.

dx

Note: If the Homogeneous differential equation is written in the form ~— =

qy
x=vy is substituted to find solution.

+ C =log | X | , where C is an arbitrary constant.
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dy
32.6.4 Differential Equation of the type E +py =0 where P and Q are functions of x

only
Consider the equation
d
ZipPy=Q .. (1)
dx

where P and Q are functions of x. This is linear equation of order one.

To solve equation (1), we first multiply both sides of equation (1) by eI Pdx

(called integrating factor) and get

edex ﬂ i Py eIde _ QeIde
dx
d
or — ( ye! Pax ) —QelP (2)
dx
[ i(ye_[de ) _oJPax dy Py.eIde}
dx dx
On integrating, we get
yel P = [Qel P ax v ... 3)
where C is an arbitrary constant,
or y:e—dex[JerdedX+C:|

Note: ej Pdx ig called the integrating factor of the equation and is written as I.F in short.

(1) We observe that the left hand side of the linear differential equation (1) has become

d Pd
ax ( }’ej * ) after the equation has been multiplied by the factor eJ Pdx

(i) The solution of the linear differential equation

dy
— + Py =
ix y =Q

P and Q being functions of x only is given by
yel P = [P ) ax +

d
@) The coefficient of d_z , if not unity, must be made unity by dividing the equation by it

throughout.
(iv) Some differential equations become linear differential equations if y is treated as the
independent variable and x is treated as the dependent variable.
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For example, dx
dy
differential equation of the first order.

In this case LF. = ol Pdy

and the solution s given by

x(IF.) = [Q.(LE. )y + C

D' el RPBRE Solve

ﬂ.'.l:e_x
dx x

Solution : Here P = l ,Q = e * (Note that both P an Q are functions of x)
X

—d
LE (Integrating Factor) ej Pdx _ eJ X elogx — x (x>0)
.. Solution of the given equation is:
yX = jxe_xdx +C

where C is an arbitrary constant

or xy:—xe_X+Je_de+C
or xy =—-xe *—e * +C
or xy=—e *(x+1)+C
x+1) . C
or y=- e "+
X X

Note: In the solution x > 0.

ID el ERPRER Solve :

. .d .
smxd—y+ YCOS X = 2SID2XCOSX

X

Solution : The given differential equation is

. d .
sin x =2 + yCOS X = 2sin? x cos x
dx
dy .
or ——+ycotx =28inXcosx .. (D
dx
Here P =cotx,Q = 2sin X cos X

ILF. = eI Pdx_ eI cotxdx _ glogsinx _ ¢jn x

+ Px = Q, where Pand Q are functions of y only, is also a linear
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y sin X =IZsin2xcosxdx+C

-, Solution of the given equation is:

where C is an arbitrary constant (sin x >0)

. 2 .
or ysmx = 3 sin® x + C, which is the required solution.
2\ dx -1
Example 32.15 NOVE (1 +y )d_y =tan "y -—X
Solution : The given differential equation is
dx
l+y? )= =tan"'y —x

(1452 2 <y

dx _ tan~! y X
or dy 1+y? 1+y?

dx X tan~! y
or dy 1+ y2 1+ y2 (1)

which is of the form j_x + Px = Q, where Pand Q are the functions of y only.
y

IF =P — ¢ 1+y® 7 _ gtanly

Solution of the given equation is:

etan—]y
tan—-ly __ tan—ly
x—e =l—|e dy +c.

I+y

— -1 —
where C is an arbitrary constant let t=tan""y therefore dt = 1+ yz dy
or (eta“ y)x—je tdt + C,
or (etan™'y ) = e—Ie +C
or (etan y)x te' —e' +C

—1 —1 . -1
or ey ) = anly ey _etn”ly L o (onputting t = tan™' y)
or _ -1 _ —tan~! y

x=tan "y —1+Ce
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CHECK YOUR PROGRESS 32.2 Calculus
. . . d2y
1. @ Isy =sin X, a solution of —2+y:O?
dx
. 3 ) dy Notes
() Isy = x’, a solution of x d——4y =07
X
: . . . . dy
2. Given below are some solutions of the differential equation ax = 3x,
State which are particular solutions and which are general solutions.
3
i 2y =3x> ) y= Exz +2
) . 3.2
(i) 2y =3x*+C (iv) y=2x +3
3. State whether the following differential equations are homogeneous or not ?
dy x2
. =7 . 2 2 —
@) X 1442 (i) (3xy+y )dx+(x +xy)dy—0
d
(iif) (X+2)—y= x2 +4x -9 (iv) (x3 —yxz)dy+(y3 +x3)dx =0
dx
o . d’y
4.  (a) Show thaty=asin 2xis a solution of 2 +4y =0
X
3 2 &’y
(b) Verifythat y = X~ + ax” + ¢ is a solution of ) =6
X
5. The general solution of the differential equation
d—yzseczx is y =tanx + C,
dx
Find the particular solution when
T 27
Xx=—,y=1 Xx=—,y=0
@ 1Y (b) 3 Y
6. Solve the following differential equations :
() dy_ x> tan~! (x3 ) (b) 4y _ sin® x cos? x + xe*
dx dx
dy dy 2 .
1+x2 )= =x — = X~ +sin 3x
© ( ) dx d) dx
: : : . x dy :
1. Find the particular solution of the equation € dx =4, giventhaty=3, whenx=0
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8. Solve the following differential equations :
(a) (Xz—yxz)d—y+y2+xy2=0 (b) d—y=xy+x+y+1
dx dx
2 2 dy _ AX—Y -y, 2
(©) sec”xtanydx +sec” ytanxdy =0 (d) w C te’x
9. Solve the following differential equations :
2
(a) (x2+y2)dx—2xydy:O (b) xd—y+y—=y
dx x
[2 2 d .
(C) ﬂ: X y +y (d) —y:X'i‘Sln(Xj
dx X dx x X
dy
10. Solve: —= + ysecx = tan x
dx
11.  Solve the following differential equations :
(a) (1+x2)d—y+y:tan_1x (b)coszxd—y+y=tanx
dx dx
dy

©

xlogx—+y=2logx, x>1
dx

12.  Solve the following differential equations:
d
(a) (x+y+l)—y=1
dx

dx dx dx
[Hint: —— =X+ Y +1lor — —x =y +1 whichis of the form 7— + Px = Q]
dy dy dy

dy _
dx = Y.y>0

T (RIRLN Verify if y — emsin™ ' is asolution of

dly dy 5
(1—x )dx_z_d_x_m y=0

dx » dx X
b (x+2y? Hint: Y — = X +2y° or — —— =2y
(b) ( ) [Hin dy ordy y ]

Solution : We have,

msin_1 X

y=¢
Differentiating (1) w.r.t. x , we get
1

ﬂ _ memsin_ X _ my

dx \/l—x2 \/l—x2
or l—de—y:my

X
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Squaring both sides, we get M%DalIJcLuEh;sV"'
(1 - x? )(d_yjz = m2y?
dx
Differentiating both sides, we get
dy Notes

2 2
—ZX(d—y\J +2(1—x2)d—y u=2m2y—
dx

or —X—+
or

=1, . .
Hence y = ™" X isthe solution of

2
(l—xz)u—xd—y—mzy=0
dx? dx

I e 1 ERYB WA Find the equation of the curve represented by

(y—yx)dx+(x+xy)dy =0

and passing through the point (1, 1).
Solution : The given differential equation is

(y—yx)dx+(x+xy)dy =0
or (x+xy)dy =(yx —y)dx
or x(1+y)dy =y(x—1)dx
1+ x —1
or (1+y) dy = ax (1)
y X

Integrating both sides of equation (1), we get

I[5 JorA(5 )e
or I[l+1jdy =I(1—§jdx ..... @)

y

or logy+y=x—-logx +C
Since the curve is passing through the point (1,1), therefore,

substituting x =1, y=1 in equation (2), we get
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1=1+C
C=0

Thus, the equation of the required curve is

or

logy+y=x—logx

log(xy)=x-y

dy  3e?* +3e™
ID el ERYAEE Solve — = ——————
dx e +e

dy  3e?* +3e™

Solution : We have — =

dx eX +e ¥
3e3X (e7X + X d
or dy _ ( ) or = 33
dx eX e X dx
or dy = 3e3Xdx (H
Integrating both sides of (1), we get
y = j3e3xdx +C
where C is an arbitrary constant.
e3x
or y=33 +C or y=eX+C

which is required solution.

y(1+ax)(1—a2)=x(1—ay)(1+a2)

which is the required solution.

Q)
\ & JCHECK YOUR PROGRESS 32.3

1.

(a)

(b)
(a)

(b)

d? d
Ify = tan~! x , prove that (1 + x2 )dx_}2,+ 2X§ =0
d’y _,dy
=eXsin x» that — —2—+2y =0
y = e” sin x , prove tha dx2 dx y
Find the equation of the curve represented by
d
d_zcl = Xy + X + ¥ + land passing through the point (2, 0)
Find the equation of the curve represented by
dy cos X . . L
dx +ycotx = 5e and passing through the point 3 2
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Differential Equations

s MODULE - VIII

dy 4e’* + 4e*

3. Solve:—=——"—" Calculus

dx e +e*
4. Solve the following differential equations :
(@) dx + xdy = e Y sec? ydy
(b) (1+X2)ﬂ—4x =3cot ! x Notes
dx
_ 2
) (1+y)xydy= (1 - X )(1— y ) dx
74,5
o2l E1 Us sum Up

. A differential equation is an equation involving independent variable, dependent variable
and the derivatives of dependent variable (and differentials) with respect to independent
variable.

. The order of a differential equation is the order of the highest derivative occurring in it.

o The degree of a differential equation is the degree of the highest derivative.

. Degree of a differential equation exists, if it is a polynomial equation in terms of its derivatives.

° A differential equation in which the dependent variable and its differential coefficients
occur only in the first degree and are not multiplied together is called a linear differential
equation.

. A linear differential equation is always of the first degree.

° A general solution of a differential equation is that solution which contains as many as the
number of arbitrary constants as the order of the differential equation.

. A general solution becomes a particular solution when particular values of the arbitrary
constants are determined satisfying the given conditions.

d

o The solution of the differential equation of the type % = f (x) is obtained by integrating
both sides.

d

o The solution of the differential equation of the type d_)}; =f(x) g (¥) isobtained after
separating the variables and integrating both sides.

o The differential equation M (x, y) dx + N (x, y) dy =0 is called homogeneous if
M (x,y) and N ( x, y) are homogeneous and are of the same degree.

. The solution of a homogeneous differential equation is obtained by substituting y = vx or
x =vy and then separating the variables.

. . . dy .
. The solution of the first order linear equation Ix +Py=Qis
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Pd Pd . .
}’CI * = I Q ( eI * ) dx + C, where C is an arbitrary constant.

The expression ef Pdx s called the integrating factor of the differential equation and is

written as ILE in short.

e\ SUPPORTIVE WEB SITES

http://www.youtube.com/watch?v=OWfn-WWV1aY
http://www.youtube.com/watch?vV=6YRGEsQWZzY

qi] TERMINAL EXERCISE

1.

Find the order and degree of the differential equation :

2 4
d?y 2(dy ) _
(a) (dx—zJ X (& =0 (b) xdx +ydy =0
4
(©) j—Z—4j—z+4y=SCos3x (d %=COSX
X
d2 d d?
© P Towv=y ® F+y=0

Find which of the following equations are linear and which are non-linear

dy dy 'y _ »
2 = 2 4+2=y2]
(a) xS (b) G T TV logx
3 2
d?y > ( dy ) dy
-2 +x3 2] =0 4=
(C) ( dX2 J dX (d) X dx X

e dx+dy=0
Form the differential equation corresponding to y? — 2ay + x> = a? by eliminating a.
Find the differential equation by eliminating a, b, ¢ from

y = ax2 + bx + c. Write its order and degree.

How many constants are contained in the general solution of

(a) Second order differential equation.

MATHEMATICS



Differential Equations

(b)
(©)

6.  Showthat y = acos(log x ) + bsin (log x ) is a solution of the differential equation

Differential equation of order three.

Differential equation of order five.

2
234y b

+y=0
dx? dx Y

7. Solve the following differential equations:

(a)

(©)

(e)

sinzxd—y=3cosx+4 (b)

dx

g_i_cosxsmy _

0
dx cosy )

dy

+ytanx = x™ cosmx  (f)
dx

dy

= XY 4 x%e Y
dx

dy + xydx = xdx

(1+y2)j—§=tan_1y—x
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A
@} snswers|

CHECK YOUR PROGRESS 32.1

. Orderis 1 and degree is 1.
2. (a) Order 2, degree 1
(b) Order 2, degree 2
3. (a) Non- linear

(¢c) Linear

2 2\( dy g dy
XxT =2 — | —4xy——Xx
ONR y )( X) vy
d’y . dy
2r 2 _gy=0
(©) o2 dx y

@ y=(x-3)2 42
dx

© (2-y) 2 2y=0
dx

CHECK YOUR PROGRESS 32.2

1. @ Yes

2. (1), (i) and (iv) are particular solutions
3. (1), (iv) are homogeneous

5. (a) y=tanx

(b) y=tanx +3

3

(b)
(d

(i)

(iii) is the general solution

Differential Equations

Linear
Non-linear

No

6. (a) Y=éx6tan_1(x3)—éx +étan_1(x3)+c

5 1 3

(b) y=%cos x—gcos x+(x—-1)e*+C
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MODULE - Vil
1 2 13 1 Calculus
(©) yzalog‘x +1‘+C d) yzgx —gcos3x+C
7. y=—4e X +7
X 1 1 x2
8. logl=|=C+—+— b) |1 +1ll=x+"—+C
@ y Xy ®) Og|y | * 2 Notes
X3
(c) tanxtany =C (d) ey:ex+?+c
9. (@ x=C(x?-y?) () x+cy=yloglxl
() sin”! (lj =log | x 1 +C d tan-L =Cx
X 2x
10. y(secx +tanx) =secx +tanx —x + C
1. (@ y=tan"!x -1+ Ce tanx (b)) y=tanx —1+ Ce nx
=logx +
) ¥ g Jog x
12. (@ x=Ce¥ —(y+2) b x=y>+Cy
CHECK YOUR PROGRESS 32.3
1
2. @ log(y+D)=ox"+x-4  (®) ysinx+5e% =7
3. y=2eic
20 3 (. -1.)?
4. (@ x=eY(C+tany) (b) y:2log|l+x |—5(cot x) +C
2 2
(¢) logx +2log|l—y]| =X——y——2y+C
2 2
TERMINAL EXERCISE
1. (a) Order 2, degree 3 (b) Order 1, degree 1
(c) Order 4, degree 1 (d) Order 1, degree 1
(e) Order 2, degree 1 (f) Order 2, degree 1
2. (a), (d), (e) are linear; (b), (¢) are non-linear
2 2\ (dy Y dy 2
-2 — | -4 — |-x“=0
s (2e2?) [ ] -
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MODULE - VIl By
Calculus 4. R 0, Order 3, degree 1.
X
5. (a) Two (b) Three
(¢) Five
Notes X3
7. (@ y+3cosecx+4cotx=C (b) eyzex+?+C
. X2
(€©) siny = Ce 5% (d) 10g(1—y)+7:C
Xm+1 .
(e) y=m+lcosx+Ccosx ® X:tan_ly—1+Ce_tan y
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MODULE-IX:

Vectors and Three Dimensional Geometry

Lesson-33: Introduction to 3-Dimensional Geometry
Lesson-34: Vectors
Lesson-35: Plane

Lesson-36: Straight Line

Scope and Approach:

There are many physical situations which cannot be described completely by using just one
number. For example, if you know that an aeroplane is travelling at 700 km/h, you may like to
know the direction in which it is flying. In this module you will about vectors that are very
helpful in describing and analyzing many physical situations around us. Earlier you have studied
analytical geometry in two dimensions, now you shall use vector algebra to Three-Dimensional
geometry which helps us to solve different physical situations through geometry. In the end of
this module you shall study about the direction cosines and direction ratios of a line and also
know to find angle between two lines, shortest distance between two lines, the vector and
Cartesian equations of a line and a plane, angle between two planes, angle between a line and
a plane and distance of a point from a plane.







311en33

INTRODUCTION TO THREE

DIMENSIONAL GEOMETRY

You have read in your earlier lessons that given a point in a plane, it is possible to find two
numbers, called its co-ordinates in the plane. Conversely, given any ordered pair (x, y) there
corresponds a point in the plane whose co-ordinates are (x, y).

Let a rubber ball be dropped vertically in a room The point on the floor, where the ball strikes,
can be uniquely determined with reference to axes, taken along the length and breadth of the
room. However, when the ball bounces back vertically upward, the position of the ball in space
at any moment cannot be determined with reference to two axes considered earlier. At any
instant, the position of ball can be uniquely determined if in addition, we also know the height of
the ball above the floor.

If the height of the ball above the flooris 2.5cm
and the position of the point where it strikes
the ground is given by (5, 4), one way of
describing the position of ball in space is with
the help of these three numbers (5, 4, 2.5).

Z
Ball here
i A

Thus, the position of a point (or an article) in i
space can be uniquely determined with the o !
help of three numbers. In this lesson, we will i

v

e

discuss in details about the co-ordinate system

and co-ordinates of a point in space, distance 4em ——>
between two points in space, position of a Y
point dividing the join of two pointsin a given

ratio internally/externally and about the
projection of a point/line in space.

r

\&Z| OBJECTIVES

After studying this lesson, you will be able to :

N
<

o associate a point, in three dimensional space with given triplet and vice versa;
o find the distance between two points in space;

° find the coordinates of a point which divides the line segment joining twogiven points in a
given ratio internally and externally;

° define the direction cosines/ratios of a given line in space;

° find the direction cosines of a line in space;

MODULE - IX

Vectors and three
dimensional Geometry

Notes
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on to Three Dimensional Geometry

o find the projection of a line segment on another line; and

Vectors and three  |o find the condition of prependicularity and parallelism of two lines in space.

dimensional Geometry

EXPECTED BACKGROUND KNOWLEDGE

. Two dimensional co-ordinate geometry

Notes | Fundamentals of Algebra, Geometry, Trigonometry and vector algebra.

33.1 COORDINATE SYSTEM AND COORDINATES OF A POINT

IN SPACE

Recall the example of a bouncing ball in a room where one corner of the room was considered

as the origin. Z,

It is not necessary to take a particular
corner of the room as the origin. We could
have taken any corner of the room (for X
the matter any point of the room) as origin -

K eoBall here
of reference, and relative to that the co- ,/f !
ordinates of the point change. Thus, the Y----4-- O) 25 Ecm > Y
origin can be taken arbitarily at any point (i
of the room. 4qm (5, 4)

Let us start with an arbitrary point O in l;
space and draw three mutually 7
perpendicular lines X'OX, Y'OY and X Fig. 33.2
Z'OZ through O. The point O is called the

origin of the co-ordinate system and the Z
lines X'OX, Y'OY and Z'OZ are called
the X-axis, the Y-axis and the Z-axis
respectively. The positive direction of the
axes are indicated by arrows on thick lines
in Fig. 33.2. The plane determined by the
X-axis and the Y-axis is called XY-plane
(XOY plane) and similarly, YZ-plane
(YOZ-plane) and ZX-plane (ZOX-plane)
can be determined. These three planesare @~ A /-——2-——-——-—-
called co-ordinate planes. The three
coordinate planes divide the whole space
into eight parts called octants.

)

N

<
o ---

Fig.33.3
Let P be any point is space. Through P
draw perpendicular PL on XY -plane

meeting this plane at L. Through L draw a line LA
parallel to OY cutting OX in A. If we write OZ=x, AL
=yand LP =z, then (X, y, z) are the co-ordinates of
the point P.
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Again, if we complete a reactangular parallelopiped %
through P with its three edges OA, OB and OC
meeting each other at O and OP as its main diagonal E
then the lengths (OA, OB, OC) i.e., (X, y, z) are ! P
called the co-ordinates of the point P. {
ol B
A=Y -
X
A/ ¥
Fig.33.4

Note: You may note that in Fig. 33.4

(1) The x co-ordinate of P = OA = the length of perpendicular from P on the YZ-plane.

(i) They co-ordinate of P = OB = the length of perpendicular from P on the ZX-plane.

(@) The x co-ordinate of P = OC = the length of perpendicular from P on the X'Y-plane.

Thus, the co-ordinates x, y, and z of any point are the perpendicular distances of P from the
three rectangular co-ordinate planes YZ, ZX and XY respectively.

Thus, given a point P in space, to it corresponds a triplet (X, y, z) called the co-ordinates of

the point in space. Conversely, given any triplet (X, y, z), there corresponds a point P in space
whose co-ordinates are (X, Y, z).

1.

Just as in plane co-ordinate geometry, the co-ordinate axes divide the plane into four
quadrants, in three dimentional geometry, the space is divided into eight octants by the
co-ordinate planes, namely OXYZ, OX'YZ, OXY'Z, OXYZ', OXY'Z, OX'YZ'
OX'Y'Z and OX'Y'Z'.

If P be any point in the first octant, there is a point in each of the other octants whose
absolute distances from the co-ordinate planes are equal to those of P. If Pbe (a, b, ¢),
the other points are (—a, b, ¢), (a, —b, ¢), (a, b, —¢), (a, —b, —¢), (—a, b, —¢), (—a, =b, ¢)
and (—a, —b, —) respectively in order in the octants referred in (i).

The co-ordinates of point in XY-plane, YZ-plane and ZX-plane are of the form (a, b,
0), (0, b, ¢) and (a, 0, c) respectively.

The co-ordinates of points on X-axis, Y-axis and Z-axis are of the form (a, 0, 0), (O, b,
0) and (0, 0, c) respectively.

You may see that (X, y, z) corresponds to the position vector of the point P with reference
to the origin O as the vector QP .

IB el GREM B Name the octant wherein the given points lies :

(a) (2,6,8) (b) (-1,2,3) (©)(=2,-5,1)

MATHEMATICS
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(d) (-3,1,-2) (e) (-6,-1,-2)
Solution :

(a) Since all the co-ordinates are positive, .-, (2, 6, 8) lies in the octant OXYZ.
(b) Since x is negative and y and z are positive, .-, (-1, 2, 3) lies in the octant OX"YZ.
(©) Since x and y both are negative and z is positive .-, (-2, =5, 1) lies in the octant OX'Y'Z.

(d) (=3, 1,-2) liesin octant OX'YZ'.
(e) Since x, y and z are all negative .-, (=6, —1,-2) lies in the octant OX"'Y'Z'.

71
A\ & § CHECK YOUR PROGRESS 33.1

1. Name the octant wherein the given points lies :
(@) (4,2,5) (b)(4,3,-6) (0)(-2,1,-3)
(d (1, -1, (®(@8,9,-10)

33.2 DISTANCE BETWEEN TWO POINTS

Suppose there is an electric plug on a wall of a room Z Electric iron
and an electric iron placed on the top of a table. What A
is the shortest length of the wire needed to connect the Q
electric iron to the electric plug ? This is an example
necessitating the finding of the distance between two
points in space. P(plug) 1
Let the co-ordinates of two points P and Q be v
(X1, 1, 21 ) and (x,,y,, z, ) respectively. With 0 ]
PQ as diagonal, complete the parallopiped Fig. 33.5
PMSNRLKQ.
PK is perpendicular to the line KQ. X
.. From the right-angled % N R
triangle PKQ, right angled at K, S5 L
We have pQ? = PK? + KQ? M': i ) i K
Again from the right angled triangle PKL right angled i <1 i
atL, 0 R
xi Y7 = —>Y
PK2 =KI? + P12 =MP? +p12 (KL=MP) /™ B
e N——> |
2 _ Mp2 2 2 G f S S !
PQ- = MP~ + PL* + KQ~ ...() S [ ——
The edges MP, PL and KQ are parallel X Fig.33.6

to the co-ordinate axes.
Now, the distance of the point P from the plane YOZ = x; and the distance of Q and M from

MATHEMATICSS
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YOZplare = x,
MP = |X2 — X1|
Similarly, PL =|y, — y;| and KQ =z, — 7|

PQ? = (x, — x; )2 +(y>, -y )2 +(2zy — 74 )2 ....[ From (i) ]

or |PQ|=\/(Xz_X1)2+(Y2—Y1)2+(12—Zl)2

Corollary: Distance of a Point from the Origin
If the point Q ( X5, Y5, Z, ) coincides with the origin (0, 0, 0), then x, =y, =z, =0

-. The distance of P from the origin is

|OP| = y/(x; = 0)> + (y; = 0)* + (2, - 0)?

= \/Xl2 + }’12 + Z12

In general, the distance of a point P(x, y, z) from origin O is given by

|OP| \/X +y 2472

| 561119 [BRR WA Find the distance between the points (2, 5, —4) and (8, 2, — 6).

Solution : Let P (2, 5, —4) and Q (8,2, — 6) be the two given points.

|PQ|:\/(8—2)2+(2—5)2+(—6+4)2
=V36+9+4
=49

=7

. The distance between the given points is 7 units.

I ET IRRIRE  Prove that the points (-2, 4,—3), (4, —3,—2) and (-3, — 2,4 ) are

the vertices of an equilateral triangle.

Solution : Let A (-2, 4, —3),B(4, —3, —2) and C (-3, — 2, 4) be the three given points.

Now |AB|:\/(4+2)2+(—3—4)2+(—2+3)2
=36 +49+1 =+/86

IBC| = (-3 -4)>+(-2+3)% +(4+2)* =86

J36

|CA|:\/(—2+3)2+(4+2)2+( 4)?

(@)}
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Since |AB| = |BC| = |CA , A ABC isan equilateral triangle.

| el SRRX R Verify whether the following points form a triangle or not :

@  A(-1,23) B(1L,4,5) and C(5 4,0)

®  (2,-3.3).(1,2,4) and  (3,-8,2)
Solution :
(@) |AB| = y(1+1)% + (4-2)2 +(5-3)>
— 22422402 =93 =3.464 (approx.)
|BC|:\/(5—1)2+(4—4)2+(0—5)2
=16 +0+25 =+/41 =6.4(approx.)
and |AC|=\/(5+1)2+(4—2)2+(0—3)2

=36 +4+9=7

| AB| +|BC| = 3.464 + 6.4 = 9.864 > | AC

AB|+|AC| > |BC]|

and  |BC|+|AC|> |AB].
Since sum of any two sides is greater than the third side, therefore the above points form a
triangle.

(b) Let the points (2,-3,3),(1,2, 4) and (3,—8,2) be denoted by P, Q and R
respectively,

then  [PQ|=+(1-2)% +(2+3)% +(4-3)
=J1+25+1=33
IQR| = (3-1)% +(-8-2)2 +(2—4)
=V4+100+4 =6V3
|PR|:\/(3—2)2+(—8+3)2+(2—3)2
=V1+25+1
=33

In this case |PQ| + |PR| = 33433 =613 = | QR | . Hence the given points do not form

a triangle. In fact the points lie on a line.

MATHEMATICSS
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| e111) ) [SRXIM Show that the points A (1,2,—2),B(2,3, —4) and C(3,4, —3) form
aright angled triangle.

Solution:  AB2 =(2-1)>+(3-2)?+(—4+2)° =1+1+4=6
BC2=(3-2)2+(4-3) +(3+4) =1+1+1=3
and AC?2 =(3-1)> +(4-2) +(-3+2)Y =4+4+1=9

We observe that AB2 + BC2 =6 +3 =9 = AC2
A ABC is aright angled triangle.

Hence the given points form a right angled triangle.

IR EV ) CIRRNN Prove that the points A(0,4,1), B(2,3,—-1), C(4,5,0)and

D (2, 6, 2) are vertices of a square.

Solution : Here, AB=\/(2—0)2+(3—4)2+(—1—1)2

=~4+1+4 =3 units

BC:\/(4—2)2+(5—3)2+(0+1)2
=<4 +4+1 =3 units

CD=\/(2—4)2+(6—5)2+(2—0)2
=+4+1+4 =3 units

and DA =(0-2)% +(4-6)" +(1-2)?

=~4+4+1 =3 units

AB = BC = CD = DA

Now AC2:\/(4—0)2+(5—4)2+(0—1)2
=16+1+1=18
AB? + BC? =32 +32 =18 = AC?
ZB =90°
In quadrilateral ABCD, AB = BC = CD = DA and /B = 90°
. AB CDis asquare.
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1. Find the distance between the following points :
(a) (49 3’ _6) and (_25 1’ _3) (b) (_3’ 19 - 2) and (_3’ _1’ 2)

Notes (c) (0, 0, 0) and (—1, 1, 1)

2. Show that if the distance between the points (5, — 1, 7) and (a, 5, 1) is9 units, "a"

must be either 2 or 8.

3. Show that the triangle formed by the points (a, b, ¢), (b, c,a) and (c, a, b) is
equilateral.

4. Show that the the points (-1, 0, —4), (0,1, —6) and (1, 2, — 5) formaright angled
tringle.

5. Show that the points (0, 7,10), (=1, 6, 6) and (—4, 9, 6) are the vertices of an
isosceles right-angled triangle.
6.  Show that the points (3, —1,2), (5, -2, -3),(-2,4,1) and (-4, 5, 6) forma

parallelogram.

7. Show that the points (2, 2,2), (—4,8,2), (—2,10,10) and (4, 4,10) form a
square.

8. Show that in each of the following cases the three points are collinear :

(@) (3,2, 4),(-1,5,9) and (1, 8, 14)
(b) (5,4,2),(6,2,—1) and (8, -2, —7)

©) (2,5 -4),(1,4,—-3) and (4,7, - 6)

33.3 COORDINATES OF A POINT OF DIVISION OF A LINE
SEGMENT

@)

\w
N\

Fig. 33.7
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Let the point R (x, y, z) divide PQ in the ratio / : m internally.

Let the co-ordinates of P be ( x;, y;, z; ) and the co-ordinates of Qbe ( x5, y,, z, ) . From
points P, R and Q, draw PL, RN and QM perpendiculars to the XY-plane.

Draw LA, NC and MB perpendiculars to OX.
Now AC =0OC - OA =x —xj and BC=0B -0OC =x, —x

AC LN PR I
"BC NM RQ

Also we have —_
m
X—X| L

Xo —X m

or mx —mx; =[x, —Ix
or (I+m)x =Ixy + mx
lX2—mX1
or =
[+ m

Similarly, if we draw perpendiculars to OY and OZ respectively,

ly, + m Iz, + mz
we get y=—y§+mY1 ande—ier1

Ixo, + mx; ly, + my; lzp +mz j

Rlsthepomt( I+m I+m [+ m

[
IfA = o then the co-ordinates of the point R which divides PQ in the ratio ), : | are

( 7\.X2 + X1 }\,yZ + Y1 }\,ZZ + Z1

, , j,k+1¢0
A+l A+1 A+1

It is clear that to every value of A, there corresponds a point of the line PQ and to every point
R on the line PQ, there corresponds some value of A. If A is postive, R lies on the line segment
PQ and if A is negative, R does not lie on line segment PQ.

In the second case you may say the R divides the line segment PQ externally inthe ratio — }, : 1.

Corollary 1: The co-ordinates of the point dividing PQ externally in the ratio / : m are
(ZXZ — X IY2 — my; lZ2 — mz )

)

I-m ’ [—m [—m
Corollary 2: The co-ordinates of the mid-point of PQ are

(X1+X2 yity» Z1+Zz)

2 2 2

MODULE - IX

Vectors and three
dimensional Geometry

Notes

MATHEMATICS 443



MODULE - IX
Vectors and three
dimensional Geometry

Notes

444

to Three Dimensional Geometry

ID eV CREMA Find the co-ordinates of the point which divides the line segment joining the
points (2, —4, 3) and (-4, 5, — 6) intheratio 2 : 1 internally.

Solution: Let A (2, — 4, 3), B(—4, 5, — 6) be the two points.

Let P(x,y,z)dividesABintheratio2: 1.

_2@4)+L2__2 _25+1(—4)
S A S R
2(-6)+1.3
d z=2""1"7""__3
an 2+1

Thus, the co-ordinates of P are (-2, 2, —3)

| DEN)ERREN  Find the point which divides the line segment joining the points (—1, — 3, 2)
and (1, — 1, 2) externally in the ratio 2 : 3.

Solution : Let the points (—1, — 3, 2) and (1, — 1, 2)) bedenoted by P and Q respectively.

Let R (x,y, z) divide PQ externally in the ratio 2 : 3. Then

L2030 o 2(=)=3(3)
2-3 ’ 2-3
_2(2)-3(2) _
and zZ= >3 =2

Thus, the co-ordinates of R are (-5, — 7, 2).

| E ) RRE Find the ratio in which the line segment joining the points (2 — 3, 5) and
(7,1, 3) is divided by the XY-plane.

Solution : Let the required ratio in which the line segment is dividedbe [ : m.

70+ 2m [ -3m 3l+5mj
I+m  [+m  [+m

The co-ordinates of the point are (

Since the point lies in the X'Y-plane, its z-coordinate is zero.

3/ + 5m [ 5
=0or —=—--
[+ m m 3

ie.,

Hence the XY-plane divides the join of given points in the ratio 5 : 3 externally.

MATHEMATICSS
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C
LZ J CHECK YOUR PROGRESS 33.3

1. Find the co-ordinates of the point which divides the line segment joining two points
(2,-5,3) and (-3, 5, — 2) internally in the ratio 1 : 4.

2. Find the coordinates of points which divide the join of the points (2, — 3, 1) and
(3, 4, — 5) internally and externally in the ratio 3 : 2.
3. Find the ratio in which the line segment joining the points ( 2, 4, 5) and (3, 5, — 4) is
divided by the YZ-plane.
4. Show that the YZ-plane divides the line segment joining the points (3, 5, — 7 ) and
(=2, 1, 8) inthe ration 3 : 2 at the point (0, ? 2).
5. Show that the ratios in which the co-ordinate planes divide the join of the points ( -2, 4, 7 )
and (3, — 5, 8) are2: 3,4 :5 (internally) and 7 : 8 (externally).
6. Find the co-ordinates of a point R which divides the line segment P ( x, yj, z; ) and
Q( x4, ¥, 25 ) externally in the ratio 2 : 1. Verify that Q is the mid-point of PR.
73
@l LET US sum up
. For a given point P (x, y, z) in space with reference to reactangular co-ordinate axes, if

we draw three planes parallel to the three co-ordinate planes to meet the axes (in A, B
and C say), then

OA =x, OB =y and OC =z where O is the origin.

Converswly, given any three numbers, X, y and z we can find a unique point in space
whose co-ordinates are (X, y, z).

. The distance PQ between the two points P ( Xy, y, z; ) and Q( x5, y,, z, ) isgivenby

PQ=\/(Xz—X1)2+(Y2—Y1)2+(Z2—Z1)2

In particular the distance of P from the origin O is \/ X2 +y2 + 2z

° The co-ordinates of the point which divides the line segment joining two points

P(xy, vy, 21 ) and Q( x5, Yo, Z, )intheratio /: m

(ZXZ +mx; ly, + my; [z, +mz j

(a) internally are om  lim . lim

b b

(lxz —mx; ly, —my; Iz, —mzlj
[ —m I—m I —m

(b) externally are

In particular, the co-ordinates of the mid-point of PQ are

(X1+X2 Y1 ty2 Z1+Z2j

b b

2 2 2
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e\ SUPPORTIVE WEB SITES

http://www.mathguru.conv/level3/introduction-to-three-dimensional-geometry-

http://www.goiit.com/posts/show/0/content-3-d-geometry-804299.htm
http://www.askiitians.com/iit-jee-3d-geometry

S| TERMINAL EXERCISE

1. Show that the points (0, 7, 10), (-1, 6, 6) and (—4, 9, 6) form an isosceles right-angled
triangle.

2. Prove that the points P, Q and R, whose co-ordinates are respectively ( 3,2,-4), (5,4,
—6) and (9, 8, —10) are collinear and find the ratio in which Q divides PR.

3. Show that the points (0, 4, 1), (2, 3, -1), (4, 5, 0) and (2, 6, 2) are the vertices of a
square.

4. Show that the points (4, 7, 8), (2, 3,4), (—1,-2, 1) and (1, 2, 5) are the vertices of a
parallelogram.

5. Three vertices of a parallelogram ABCD are A( 3,—4,7), B (5, 3, —2) and
C (1, 2,-3). Find the fourth vertex D.

A
@ snswirs

CHECK YOUR PROGRESS 33.1

1. () OX'YZ (b) OXYZ (c)OX'YZ

(d) OXY'Z (e) OXYZ
CHECK YOUR PROGRESS 33.2
L. (@7 (b) 24/5 © 3
CHECK YOUR PROGRESS 33.33

13 6 13

1. (1,—3, 2) 2. (?’ g’ _?);(5’18’_17)
3. -2:3 6. (2X2 — X1, 2YZ —y1,2Z2 _Zl)
TERMINAL EXERCISE
2. 1:2 5.(-1,-5,6)
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VECTORS

317en34

Inday to day life situations, we deal with physical quantities such as distance, speed, temperature,
volume etc. These quantities are sufficient to describe change of position, rate of change of
position, body temperature or temperature of a certain place and space occupied in a confined
portion respectively. We also come across physical quantities such as dispacement, velocity,
acceleration, momentum etc. which are of a difficult type.

Let us consider the following situation. Let A, B, C and D be A
four points equidistant (say 5 km each) from a fixed point P. If 2 %8
you are asked to travel 5 km from the fixed point P, you may

reach either A, B, C, or D. Therefore, only starting (fixed point) P > km B
and distance covered are not sufficient to describe the destination. S km

We need to specify end point (terminal point) also. This idea of

terminal point from the fixed point gives rise to the need for 5 km C
direction. D
Consider another example of a moving ball. If we wish to predict Fig. 34.1

the position of the ball at any time what are the basics we must
know to make such a prediction?

Let the ball be initially at a certain point A. If it were known that the ball travels in a straight
line at a speed of Scm/sec, can we predict its position after 3 seconds ? Obviously not.
Perhaps we may conclude that the ball would be 15 cm away from the point A and therefore
it will be at some point on the circle with A as its centre and radius 15 cms. So, the mere
knowledge of speed and time taken are not sufficient to predict the position of the ball.
However, if we know that the ball moves in a direction due N

east from A at a speed of 5cm/sec., then we shall be able ]
to say that after 3 seconds, the ball must be precisely at

A
the point P which is 15 cms in the direction east of A.
Thus, to study the displacement of a ball after time t (3 f \ P
W= j : >E
v

seconds), we need to know the magnitude of its speed (i.e. x
5 cm/sec) and also its direction (east of A) \

In this lesson we will be dealing with quantities which have
magnitude only, called scalars and the quantities which have
both magnitude and direction, called vectors. We will \
represent vectors as directed line segments and determine
their magnitudes and directions. We will study about various
types of vectors and perform operations on vectors with properties thereof. We will also acquaint
ourselves with position vector of a point w.r.t. some origin of reference. We will find out the
resolved parts of a vector, in two and three dimensions, along two and three mutually perpendicular

Fig. 34.2
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directions respectively. We will also derive section formula and apply that to problems. We will
also define scalar and vector products of two vectors.

\Z| OBJECTIVES

After studying this lesson, you will be able to :

explain the need of mentioning direction;

define a scalar and a vector;

distinguish between scalar and vactor;

represent vectors as directed line segment;

determine the magnitude and direction of a vector;

classify different types of vectors-null and unit vectors;

define equality of two vectors;

define the position vector of a point;

add and subtract vectors;

multiply a given vector by a scalar;

state and use the properties of various operations on vectors;

comprehend the three dimensional space;

resolve a vector along two or three mutually prependicular axes;

derive and use section formula; and

define scalar (dot) and vector (cross) product of two vectors.

define and understand direction cosines and direction ratios of a vector.

define triple product of vectors.

understand scalar triple product of vectors and apply it to find volume of a rectangular
parallelopiped.

. understand coplanarity of four points.

EXPECTED BACKGROUND KNOWLEDGE

° Knowledge of plane and coordinate geometry.

. Knowledge of Trigonometry.

34.1 SCALARS AND VECTORS

A physical quantity which can be represented by a number only is known as a scalar i.e, quantities
which have only magnitude. Time, mass, length, speed, temperature, volume, quantity of heat,

work done etc. are all scalars.

The physical quantities which have magnitude as well as direction are known as vectors.

Displacement, velocity, acceleration, force, weight etc. are all examples of vectors.

MATHEMATICS



Vectors

34.2 VECTOR AS A DIRECTED LINE SEGMENT

You may recall that a line segment is a portion of a given line i i
with two end points. Take any line / (called a support). The

portion of L with end points A and B is called a line segment. B

The line segment AB along with direction from A to B is written

as AB and is called a directed line segment.A and B are A a
respectively called the initial point and terminal point of the vector

AB. . Fig. 34.3

The length AB is called the magnitude or modulus of AB

and is denoted by | AR!. In other words the length AB = AR

Scalars are usually represented by a, b, ¢ etc. whereas vectors are usually denoted by ;, ﬁ, E)

etc. Magnitude of a vector a i.e.,| a |isusually denoted by 'a'.

34.3 CLASSIFICATION OF VECTORS
34.3.1 Zero Vector (Null Vector)

A vector whose magnitude is zero is called a zero vector or null vector. Zero vector has not

definite direction. AA, BB are zero vectors. Zero vectors is also denoted by () to distinguish
it from the scalar 0.

34.3.2 Unit Vector
A vector whose magnitude is unity is called a unit vector. So for a

unit vector a , | a | = 1. Aunit vector is usually denoted by 3 .

Thus, a=lal4. /
34.3.3 Equal Vectors

a
Two vectors a and b are said to be equal if they have the same /

magnitude. i.e., I;I = IB)I and the same direction as shown in Fig. 34.4
Fig. 14.4. Symbolically, it is denoted by ? =D.
Remark: Two vectors may be equal even if they have
different parallel lines of support.

B
34.3.4 Like Vectors A
Vectors are said to be like if they have same direction whatever N
be their magnitudes. In the adjoining Fig. 14.5, AB and C_]S
are like vectors, although their magnitudes are not same. C

Fig. 34.5
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Vectors

34.3.5 Negative of a Vector B
—_ —_—_ B
BA is called the negative of the vector AB, when they have
the same magnitude but opposite directions.
Le. BTA:= —Xé
A
A

34.3.6 Co-initial Vectors

Two or more vectors having the same initial point are called

Co-initial vectors. c
In the adjoining figure, AB , AD and AC are co-initial vectors D
with the same initial point A.

> B

34.3.7 Collinear Vectors Fig. 34.7

Vectors are said to be collinear when they are parallel to the
same line whatever be their magnitudes. In the adjoining figure,

—_— — e — —
AB, CD and EF are collinear vectors. AB and DC are also
collinear.

A B C D
— e & > e e e

A

me
e

Fig. 34.8
34.3.8 Co-planar Vectors

Vectors are said to be co-planar when they are parallel to the

Sy

L - = - -
same plane. In the adjoining figure a, b, ¢ and d are

ke

- > - .. - . -

co-planar. Whereas a, b and c lie onthe same plane, d is /b/
/—C>/
Fig. 34.9

parallel to the plane of ?, b and <.

Note: (1) A zero vector can be made to be collinear with
any vector.

(i)  Any two vectors are always co-planar.
State which of the following are scalars and which are vectors. Give reasons.
(a) Mass (b) Weight (© Momentum
(d) Temperature  (e) Force ® Density

Solution : (a), (d) and (f) are scalars because these have only magnitude while (b), (c) and (e)
are vectors as these have magnitude and direction as well.

MATHEMATICS



B el ) (RZWA Represent graphically

(a) a force 40N in a direction 60° north of east.

(b) aforce of 30N in a direction 40° east of north.
Solution :

N N
A 40 N 20N> \ 30N
40
60°
W >E W >E
Y
S S
Fig. 34.10 Fig. 34.11

O
A\ & @ CHECK YOUR PROGRESS 34.1

1. Which of the following is a scalar quantity ?
(a) Displacement (b) Velocity (c) Force (d) Length.

2. Which of the following is a vector quantity ?

(a) Mass (b) force (c) time (d) tempertaure

3. You are given a displacement vector of 5 cm due east. Show by a diagram the corresponding
negative vector.

4. Distinguish between like and equal vectors.

5. Represent graphically

(a) aforce 60 Newton is a direction 60° west of north.

(b) aforce 100 Newton in a direction 45° north of west.

34.4 ADDITION OF VECTORS

Recall that you have learnt four fundamental operations viz. addition, subtraction, multiplication
and division on numbers. The addition (subtraction) of vectors is different from that of numbers
(scalars).

In fact, there is the concept of resultant of two vectors (these could be two velocities, two forces
etc.) We illustrate this with the help of the following example :

Let us take the case of a boat-man trying to cross a river in a boat and reach a place directly in
the line of start. Even if he starts in a direction perpendicular to the bank, the water current
carries him to a place different from the place he desired., which is an example of the effect of
two velocities resulting in a third one called the resultant velocity.

Thus, two vectors with magnitudes 3 and 4 may not result, on addition, in a vector with magnitude
7.1t will depend on the direction of the two vectors i.e., on the angle between them. The addition
of vectors is done in accordance with the triangle law of addition of vectors.
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34.4.1 Triangle Law of Addition of Vectors

A vector whose effect is equal to the resultant (or combined)
effect of two vectors is defined as the resultant or sum of these
vectors. This is done by the triangle law of addition of vectors.

In the adjoining Fig. 32.12 vector (T]§ is the resultant or sum of

e E— . .
vectors OA and AB and is written as

OA + AB = OB

Fig. 34.12

. - = == >
1.e. a+b=0B=c

You may note that the terminal point of vector a is the initial point of vector b and the initial
pointof a+ b istheinitial point of a and its terminal point is the terminal point of b.

34.4.2 Addition of more than two Vectors

Addition of more then two vectors is shown in the adjoining figure

%

a+ b+ c+d E -
=XI§+PT6+CT§+]5§ 2

—_— —> e /QX D
~AC+CD+D % -

—_— e /\0 C
= AD + DE N C
= A0 D

min} /

The vector AE is called the sum or the resultant vector
of the given vectors. Fig. 34.13
34.4.3 Parallelogram Law of Addition of Vectors

Recall that two vectors are equal when their magnitude
and direction are the same. But they could be parallel
[refer to Fig. 14.14].

See the parallelogram OABC in the adjoining figure :

We have, Gh -+ AB - OF

A
Fig. 34.14

Sy

But AB=0C
— —> —
OA+0C=0B
which is the parallelogram law of addition of vectors. If two vectors are represented by the

two adjacent sides of a parallelogram, then their resultant is represented by the diagonal
through the common point of the adjacent sides.

34.4.4 Negative of a Vector

For any vector 2= 6& the negative of 2 is represented by ,Zf) The negative of 1?6 isthe

MATHEMATICS
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same as OA. Thus, |QAl=1AQI=1a land OA =—AO. It follows from definition that for any

- - - -
vector a, a+(—a)= 0.

34.4.5 The Difference of Two Given Vectors

. > > . -
For two given vectors a and b , the difference a —

b is defined as the sum of 2 and the negative of

- -
the vector g.i.e., a—B): a +(—B)).

In the adjoining figure if OA = a then, in the paral- a
— Fig. 34.15
lelogram OABC, CB = a
and 15& --b
CA=CB+BA= a-b
ID e ) ERZRE When is the sum of two non-zero vectors zero ?

Solution : The sum of two non-zero vectors is zero when they have the same magnitude but
opposite direction.

ID el EREF B Show by a diagram a+b=b+a

Solution : From the adjoining figure, resultant
OB = OA + AB
-2+ b (D)

Complete the parallelogram OABC

— — - — — —
OC=AB=b,CB=0A = a
OB =0C +CB

_Ted ....(i)

Fig. 34.16

E>+B> _ B>+: [ From (i) and (ii) |

’am\
L' § CHECK YOUR PROGRESS 34.2

1. The diagonals of the parallelogram ABCD inter- D C
sect at the point O. Find the sum of the vectors

(?A, &5 (_)_é and (_)_[’)

Fig. 34.17

MATHEMATICS

MODULE - IX

Vectors and three

dimensional Geometry

453

Notes



MODULE - IX

Vectors and three
dimensional Geometry

Notes

454

2. The medians of the triangle ABC intersect at the

point O. Find the sum of the vectors 6&, (715 P E
and 66 .

34.5 POSITION VECTOR OF A POINT P
Fig. 34.18

We fix an arbitrary point O in space. Given any point P in space,

we join it to O to get the vector (Tﬁ This is called the position
vector of the point P with respect to O, called the origin of refer-
ence. Thus, to each given point in space there corresponds a unique
position vector with respect to a given origin of reference. Con-
versely, given an origin of reference O, to each vector with the initial )
point O, corresponds a point namely, its terminal point in space.

<

Consider a vector AB. Let O be the origin of reference. 0 B
Thn GA+AB-OB O  AB-OB-OA Fig. 34.19
or AB = (Position vector of terminal point B)—(Position vector of initial point A)

34.6 MULTIPLICATION OF A VECTOR BY A SCALAR

The product of a non-zero vector a by the scalar x # 0 is a vector whose length is equal to
| x Il a | and whose direction is the same as that of a if x>0 and opposite to that of a ifx<0.
The product of the vector a by the scalar x is denoted by x a.

The product of vector a by the scalar O is the vector 6)

By the definition it follows that the product of a zero vector by any non-zero scalar is the zero
) - > - >
vectorie.,Xx 0 =0 ;also0a =0 .
Laws of multiplication of vectors: If a and b are vectors and X, y are scalars, then
] - -
@) X(ya)=(xy)a
(i) x5>+y§>:(x+y)g>
(i) xa+xb=x(a+tDb)

V) 0a+x0=0

Recall that two collinear vectors have the same direction but may have different magnitudes.

C - . . . . . .
This implies that a is collinear with a non-zero vector b if and only if there exists a number
(scalar) x such that

=xb

MATHEMATICS
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V0 Sl A necessary and sufficient condition for two vectors a and b to be collinear is

%
that there exist scalars x and y (not both zero simultaneously) such that x At y b=0.
The Condition is necessary

Proof : Let ; and ?be collinear. Then there exists a scalar / such that ; = _b>

ie. a+(-DDb =0

- - =
. We are able to find scalars x (= 1) and y (= —/) suchthat x a+ yb =0

Note that the scalar 1 is non-zero.

The Condition is sufficient

. . > = .
It is now given that xa+yb =0 and x # 0and y # O simultaneously.

We may assume that y # 0

—

- - - . - - .
yb=-xa = b=-—a 1e, b and a arecollinear.

< | >

Corollary: Two vectors aand b are non-collinear if and only if every relation of the form

ﬁ
X a+ yE) = 0 givenasx=0andy=0.
[Hint : Ifany one of x and y is non-zero say y, then we get b = -2 whichisa contradiction]

y

| B el BRZEE Find the number x by which the non-zero vector 2 be multiplied to get

() a (i) — a
. N A . -
Solution: (1)) x a = a ie., xlala=a
1
= X—T
| al
.. - N - . A
(i1) Xxa=-a Ile, xlala=-a
< = 1
=——=
= lal

IBe) 1 OREXN The vectors aand b are not collinear. Find x such that the vector

C=(x-2a+badd=0Cx+1)a-b
Solution : E) is non-zero since the co-efficient of b is non-zero.
.. There exists a number y such that H) =y E)
ie. 2x+D)a-b=y(x-2)a+yb

(yx =2y —-2x —D)a+(y+1)b =0
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dimensional Geometry| . yx =2y —2x—1=0andy+1=0

Solving these we get y = —1 and X =

1
3
%
d =

ol

- - - -
=——a+ b and a—b

Notes | Thus

W | W

S
3
?and 3

We can see that are opposite vectors and hence are collinear.

IB el BRZME The position vectors of two points A and B are 2 a+3b and 3a+ b
respectively. Find AB.

Solution : Let O be the origin of reference.
Then AB = Position vector of B— Position vector of A
- OB - OA
—(3a+b)-(2a+3b)
—(3-2a+(1-3)b=2-2%
Show that the points P, Q and R with position vectors a-2b 2 A+t 3 b

and —7 b respectively are collinear.

Solution : P_Q> = Position vector of Q — Position vector of P
—(2a+3b)-(a-2Db)
— E)+ 5 B) ....(i)
and (ii = Position vector of R — Position vector of Q
- 7b-(2a+3b)
- —7b-22-3b
- 2a-10b
= 2(a+5D) (D)
From (i) and (ii) we get P_Q> =-2 (ii, a scalar multiple of (3}&
— —
PQ Il QR
But Q is acommon point

P_d and QR are collinear. Hence points P, Q and R are collinear.
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L'L § CHECK YOUR PROGRESS 34.3

i . - - . .
1. The position vectors of the points Aand B are a and b respectively with respect to a

given origin of reference. Find AB.

2. Interpret each of the following :
. .. -
() 3a (i) =5 b
.. . . - — - N
3. The position vectors of points A, B, C and D are respectively 2a ,3b , 4 a+ 3 b and
— = . o2 —
a+2b.Find DB and AC.
4. Find the magnitude of the product of a vector n by a scalar y.
5. State whether the product of a vector by a scalar is a scalar or a vector.
6. State the condition of collinearity of two vectors 5) and 3
1. Show that the points with position vectors 5 a+ 6 b ,7a—8b and 3 a+20b are

collinear.

34.7 CO-PLANARITY OF VECTORS

. . e d
Given any two non-collinear vectors a and b , they can
be made to lie in one plane. There (in the plane), the vectors
will be intersecting. We take their common point as O and

let the two vectors be a&and (TEE Given a third vector

E) , coplanar with ; and B> , we can choose its initial point
also as O. Let C be its terminal point. With OC as diagonal

complete the parallelogram with a and b as adjacent Fig. 34.20
sides.

) - . ) ) .. - -
Thus, any E) , coplanar with a and b , is expressible as a linear combination of a and b .

i - - -
Le. c=la+mb-

34.8 RESOLUTION OF A VECTOR ALONG TWO PER PERPEN
DICULAR AXES

Consider two mutually perpendicular unit vectors iand ] along two mutually perpendicular

axes OX and OY. We have seen above that any vector T in the plane of i and 3 , can be

writtenin the form 7> _ 5 | yj
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If O is the initial point of T ,thenOM=xandON=y Y 4

and (i\»/l and O_N’ are called the component vectors

g . .
of r along x-axis and y-axis.

O—l\;[ and O—N’ , in this special case, are also called the

resolved parts of T

M
Fig. 34.21

34.9 RESOLUTION OF A VECTOR IN THREE DIMENSIONS

ALONG THREE MUTUALLY PERPENDICULAR AXES

The concept of resolution of a vector in three dimensions
along three mutually perpendicular axes is an extension
of the resolution of a vector in a plane along two C B’

mutually perpendicular axes. b
Any vector r_in space can be expressed as a linear
combination of three mutually perpendicular unit vectors rk oA

R R r
i, J and k as is shown in the adjoining Fig. 14.22. y
We complete the rectangular parallelopiped with /c/i\ o B
(Tﬁ =T asits diagonal : /

S A A A X Fig. 34.22

then r =xi+yj+zk

Xi, yj and zk are called the resolved parts of T along three mutually perpendicular axes.
Thus any vector T in space is expressible as a linear combination of three mutually perpendicular
unit vectors i , j and k.
Refer to Fig. 34.21 in which OP? = OM? + ON? (Two dimensions)

3 _ .2

or rExteyr )
and in Fig. 34.22
OP? = OA? + OB? + OC?
r?:X2+yz+Zz ....... (ii)
Magnitude of T =l T | in case of (1) 1s m

and (i) is \/x2 + y2 + 272
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Note: Given any three non-coplanar vectors a , band c (not necessarily mutually

. . % . . . . .
perpendicular unit vectors) any vector d is expressible as a linear combination of

%
?, b and E),i.e., d=xa+ yB>+ 2¢
D e ) EREXE A vector of 10 Newton is 30° north of east. Find its components along east

and north directions.

Solution : Let i andj be the unit vectors along (SZ and )4 (East and North respectively)
Resolve OPin the direction OX and OY.

. . . Y North
OP = OM + ON 4
. . N P
=10 cos 30° 1 +10 sin 30°] i
NER 14 A i
= 1071 + 105 ] R 10 Newton i
=5/31+5 3 30° 3 X East
(0] X M >
-.Componentalong (i) East = 5./3 Newton Fié. 34.23

(i1) North =5 Newton
Show that the following vectors are coplanar :
4-2b,3a+b and a+4b
Solution: The vectors will be coplanar if there exists scalars x and y such that
2+4b =x(a—2b)+yBa+b)
=(x+3y)a+ (2x+y)b e (i)
Comparing the co-efficients of aand b onboth sides of (1), we get
x+3y=1land 2x +y =4

11 6
which on solving, gives X = Ny and y = =

. S - - =
As E)+ 4 B) is expressible in terms of a—2 b and 3 a+ b , hence the three vectors are
coplanar.

IDEJERENIR Given ;]) —i— 3 +k and r_z) = 2i— 43 ~ 3k , find the magnitudes of

- — - - - -
(A n (b) 1p (© n+n dn—n
Solution :

@ =l - ki=y2 D2 +12 =43
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B 15 i= 22+ (-4)2 +(-3)> =429

© ptn=>G-j+k+@i-4j-3k) =31-5j-2k

|§+§|=Bﬂ—ﬁ—2ﬁ|=J§449$2+(_2f::{%

d -5 =>G-j+k—-@i-4j-3k =-i+3j+4k

15— I =1+ 3]+ 4k I = (=2 + 32 + 42 =426
Determine the unit vector parallel to the resultant of two vectors
a =3i+2j- 4k and b=i+]+2k
Solution : The resultant vector R = a+ b = (Sf + 23 - 412) + (f + 3 +2k)

= 4i +3j-2k

Magnitude of the resultant vector Ris | ﬁ) | = \/42 +3%2 +(=2)2 =429
.. The unit vector parallel to the resultant vector
R 1 4 - 3

— (41 +3j - 2k) = i+ j-
=, I ! NN RN

IB el GRZNKE Find a unit vector in the direction of T—s

where?:f+23—3f< and ?=2§—3+21A<

z ¢

Solution: 7?7 _ (i +2j-3k) — (2i — j+ 2k)
:—f+3}—512
|?_?|:\/(_1)2 +(3)2 +(—5)2 =35

.. Unit vector in the direction of (?— ?)

- L Gasjosh =i 23
735 V35 350 35
b =3-2j-k.
Solution: 274+ 3% =2} +3j+ k) +3(3i - 2j— k)

= (21 + 6] + 2k) + (91 — 6j — 3k)
=11i-k.
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122+30 1 =112 + (=12 =122

1. 1 -
V122 V122

IB el SRZBEN Show that the following vectors are coplanar :

. Unit vector in the direction of (2 E)+ 3 B>) is

47-25-2C, 2a+4b-2C and 23— 25+4¢C where @, b and ¢ are three

non-coplanar vectors.
Solution: If these vectors be co-planar, it will be possible to express one of them as a linear
combination of other two.

Let —2a-2b+4c=x@a-2b-2¢)+y(2a+4b-27¢)
where x and y are scalars,
Comparing the co-efficients of a , b and ¢ fromboth sides, we get

4x =2y =2, 2x +4y=-2and 2x -2y =4

These three equations are satisfied by x = —1, y = —1Thus,

2ad-2b+4c=(-)(4a-2D-2C)+ (=) (2a+4D-27¢)

Hence the three given vectors are co-planar.

N
L" § CHECK YOUR PROGRESS 34.4

1. Write the condition that a ,b and ¢ are co-planar.
. — .
2. Determine the resultant vector r whose components along two rectangular Cartesian
co-ordinate axes are 3 and 4 units respectively.
3. Inthe adjoining figure : A2
C
IOAlI=4, |IOB|=3and
. ] P
| OC |=5. Express OP in terms of its ,
component vectors.
- A roo 2 2 n ,’/
4. Ifp =4i+j—-4k, rp =-2i+2j+3k and . .Y
O B
= s 48
r; =1+ 3j — k thenshow that
A
ﬁ 0
| o+ r_2>+ r_3> =7 X Fig. 34.24

5. Determine the unit vector parallel to the resultant of vectors :

a=2+4j-5k and b =1+2j+3k
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6. Find a unit vector in the direction of vector 3 a—2b where a =1 — A] —k and
b=i+j+k.
7. Show that the following vectors are co-planar :

- - - o - - - - - - -
3a—7b—-4c¢c,3a—2b+ c and a+ b+ 2 ¢ where a,? and ¢ arethree non-
coplanar vectors.

34.10 SECTION FORMULA

Recall that the position vector of a point P is space with respect to an origin of reference O is
— —_—>

r =0P.
In the following, we try to find the position vector of a point dividing a line segment joining two

points in the ratio m : n internally.

A m P n B

Fig. 34.25
Let A and B be two points and aand b betheir position vectors w.r.t. the origin of reference
O, so that a&= E)and (TEE = B>
Let Pdivide AB in the ratio m : n so that

Al_m AP = mPB i
PB o or, n =m ()
Since nXl; = mlTﬁ, it follows that

—_— — — —_—
n(OP — OA)= m(OB - OP)

R — —_—
or (m+n) OP = m OB +nOA
or OP = mOB + nOA

m-+n

- —
—- mb+na
or r = ——

m+ n

-, " .
where r is the position vector of P with respect to O.
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Corollary 1: If o =1 — m=n, then P becomes mid-point of AB.

. The position vector of the mid-point of the join of two given points, whose position vectors
1

are a and B>, is given by 3 (E)+ ?).

Corollary 2: The position vector P can also be written as

.My L
> _ Ty _atkb
N — il
LLm  I+k (ii)
n
where e = 25k =2 .
n

(i1) represents the position vector of a point which divides the join of two points with position

vectors ; and ﬁ ,intheratiok: 1.
Corollary 3: The position vector of a point P which divides AB in the ratio m: n externally

—
r =

a-mb
na-mb [Hint : This division is in the ratio —m: n]
n—m

is
|9:611110) (R Z 8 [ Find the position vector of a point which divides the join of two points whose

> . - - . . .
position vectors are givenby x and y intheratio 2 : 3 internally.

Solution : Let T be the position vector of the point.
3X+2y 1
T=22T2Y L 3X+2Y).
3+2 5

B e ERZN WA Find the position vector of mid-point of the line segment AB, if the position

vectors of A and B are respectively, X+2 ? and 2 X — ? .

Solution : Position vector of mid-point of AB

CK+2)+2X-Y)
2

3240y
¥ oY

| B 1)) BRZ B ER The position vectors of vertices A, B and C of AABC are a ,band <
respectively. Find the position vector of the centroid of AABC.

Solution : Let D be the mid-point of side BC of AABC.
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Let G be the centroid of AABC. Then G divides AD

inthe ratio2: 1i.e. AG:GD =2: 1. ACd)
B> -
Now position vector of D is +C 5
2
B C N
.. Position vector of G is 2 B(b) o C(?)
2+1 D
Fig. 34.26
= -
_a+b+c
L" § CHECK YOUR PROGRESS 34.5
. .. e : NN
1. Find the position vector of the point C if it divides AB in the ratio (i) 3 : 3
(i) 2 : — 3, given that the position vectors of A and B are 2and b respectively.

2. Find the point which divides the join of P(?) and Q(a)) internally in the ratio 3 : 4.

3. CD is trisected at points P and Q. Find the position vectors of points of trisection, if the
. - e .
position vectors of Cand D are ¢ and d respectively
4. Using vectors, prove that the medians of a triangle are concurrent.
5. Using vectors, prove that the line segment joining the mid-points of any two sides of a

triangle is parallel to the third side and is half ofit.

34.11 DIRECTION COSINES OF A VECTOR

In the adjoining figure AR is a vector in the space and OP is the position vector of the point

P(x, y, z) such that OP Il AB . Let OP makes angles o, B and 7y respectively with the
positive directions of x, y and z axis respectively. o, 3 and vy are called direction angles of

vector OP and coso,, cosP and cosy are called its direction cosines.

AY B

. Fig. 34.27

Since OP || AB , therefore cosa, cosP and cosy are direction cosines of vector AB also.

MATHEMATICS



Direction cosines of a vector are the cosines of the angles subtended by the vector with
the positive directions of x, y and z axes respectively.

MODULE - IX
Vectors and three
dimensional Geometry

e By reversing the direction, we observe that PO makes angles T — o, T — B and
T — v with the positive directions of x, y and z axes respectively. So cos(T — o)
= —cos @, cos (T — B) = — cos B and cos(® — y) = —cos 7y are the direction cosines

. Notes
of PO . In fact any vector in space can be extended in two directions so it has two sets

of direction cosines. If (cosa, cosP, cosy) is one set of direction cosines then
(—cosa, —cosP, —cosY) is the other set. It is enough to mention any one set of direction
cosines of a vector.

e  Direction cosines of a vector are usually denoted by /, m and n. In other words
[ = cosa, m = cosP and n = cosy.

e Since OX makes angles 0°, 90° and 90° with 0X , OY and OZ respectively.
Therefore cos0°, cos90°, cos90° i.e. 1, 0, 0 are the direction cosines of x-axis. Similarly
direction cosines of y and z axes are (0, 1, 0) and (0, O, 1) respectively.

In the figure, 1 let |OP| = r. and PA 1 OX.

OA
Now in right angled AOAP,—— = cosa

"OP
Le. OA = OP cosa
ie. x=rl=> x=Ilr
Similarly by dropping perpendiculars to y and z axes respectively we get y = mr and
z = nr.
Now X2+ y2 + 2= rz(l2 +m2 +n2) ..(D)
But lOP| = \Jx*+y*+ 22
or 0P = X +y*+2°

therefore from (i) > + m* + n® = 1

. X Y <
Aganl=—,m=~—,n=—
r r r

, X y z
1e. l:—2 > Sam= T, N = > >
\VXTH YTtz X+ Y 4z VX T+ Y +z
X

Hence, if P(x, y, z) is a point in the space, then direction cosines of p are ﬁ ,
X +y +z

\S]

y z
’ 2 2 2
Ja2 2+ 2 NI
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X~ X

T4

\/(xz _xl)z +(y,— )’1)2 +(2, _Zl)2

re \/(xz_x1)2+(}’2_y1)2+(Z2—Z1)2 ’ \/(x2_x1)2+()’2_)’1)2+(22—Z1)2

9

34.11.1 Direction Cosines of a Vector Joining Two Points

In the adjoining figure @ is a vector joining points P(x, y, z) and Q(x, y, z,). If we shift
the origin to the point P(x,y,z,) without changing the direction of coordinate axes. The
coordinates of point Q becomes (x, — x,, y, — ¥,, Z, — ;) therefore direction cosines of

Yo =N

b

be the direction ratios.

then, L=b -y
en, T (say)

= a=MN,b=Am,c=An

a? +b*+c? =M+ m? +n?)
= }L2=az+l92+c2
ie. A= +va+b>+c?

a

y
A
%7:9
QVL‘y
p N
Wt
@
> X
Z
Fig. 34.28

34.11.2 Direction Ratios of a Vector

Any three real numbers which are proportional to the direction cosines of a vector are called
direction ratios of that vector. Let [, m, n be the direction cosines of a vector and a, b, ¢

b *c

m=

| = T ——m———,
\/a2 +b%+c?

== N =
\/az+bz+c2 \/a2+b2+02
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e Ifa, b, c are direction ratios of a vector then for every A # 0, Aa, Ab, Ac are also its

direction ratios. Thus a vector can have infinite number of direction ratios.

° If P(x,y,z) is a point in the space, then the direction ratios of op are x, y, z.

e IfP(x, y,, z) and Q(x,, y,, z,) are two points in the space then the direction ratios

of PO are x, — x;, ¥, = V> 2, — ;-

2,2, 2 .
e [I“+m +n° =1but a’+b*>+c* # 1 in general.

w|a

T T
111 RENEN [ et Pbeapointinspace suchthat OP= /3 and op makesangles 37

with positve directions of, x, y and z axes respectively. Find coordinates of point P.

_ .11 1
Solution : d.c.s of op are cosz,cosﬁ,cosE ie. —,—,—
3 3 2 2

S &

3

coordinates of point are x = Ir = % X3 = 5

13

PETTRTT TR
1 3
and Z = nr= ) X f = > B
IfP(1,2,-3)isapoint in the space, find the direction cosines of vector OP .
. X 1
Solution : [ = \/xz A BN
y 2

m

NESERE V4

Z 3
n= =
X2 +yi 42 V4

Example 34.21 &N [L Lj be direction cosines of a vector.

1
3°V2°\2

2 2 2
1 1 1 4
Solution : [— + [— + [—j =_ %1
NEVRRANNC VR WOV
1 1

1 L .
—,—,—— can not be direction cosines of a vector.
3'V2°\2
MATHEMATICS

MODULE - IX

Vectors and three

dimensional Geometry

467

Notes



MODULE - IX

Vectors and three
dimensional Geometry

Notes

468

I E N EREWPA [f P(2, 3, —6) and Q(3, —4, 5) are two points in the space. Find the
direction cosines of OP, 00 and PQ, where O is the origin.

2 3 -6
Solution : D.C.’S of pp are ) )
\/22+32+(—6)2 \/22+32+(—6)2 \/22+32+(—6)2
o 2 3 6
le. = o
-3 4 =5

Similarly d.c.’s of QO are —5 > ’m,—2

3-2 —4-3

D.C.’s of pQ are:

JB=22+(-4-3) +(5+6)> (32> +(=4—3)2 +(5+6)°

5+6
JB=2)7 +(—4=3)2 +(5+6)>
1 =7 11

N T TN TR Ts

| el ) EBREMAR Find the direction cosines of a vector which makes equal angles with the
axes.

Solution : Suppose the given vector makes angle o with each of the OX,0Y and OZ .
Therefore cosa, cosal, cosa are the direction cosines of the vector.

Now, cos” oL+ cos> oL+ cos’ o, = 1

) 1
ie. cosQl = i

FED
ID e EREPER [f P(1, 2, -3) and Q(4, 3, 5) are two points in space, find the direction
ratios of O—PQ—O and @

d.c.’s of the vector are [

Solution : d.r.’s of OP are 1,2,-3
d.r.’s of @ are (4, -3, -5) or (4, 3, 5)

d.r.’s of @ are 4 -1,3 -2, 5-(-3)
ie. 3,1, 8.

e\
L‘L § CHECK YOUR PROGRESS 34.6

1. Fillin the blanks:
(i) Direction cosines of y-axis are...
(i) If [, m, n are direction cosines of a vector, then /> + m? + n*> =

MATHEMATICS



(i) If a, b, c are direction ratios of a vector, then a* + b> + ¢?is .... to 1

(iv) The direction cosines of a vector which makes equal angles with the coordinate
axes are...

(v) Iftwo vectors are parallel to each other then their direction ratios are...

(vi) (1, -1, 1) are not direction cosines of any vector because...

(vil) The number of direction ratios of a vector are... (finite/infinite)

2. IfP(3, 4, -5) is a point in the space. Find the direction cosines of OP.

3.  Find the direction cosines of AB where A(=2, 4, —5) and B(1, 2, 3) are two points
in the space.

4. If a vector makes angles 90°, 135° and 45° with the positive directions of x, y and z

axis respectively, find its direction ratios.

34.12 PRODUCT OF VECTORS

In Section 34.9, you have multiplied a vector by a scalar. The product of vector with a scalar

gives us a vector quantity. In this section we shall take the case when a vector is multiplied by

another vector. There are two cases :

@) When the product of two vectors is a scalar, we call it a scalar product, also known as dot
product corresponding to the symbol 'e 'used for this product.

(i)  When the product of two vectors is a vector, we call it a vector product, also known as
cross product corresponding to the symbol 'x ' used for this product.

34.13 SCALAR PRODUCT OF TWO VECTORS

Let aand b two vectors and 0 be the angle

between them. The scalar product, denoted by a ,

b , is defined by /
a-b=allblcosh )

Clearly, E)- B> is a scalar as | E) [, | B) | and cos © = >

are all scalars. Fig. 34.29

1. If E)and F> are like vectors, then E)- B) = ab cos 0 = ab, where aand b are magnitudes
- -
of aand b.

2. Ifaand b are unlike vectors, then a-b =ab cosT = —ab

- -
4. Angle 6 between the vectors 2and b is given bycos 0 = a-_b_)
lal lbl
5. a-b=5b-a and a-(b+ ¢)=(a-b+a-C).
6. n (E)- B)) =(n ?) b =a (n B>) where n s any real number.
7. §.i=j j=k-k=1andi.j=j. k=k-i=0as i, j and k are mutually

perpendicular unit vectors.
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Vectors and three Ifa> =3i+ 23 —6kand b = 4i - 33 +k, find a-b.
dimensional Geometry Also find angle between 2and b.
Solution: 3. 5 = (3{ + 2j— 6k) - (41 - 3j + k)
=3%X4+2%(=3)+(-6) x1

=12-6-6=0
- -
Let @ be the angle between the vectors a and b
- =
Then cose=a'—b—0
|21 15|
0=2
2

34.14 VECTOR PRODUCT OF TWO VECTORS

Before we define vector product of two vectors, we discuss below right handed and left handed
screw and associate it with corresponding vector triad.

34.14.1 Right Handed Screw

If a screw is taken and rotated in the anticlockwise direction, it translates towards the reader. It
is called right handed screw.

34.14.2 Left handed Screw

If a screw is taken and rotated in the clockwise direction, it translates away from the reader. It
is called a left handed screw.

Now we associate a screw with given ordered vector triad.

Let G,h and ¢ be three vectors whose initial point is O.

—>
A C

E

Sy

| o
- 0D-0-0-6-
Lo

Ry

@ (ii)
Fig. 34.30
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Now if a right handed screw at O is rotated froma towards ﬁthrough an angle <180°, it will
undergo a translation along < [Fig. 34.28 (1)]
Similarly if a left handed screw at O is rotated from atob through an angle <180°, it will

undergo a translation along < [Fig. 34.28 (ii)]. This time the direction of translation will be
opposite to the first one.

Thus an ordered vector triad ? , B> , E) is said to be right handed or left handed according as the

right handed screw translated along < or opposite to € when it is rotated through an angle less
than 180°.

34.14.3 Vector (Cross) Product of the Vectors

If @ and b are two non zero vectors then their cross product is denoted by x5 and

defined as axb = |allblsinO.n AR

=y

Sy

Fig. 34.31

Where 0 is the angle between a and b, 0<6 <7 and n is a unit vector perpendicular

to both @ and b ; such that a, b and n forma right handed system (see figure) i.e. the right

handed system rotated from a to b moves in the direction of n.

e axb isa vector and axb=—bxa.

e If either =0 or =0 then O is not defined and in that case we consider
axb=0-

e Ifa and b are non zero vectors. Then axb =0 if and only if a and b are collinear

or parallel vectors. i.e. axb=0 < allb.

e Inparticular 5 xp =0 and b x (—[;) = () because in the first situation 6 = 0 and in 2nd

case 0 = w. Making the value of sin@® = 0 in both the cases.

MODULE - IX
Vectors and three
dimensional Geometry

Notes

MATHEMATICS 471



MODULE - IX

Vectors and three
dimensional Geometry

Notes

472

*  ax(b+c)=axb+axc.

*  Aaxb)=MAa)xb=ax(\b)-

e  Angle 8 between two vectors @ and b is given as
laxbl
lallbl’

sin 6 =

- - 1 - -

e If a and b represent the adjacent sides of a triangle then its area is given by ) laxbl,

° If @ and b represent the adjacent sides of a parallelogram, then its area is given by
laxbl

o Ifa = alf+a2}'+a3/€ and l;=b1§+b2}'+b3l€, then

ik
szl; = |4 4y 43
b b, b

= (a,by —asb,)i—(a;by —asb)) j+ (a,b, — a,b))k
. . - - axb
e Unit vector perpendicular to both a and b is =Bl
ax

| 111 (36 WX Using cross product find the angle between the vectors g = 2i+ }'— 3k

and p = 3i—2j+k-

ik
Solution : axb = 2 1 =3 = i(1-6)— j(2+9)+k(—4—3)
3 2 1

= —5i—11j-7k

laxbl = 25+121+49 =195

" laxbl 195 195
=061 T J1aAa 14

- (V195)
= 6 = sin LTJ
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| pe11111) (%2 W8 Find a unit vector perpendicular to each of the vectors g = 3; + 2}' —3k

MODULE - IX
Vectors and three
dimensional Geometry

and [3:24_}'_12.

ik
Solution : axb =13 2 =3 Notes
1 1 -1
= i(=2+43)— j(=3+3)+k(3-2)
axb = i}
laxbl = J1+1=+2
- _ axb
Unit vector perpendicular to both , and p = —IEXI;I

itk 1~ 1 -

= $:$l+$k

ID el EREPAE Find the area of the triangle having point A(1, 1, 1), B(1, 2, 3) and
C(2, 3, 1) as its vertices.

Solution : AB = (1=Di+Q2-1)j+G=Dk
= }'+2]€
AC = 2-Di+3B-Dj+1-Dk
= i+2)
ik
ABXAC = [0 1 2| = i{(0-4)—j(0-2)+k(0-1)
1 20
= —4i+2j—k
IABXAC| = \[(=4)2 +(2)* +(=)> =/I6+4+1 =421
l— — 21 .
Hence, Area of AABC = E‘ABXAC‘zgumtz,
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Vectors and three | EENJBREWA] Find the area of the parallelogram having A(S, -1, 1), B(-1, -3, 4),
dimensional Geometry| | * ¢ 10 and D(7. —4. 7) as its vertices.

Solution : AB = (-1=-5)i+(=3+1)j+(@-Dk
Notes = —6i—2j+3k
AD = (1=5)i+(=4+1)j+(7-Dk
= 2i-3j+6k
ik
ABXAD =|-6 -2 3| =i(=12+9)— j(-36-6)+k(18+4)
2 -3 6
= —3i+42+22k
|ABX AD| = \9+1764+484 = /2257 unit’.

’am\
L'L JCHECK YOUR PROGRESS 34.7

. - - 2 - -
1. () If ;xp isaunitvectorand lal=3,1bl= ? , then the angle between ¢ and b

is ...

() Ifla.bl=laxbl, then angle between g and b is ...

(iii) The value of ;.(}Xlz)"‘}-(;)(]g)"‘];'(;x}) is ...

2.  Find a unit vector perpendicular to both the vectors (:1+l;) and (Zz—l;) where

Zz=§+}'+lz and l;:§+2}'+312.
3.  Find the area of the parallelogram whose adjacent sides are determined by the vectors

Zz=3§+}'+4l€ and 13:2-}412.

4. If 4 =2i+2j+2k, Z =—i+2j+k, ;} =3;+ j are such that o+ 7b is perpendicular

to Z , find the value of ;.

34.15 SCALAR TRIPLE PRODUCT :

If a,b and ¢ are any three vectors then the scalar product of axb with ¢ is called scalar

triple product i.e. (axb).c is called scalar triple product of a,b and ¢.Itis usually denoted

as [abc]
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[a b c] is a scalar quantity.

(ax b).c represents the volume of a parallelopiped having a, b, ¢ as coterminous edges.

(axb)c=0 if a.b and ¢ are coplanar vectors or any two of the three vectors are

equal or parallel.
In the scalar triple product the position of dot and cross can be interchanged provided
the cyclic order of the vectors is maintained 1.e.

(@axb)c =  a.(bxc)
(bxc)a =  b.(cxa)
(cxa)b =  ¢.(axb)

(@xb).c=(bxc).a=(cxa).b
(@xb).c=—(bxa).c=—c.(bxXa)
(bxc).a=—(cxb).a=—a.(cxb)
(cxa).b=—(axc).b=—b.(axc)
If Zt=al§+a2}+a3l€,l;:b1§+b2}'+b3l€,z=cl§+c2;’+c3lg
a 4y 4
then (axb).c =|bp b, by
G G G

Four points A, B, C and D are coplanar if E,R and 4Ap are coplanar i.e.

(ABxAC).AD =0

IB el ERERIE Find the volume of the parallelepiped whose edges are represented by

~

a=2i-3j+4k, b=i+2j—k and ¢=3i—j+2k.

2 -3 4
Solution : Volume =(gx5b).c = 2 -
3 -1 2

2(4—-1)+3(2+3)+4(-1-6)

= 6+15-28=—7

Neglecting negative sign, required volume = 7 unit>.
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| B eV ERERIN Find the value of A so that the vectors

a=2i—j+k,b=i+2j—3k,c=3i+\j+5k are coplanar.

Solution : The vectors g, and ¢ will be coplanar if [ghc]=0

2 -1 1
ie. 12 3 _
3 A 5

ie. 2(10+30)+1(5+9)+1(A—6) =0

ie. TA+28 0
= A= —4.

| el ) (GRERYA Show that the four points A, B, C and D whose position vectors are

(4} + 5}‘ + ]2), (_}' - ]2), (32 + 9}‘ + 4]2) and (_42 + 4}‘ + 4]2) respectively are coplanar.

Solution : AB = —4i—6j—2k
AC = —i+4j+3k

AD = —8i—j+3k

4 -6 -2
Now (ABXAC).AD = |-1 4 3|= —4(12+3)+6(=3+24)—2(1+32)
-8 -1 3
— —60+126—66=0

Hence, A, B, C and D are coBlanar.
Prove that [+ 5,5 +¢.¢ +a]=2[a.b,¢]
Solution : LHS = (a+b).[(b+c)xc+a)]
= (a+b).[(bxc+bXa+cxXc+cxal
= (a+b).[(bxc+bxa+cxal exe=0
= a.(bxc)+a.(bxa)+a.(cxa)
+b.(bxc)+b.(bxa)+b.(cXa)
= Zz_(l;xE)Jrl;,(Ele) [ scalar triple product is zero
when two vector are equal]
= 2labc]
= RHS
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\ & @ CHECK YOUR PROGRESS 34.8

-

1.

Find the volume of the parallelopiped whose edges are represented by g = 2; — 3 +k,
b=i+2j-3k,c=3i+2]+5k-
Find the value of A so that the vectors q=—4i— 6}' +Ak,b=—i+ 4}' +3k and

c=-8i— }'+ 3k are coplanar.

(:

e

@l .x1 Us sum up

<

A physical quantity which can be represented by a number only is called a scalar.

A quantity which has both magnitude and direction is called a vector.

A vector whose magnitude is 'a' and direction from A to B can be represented by AB
and its magnitude is denoted by | AB |=a.

A vector whose magnitude is equal to the magnitude of another vector 2 butof oppo-

site direction is called negative of the given vector and is denoted by — a .

A unit vector is of magnitude unity. Thus, a unit vector parallel to a is denoted by a and
_)

. a
isequalto —.
H
lal
Aczero vector, denoted by (7, is of magnitude 0 while it has no definite direction.

Unlike addition of scalars, vectors are added in accordance with triangle law of addition
of vectors and therefore, the magnitude of sum of two vectors is always less than or
equal to sum of their magnitudes.

Two or more vectors are said to be collinear if their supports are the same or parallel.

Three or more vectors are said to be coplanar if their supports are parallel to the same
plane or lie on the same plane.

If a isavector and x is a scalar, then x a is a vector whose magnitude is | x| times the

magnitude of 2 and whose direction s the same or opposite to that of 2 depending
upon x>0 or x<0.

Any vector co-planar with two given non-collinear vectors is expressible as their linear
combination.

Any vector in space is expressible as a linear combination of three given non-coplanar
vectors.

The position vector of a point that divides the line segment joining the points with position
vectors a and b in the ratio of m : n internally/externally are given by
— B> - B)
na+tmbd Na-mMbO ogpectively.
m+n n—m
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The position vector of mid-point of the line segment joining the points with position

— - . .
vectors a and b is given by

- o
a+ b

2

-—. .
The scalar product of two vectors 2andbis given by 2-b=allblcos6,where

0 is the angle between 2and .

. .
The vector product of two vectors a and b is given by

?x E) = E) [ B> | sin @ h ,where @ is the angle between a , b and I is a unit vec-

tor perpendicular to the plane of 2 and b.

Direction cosines of a vector are the cosines of the angles subtended by the vector with
the positive directions of x, y and z axes respectively.

Any three real numbers which are proportional to the direction cosines of a vector are
called direction ratios of that vector.

Usually, direction cosines of a vector are denoted by [, m, n and direction ratios by
a, b, c.

P+ m?+n*>=1but a®> + b> + ¢*> # 1, in general.

If AB=xi+ yj+ zk,then direction ratios of AB arex, y, z and direction cosines are
tx ty tz

\/xz+yz+z2 \/xz+yz+z2 \/xz+yz+z2

Direction cosines of a vector are unique but direction ratios are infinite.

Cross product of two non zero vectors g and
b is defined as axb=lallblsin®.n where 0 is the angle between a and b and n
is a unit vector perpendicular to both a and b.

axb=-bxa.

axb=0 ifeither ; —( or = or 5 and b are parallel or 4 and p are collinear.

sz(E+E)=szB+szE

Maxb)=(ha)xb=ax (\b)
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- - MODULE - IX
0= laxbl Vectors and three
e SIMU= lallbl dimensional Geometry
L~ 7 ~ ~ : : .
e Areaof A= ) laxbl where a and b represent adjacent sides of a triangle.
Notes

e Areaofllgm=|gxh| where ¢ and b represent adjacent sides of the parallelogram.

- axb
e  Unit vector perpendicular to both ¢ and b is given by ch AR
ax
ik
e Ifa=aqaji+a,j+azk and l;:b1§+b2}'+b3l; then gxp = a a, a
b b, by

e If a,b and ¢ are any three vectors then (axb).c is called scalar triple product of

a,b and ¢. It is usually denoted as [abc]

e Volume of parallelepiped = (a xb).c where a,b,c represent coterminous edges of
the parallelopiped.

° (c; X I;) c=0,if a,b and care coplanar or any two of the three vectors are equal

or parallel.

° (axb).c=a.(bxc)

* (axb).c=(bxc).a=(cxa).b

°* (axb).c=—(bxa).c

e  Four points A, B, C and D are coplanar if AB, AC and 4p are coplanar i.e.
(ABxAC).AD =0.

o Ifa=ai+a,j+ask.b=bi+b,j+bk,c=cji+c,]+csk then

a, a, das
(axb).c = by b, b
G G G
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www.youtube.com/watch?v=ihNZIp7iUHE
http://emweb.unl.edu/math/mathweb/vectors/vectors.html

Notes |http://www.mathtutor.ac.uk/geometry_vectors

www.khanacademy.org/.../introduction-to-vectors-and-scalars

@
Sl TERMINAL EXERCISE
1. Let ? , B) and E) be three vectors such that any two of them are non-collinear. Find

. . - . . . — . = o
their sumif the vector a+ b is collinear with the vector ¢ andifthe vector b+ ¢ is

. . —
collinear with a .

2. Prove that any two non-zero vectors 2and b are collinear if and only if there exist
numbers x and y, both not zero simultaneously, such that x E>+ y ﬁ = 6

3. ABCD is a parallelogram in which M is the mid-point of side CD. Express the vectors
ﬁ) and AM in terms of vectors BM and 1\76

4. Can the length of the vector E)— B) be (i) less than, (ii) equal to or (iii) larger than the

sum of the lengths of vectors 2and b ?

5. Let aand b be two non-collinear vectors. Find the number x and y, if the vector
- = — P
(2—-x)a+ b and y a+ (x —3) b areequal.
- - . . . — -
6. The vectors a and b are non-collinear. Find the number x ifthe vector 3 a+ x b and

1-x) E)— %? are parallel.

7. Determine x and y such that the vector 2 =20+ 33 + yﬁ is collinear with the vector

- 2 2 ~
b = xi — 6] + 2k . Find also the magnitudes of 2andb.

8. Determine the magnitudes of the vectors a+banda—b ifa =3i— 53 + 8k and
b =—i+]-4k.
0. Find a unit vector in the direction of a where a = —6i + 33 — 2k.

10.  Find a unit vector parallel to the resultant of vectors 3] — 23 +k and —2j + 43 +k
11.  The following forces act on a particle P :

= P i 2 A ~ = 2 Ao .
Fi=2i+j-3k, F, =-3i+2j+2k and F; = 3i — 2j + k measured in New-
tons.

Find (a) the resultant of the forces, (b) the magnitude of the resultant.
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12.

13.

14.
15.

16.

17.
18.

19.

20.

21.

22.

23.
24.

25.
26.

Show that the following vectors are co-planar :

(E)— ZB>+ ?), (2 E)+ B>— 3 E)) and (-3 a+ b+ 27)

where @, band ¢ are any three non-coplanar vectors.
A vector makes angles g,g with 9x and Oy respectively. Find the angle made by
it with o7 .
If P(\/g 1,243 ) is a point in space, find direction cosines of gp where O is the origin.
Find the direction cosines of the vector joining the points (—4,1,7) and (2, -3, 2).

Using the concept of direction ratios show that FQ Il RS where coordinates of P, Q,

3 5
R and S are (0, 1, 2), (3, 4, 8), —2’5’ =3 and E, 6,6 respectively.

If the direction ratios of a vector are (3, 4, 0). Find its directions cosines.

Find the area of the parallelogram whose adjacent sides are represented by the vectors
i+2j+3k and 3i-2j+k.

Find the area of the AABC where coordinates of A, B, C are (3, -1, 2),
(1, =1, =3) and (4, -3, 1) respectively.

Find a unit vector perpendicular to each of the vectors 2i— 3;‘ +% and 3i— 4}' —k.
If A=2i—3j—6k and B=i+4]—2k, then find (A+B)x(A—B).

Prove that : (a—b)X (a+b)=2(axb).

If axb=cxd and axzzl;xg’ show that (21—2) is parallel to (13—2) .

Find the volume of the parallelepiped whose edges are represented by ¢ = 2i— 4}‘ +5 ]2,
b=i—j+k,c=3i—5]+2k-

Show that the vectors g =2i— j+k,b=i-3j—5k and ¢ =3j—4 j — 4k are coplanar.

Find the value of A if the points A(3, 2, 1), B(4, A, 5), C(4, 2, -2) and D(6, 5, —1) are
coplanar.
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MODULE - IX 20
Vectors and three 2N
dimensional Geometry LYJ ANSWERS
CHECK YOUR PROGRESS 34.1
1. (d) 2.(b)
Notes
N
A
5cm
A/_<— B/
A———B
5cm
W >E
3.
\/
S
Fig. 34.32
4. Two vectors are said to be like if they have same direction what ever be their magni-
tudes.
But in case of equal vectors magnitudes and directions both must be same.
N < 50N > 100N N
A A A
60°
W >E W < 457 >E
5.
\ 4 A\
S S
Fig. 34.33 Fig. 34.34
CHECK YOUR PROGRESS 34.2
.0 2.0
CHECK YOUR PROGRESS 34.3
. b-a
2. (i) It is a vector in the direction of a and whose magnitudes is 3 times that of a.
(ii) It is a vector in the direction opposite to that of b and with magnitude 5 times that
%
of b.
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3. DB=b-aand AC=2a+3D.
4 lynl=ylnlify>0

5. Vector:_y|ﬁ>|ify<0=0ify=0

- - .
6. p = X q , Xisanon-zero scalar.

CHECK YOUR PROGRESS 34.4.4

1. Ifthere exist scalars x and y such that E) = x5>+ yﬁ
- 2 A - 2 2 ~

2. r =3i+4j 3. OP = 4i +3j+ 5k
1/~ ~ _~ I = 5 = 5 -

5. —(3i+6j-2k 6. i- j- k
7 (31 + 61 -2K) N TN T RN

CHECK YOUR PROGRESS 34.5.5
1. (i)%(zﬁw?) (i) 3a—2T)
1 - — 1 - - 1 —
2 S@pT3Q) 3. 5(2c+d),§(c+23)

CHECK YOUR PROGRESS 34.6

1. @ O, 1, 0) () 1  (i1) not equal (@)
\%) proportional  (vi) sum of their squares is not equal to 1
3242 -1 3 2 8

2’ 5 2 > w4
CHECK YOUR PROGRESS 34.7

.o n oo
(i) 7 (iii) 1

[S=Y
@
NS

‘ k
—t—=——". J it2
2. \/8 \/g \/g 3. 42 unit

1 1 1

NERNCRNG

(vii) infinite

0,-1, 1
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MODULE - IX
Vestors an tree | CHECK YOUR PROGRESS 34.8
dimensional Geometry 1 42 unit® 2 N=_2
TERMINAL EXERCISEEXERCISE
1. a+b+c=0
Notes
3. BD=BM-MC, AM = BM + 2MC
4. (1) Yes, 2 and b are either any non-collinear vectors or non-zero vectors of same
direction.
(ii) Yes, 2and b are either in the opposite directions or at least one of them is a zero
vector.
(iii) Yes, 2 and b have opposite directions.
5. x=4, y=-2 6. x=2, -1
7. x=4, y=-1 |2 1=14>15 1= 2J14
8 la+bl=6,la-bl=14
6~ 3~ 2=~ 1 ~ _a A
) -——i+=j—-=k ) +—(0+2j+2k
9 R 10 i (i+2j )
A oA T 3n
11. 2i+:5 13. 1 or
3 1 /3 6 -4 -5
14. 1T 15. \/ﬁ’\/ﬁ’\/ﬁ
3 4
17. _,_,O 18. 8\/§ unit2
55
1 7i+ 5}‘ +k
—J165 unit2 B i
19. 7 unit 20. \/%
21. —60i+4]—22k 24. 8 unit3
26. A=5
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PLANE

floor. The floor and roof are parts of two parallel planes extending
infinitely beyond the boundary. You will also see two pairs of parallel F
walls which are also parts of parallel planes. Similarly, the tops of
tables, doors of rooms etc. are examples of parts of planes.

Look closely at a roomin your house. It has four walls, aroofanda g H
|
i
i
i

If we consider any two points in a plane, the line joining these points A
will lie entirely in the same plane. This is the characteristic of a plane. A

Look at Fig.35.1.You know that it is a representation of a rectangular
box. This has six faces, eight vertices and twelve edges.

The pairs of opposite and parallel faces are
@) ABCD and FGHE
(i) AFED and BGHC
(iii) ABGF and DCHE
and the sets of parallel edges are given below :
@ AB, DC EH and FG
(i) AD, BC, GH and FE
(ii) AF, BG, CH and DE

Each of the six faces given above forms a part of the plane, and there are three pairs of parallel
planes, denoted by the opposite faces.

In this lesson, we shall establish the general equation of a plane, the equation of a plane passing
through three given points, the intercept form of the equation of a plane and the normal form of
the equation of a plane. We shall show that a homogeneous equation of second degree in three
variables x,y and z represents a pair of planes. We shall also find the equation of a plane bisecting
the angle between two planes and area of a triangle in space.

r

Z| oBIECTIVES

After studying this lesson, you will be able to :
o identify a plane;

MODULE - IX
Vectors and three
dimensional Geometry
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MODULE-IX | establish the equation of a plane in normal form;

Vectors and three | e find the general equation of a plane passing through a given point;

dimensional Geometry| , find the equation of a plane passing through three given points;

find the equation of a plane in the intercept form and normal form;

find the angle between two given planes;

EXPECTED BACKGROUND KNOWLEDGE

Notes
. Basic knowledge of three dimensional geometry.
. Direction cosines and direction ratio of a line.
° Projection of a line segment on another line.
° Condition of perpendicularity and parallelism of two lines in space.

35.1 VECTOR EQUATION OF A PLANE

A plane is uniquely determined if any one of the following is known:
(1 Normal to the plane and its distance from the origin is given.
(i) One point on the plane is given and normal to the plane is also given.
(i) It passes through three given non collinear points.

35.2 EQUATION OF PLANE IN NORMAL FROM

Let the distance (OA) of the plane from origin O be d and let

n be a unit vector normal to the plane. Consider r as position
vector of an arbitarary point P on the plane. A P(7)
Since OA is the perpendicular distance of the plane from the

origin and 7 is a unit vector perpendicular to the plane. T

~

a:dn dﬁ

=>

Now AP = OP-OA=r—dn

OA is perpendicular to the plane and 4 p lies in the plane, o Fig. 35.2

therefore OA | AP

— AP.OA = 0
ie. (r—dn)n = 0
ie. rn—d =0
ie. rno=d .(3)

which is the equation of plane in vector from.

35.3 CONVERSION OF VECTOR FORM INTO CARTESIAN FORM

Let (x, y, ) be the co-ordinates of the point P and /, m, n be the direction cosines of lAl
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Then 7 = xXi+yj+zk
n = li+ m; +nk
Substituting these value in equation (3) we get
(x;+ y}'+ zlg) . (l;+m§1+ nlz) =d
= Ix+my+nz =d
This is the corresponding Cartesian form of equation of plane in normal form.

Note: In equation (3), if 7.5 = 4 is the equation of the plane then d is not the distance of
the plane from origin. To find the distance of the plane from origin we have to convert n into

~ - d
n by dividing both sides by | ;| . Therefore ﬁ is the distance of the plane from the origin.
n

ID el ENENE Find the distance of the plane r. (62_ 3}' — 2]2) —1=0 from the origin.
Also find the direction cosines of the unit vector perpendicular to the plane.

Solution: The given equation can be written as

F(6i—3j-2k) = 1

N36+9+4=7

Dividing both sides of given equation by 7 we get

16i—3]—2k|

r(6i-3j-2k) 1

7 7
;[é;_if_ézzj 1
Le 77777 7%) = 3

B

<o
|4

-2
d.c.’s of unit vector normal to the plane are T and distance of plane from origin

35.4 EQUATION OF A PLANE PASSING THROUGH A GIVEN
POINT AND PERPENDICULAR TO A GIVEN VECTOR

Let a be the position vector of the given point Aand r the position vector of an arbitrary

point on the plane. 7 is a vector perpendicular to the plane.
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Now AP = OP-0A
A ~
_ - - — P(7)
= r—a (a)
Now nl(r—a) |
(F—a).n =0 .4 "

This is vector equation of plane in general form.

Fig.35.3
35.5 CARTESIAN FORM

Let (x, y,, z,) be the coordinates of the given point A and (x, y, z) be the coordinates of

point P. Again let a, b, ¢ be the direction ratios of normal vector ;.

Then ;. = x§+y}+zlg

- ~

a = xit+ty jt+zk

n = a;+b}'+clg
Substituting these values in equation (4) we get

{(x—xl)i+(y—yl)j+(z—zl)k}.{ai+bj+ck} =0
= a(x—x)+b(y—y)+c(z=z) =0

which is the corresponding Cartesian form of the equation of plane.

|11 ) BREWA Find the vector equation of a plane passing through the point (5, 5, —4)
and perpendicular to the line with direction ratios 2, 3, —1.

Solution : Here a = 5i+5j—4k

and n 2§+3}'—l€

Equation of plane is (;— (52+5}'—4l€)) L(2i+3j-k) =0

35.6 EQUATION OF A PLANE PASSING THROUGH THREE

NON COLLINEAR POINTS

(a) Vector Form

Let a,b and ¢ be the position vectors of the given points Q, R and S respectively.
Let r be the position vector of an arbitrary point P on the plane.

Vectors @=B—Zz,@=z—&and§=;—& lie in the same plane and QEXQE is

MATHEMATICS
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a vector perpendicular to both ﬁ and @ . Therefore ﬁ X @ is perpendicular to Vectors and three
QI-’ also dimensional Geometry

P(7)

Q(a)

QTD(@.Xﬁ) =0 Notes

(?—&).{(E—&)x(é—&)} =0 .(5)
This is the equation of plane in vector form.

(b) Cartesian Form
Let (x, y, 2), (X, ¥;» 21)» (X5, ¥,5 2,) and (x;, y5, z;) be the coordinates of the points
P, Q, R and S respectively.

OP=r—a=(x=x)i+(y=y)j+(z-z)k

OR=b—a=(x,—x)i+(y,—y)j+(z,— 2k

0S =c—a=(x—x)i+(y;=y)J+ (s -2k
Substituting these values in equation (5) we get.

X=X y=yy =3
X=X Yo=Y =4 =0

=X 3TN B4

which is the equation of plane in Cartesian form.

ID'e 1 CIRERE Find the vector equation of the plane passing through the points
Q(2, 5, -3), R(-2, -3, 5) and S(5, 3, -3).

Solution : Let a.b and ¢ be the position vectors of points Q, R and S respectively and

r be the position vector of an arbitrary point on the plane.

Vector equation of plane is {r— Zl}.{(l;—Zl) X (c— ;l)} =0

= 2i+5)-3k

Here a
b = —2i-3j+5k
¢ = 5i+3j-3k
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= —4i-8j+8k
3i-2]

oS
|

QY
I

Required equation is {r—(2i+5j—3k)}.{(~4i -8 +8k)x (3i—2)} =0

35.7 EQUATION OF A PLANE IN THE INTERCEPT FORM

Let a, b,c be the lengths of the intercepts made by the plane on the x,y and z axes respectively.
It implies that the plane passes through the points (a,0,0), (0,b,0) and (0,0,c)

Putting Xp=a y; =0 z1=0
X, =0 y, =b z, =0
and x3=0 y3 =0 z3 = cin(A),
we get the required equation of the plane as
X—a y z
—a b 0 =0
—-a 0 c

which on expanding gives bex + acy + abz — abc = 0

X z
or —+1+—=1 ..... (B)
a b ¢

Equation (B) is called the Intercept form of the equation of the plane.
IB el ) GRER M Find the equation of the plane passing through the points (0,2,3), (2,0,3) and

(2,3,0).
Solution : Using (A), we can write the equation of the plane as
x—0 y—2 z-3
2-0 0-2 3-3 =0
2-0 3-2 0-3
X y—2 z-3
or 2 -2 0 =0
2 1 -3

or x(6-0)—(y—=2)(-6)+(z-3)(2+4)=0
or 6x+6(y—-2)+6(z-3)=0
or X+y—-2+z-3=0 or X+y+z=5

| Dl SRR Show that the equation of the plane passing through the points (2,2,0), (2,0,2)

and (4,3,1)isx=y +z.
Solution : Equation of the plane passing through the point (2,2,0) is
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a(x—-2)+b(y-2)+cz=0 .. @)
-+ (1) passes through the point (2, 0, 2)
a(2-2)+b(0-2)+2c=0
or c=b . (ii)
Again (i) passes through the point (4, 3, 1)
a(4-2)+b(3-2)+c=0
or 2a+b+c=0 ... (i)
From (ii) and (iii), we get 23 + 2b =0 Or a = —b
(i) becomes
-b(x—-2)+b(y—-2)+bz=0

or —(x=2)+y-2+2z=0
or y+z-x=0
or X=y+2z

| el GRENM Reduce the equation of the plane 4x — 5y + 6z — 60 = 0 to the intercept

form. Find its intercepts on the co-ordinate axes.

Solution : The equation of the plane is
4x =5y +62-60=0 or 4x -5y +62=60 ...(»)

. U S T N SRS SR
The equation (i) can be written as 0 60 e O 15 (-12) 10

which is the interecept form of the equation of the plane and the intercepts on the co-ordinate
axes are 15,—12 and 10 respectively.

1B e EREWA Reduce each of the following equations of the plane to the normal form :

H)2x —3y+4z-5=0 (i) 2x+6y—3z+5=0
Find the length of perpendicular from origin upon the plane in both the cases.

Solution : (i) The equation of the planeis 2x —3y +4z—-5=0  ..... (A)
Dividing (A) by /22 + (=32 ) + 42 or,by \/29

2x_3y+4z 5
we get. J29 V29 V29 29

2x 3y 4z 5

— + —
o V29 V29 V29 29
which is the equation of the plane in the normal form.
5

.. Length of the perpendicular is 72

(ii) The equation of the plane is 2x + 6y —3z+5=0 ... (B)
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Dividing (B) by /22 + 62 + (-3 )?
or by —7 we get, [ refer to corollary 2]

777 7 7 77 7
which is the required equation of the plane in the normal form.

5
.. Length of the perpendicular from the origin upon the plane is 7

D611 SRR The foot of the perpendicular drawn from the origin to the planeis (4, -2, —5).
Find the equation of the plane.

Solution : Let P be the foot of perpendicular drawn from origin O to the plane.
Then P is the point (4,-2,-5).

The equation of a plane through the point P (4, -2,-5)is 10
a(x—4)+b(y+2)+c(z+5)=0 ... ()

Now OP | plane and direction cosines of OP are proportional to

4-0,-2-0,-5-0 Pl 2, -5)

ie. 4,-2,-5.

Substituting 4, -2 and — 5 fora,band cin (i), we get Fig. 35.5
4(x—-4)-2(y+2)-5(z+5)=0

or 4x =16 -2y —-4-52-25=0

or 4x =2y =5z =45

which is the required equation of the plane.

r1
\ & § CHECK YOUR PROGRESS 35.1

1. Reduce each of the following equations of the plane to the normal form :
(1) 4x +12y —62—-28=0
() 3y+4z+3=0

2. The foot of the perpendicular drawn from the origin to a plane is the point (1, -3, 1) . Find
the equation of the plane.

3. The foot of the perpendicular drawn from the origin to a plane is the point (1, -2, 1). Find
the equation of the plane.

4. Find the equation of the plane passing through the points
(@) (2,2,-1),(3,4,2) and (7,0, 6)

MATHEMATICS



(b) (2,3,-3),(L,1,-=2)and (-1, 1, 4)
(©) (2,2,2),(3,1,1)and (6, —4,—-6)

5. Show that the equation of the plane passing through the points (3, 3,1), (—3,2 — 1) and
(8,6,3)is 4x + 2y — 13z =5

6. Find the equation of a plane whose intercepts on the coordinate axes are 2,3 and 4
respectively.

1. Find the intercepts made by the plane 2x + 3y + 4z = 24 onthe co-ordinate axes.
8. Show that the points (—1,4,-3),(3,2,-5),(-3,8,—5)and (—3,2,1) are coplanar.
9. (1) What are the direction cosines of a normal to the plane x — 4y + 3z =7.?

(i) What is the distance of the plane 2x + 3y — z = 17 from the origin?

@) The planes ;.(f—}+312) =7 and ;.(3;—12}—512) = 6 are ... to each other.

10. Convert the following equation of a plane in Cartesian form : ;,(22 + 3}‘ — 4]2) =1.

11. Find the vector equation of a plane passing through the point (1, 1, 0), (1, 2, 1) and
(-2, 2, -1).

12. Find the vector equation of a plane passing through the point (1, 4, 6) and normal to
the vector ; — 2}‘ +k.

35.6 ANGLE BETWEEN TWO PLANES n

P1 A
Let the two planes p;and p, be given by NG
X + bly +Cz + dl =0 (1) ;P\‘nl
and arx + byy +crz+dy =0 (i) / /p2
Let the two planes intersect in the line / and let n; and n, be
normals to the two planes. Let @ be the angle between two planes. —
.. The direction cosines of normals to the two planes are Fig. 35.5
+ el + el + a1
\/312 + blz + 012 ’ \/312 + b12 + 012 ’ \/312 + blz + C12
and + 42 B b2 > + c2 )

+
2 2 2 = -
\/az + b2 +Cp \/2122 + b22 + 022 \/2122 + b22 + C22
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e o a;ja, + byb, + ciC
-, cos O isgivenby cos 0 = + 142 192 1€2

\/312 + b12 + C12 \/&22 + b22 + 022

where the sign is so chosen that cos 0 is positive
Corollary 1:

When the two planes are perpendicular to each other then 6 = 90° ie., cos® =0
The condition for two planes a;x + bjy + ¢cjz+d; =0
and arX + byy + ¢,z + dy = 0 to be perpendicular to each other is

aQja, + b1b2 + CiCy = 0
Corollary 2:
If the two planes are parallel, then the normals to the two planes are also parallel

y_b_¢

a, by ¢
. The condition of parallelism of two planes a;x + by + ¢;z + d; = O and

a b
arXx + b2y +Crz + d2 =01s a, b2 cs
This implies that the equations of two parallel planes differ only by a constant. Therefore, any plane

parallel to the plane ax + by + cz+d =0 is ax + by + cz+ k=0, where k is a constant.

| B el BRERE Find the angle between the planes

3x+2y—-6z+7=0 ... 1)
and 2x +3y+2z-5=0 ... (i1)
Solution : Here a; = 3,b; =2,¢; = -6
and ap =2,by =3,¢cp =2

. If @ is the angle between the planes (i) and (ii), then
32+23+(-6).2

J32+22+(=6)2 V22132422

=0

cos O =

-0 =90°
Thus the two planes given by (i) and (ii) are perpendicular to each other.

Ihel i SREN IR Find the equation of the plane parallel to the plane x — 3y +4z —-1=0
and passing through the point ( 3,1,-2).

Solution : Let the equation of the plane parallel to the plane
9. (1) What are the direction cosines of a normal to the plane x — 4y + 3z = 7.7
(i) What is the distance of the plane 2x + 3y — z = 17 from the origin?
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(i) The planes ;.(2— }'+3l€) =7 and ;.(32—12}'—512) = 6 are ... to each other.

10. Convert the following equation of a plane in Cartesian form : ;,(22 + 3}' — 4]2) =1.

11.  Find the vector equation of a plane passing through the point (1, 1, 0), (1, 2, 1) and
(-2, 2, -1).
12. Find the vector equation of a plane passing through the point (1, 4, 6) and normal to
the vector j — 2}‘ +k
Xx—-3y+4z—-1=0bex-3y+4z+k=0 ... (1)
Since (i) passes through the point (3,1, -2 ), it should satisfy it
3-3-8+k=0 or k=8
. Therequired equation of the planeis x — 3y + 4z +8 =0

161111 (REM I Find the equation of the plane passing through the points (—1,2,3) and
(2,-3,4) and which is perpendicular to the plane 3x + y —z +5 =0

Solution : The equation of any plane passing through the point (—1,2,3)is

a(x+1)+b(y—-2)+c(z-3)=0 ... ()

Since the point ( 2,-3,4 ) lies on the plane (i)
- 3a—5b+c=0 -...(1)
Again the plane (i) is perpendicular to the plane 3x + y —z+5 =10
- 3a+b-c=0 -ooo(1)
From (ii) and (iii), by cross multiplication method, we get,

a_b_c a_b_c

4°6 18 2 3 9

Hence the required equation of the plane is
2x+ D) +3(y—2)+92z-3)=0 ...[From(i)]
or 2x + 3y +9z = 31

| 1110 REM PA Find the equation of the plane passing through the point (2,-1,5) and
perpendicular to each of the planes

X+2y—-z=1 and 3x —4y+z=5
Solution : Equation of a plane passing through the point (2, -1, 5) is
a(x—-2)+b(y+1)+c(z-5)=0 .. ()
As this plane is perpendicular to each of the planes
X+2y—-z=1 and 3x-4y+z=5
We have al+b2+c(-1)=0
and a3+b(-4)+c()=0
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or a+2b—-c=0 . (i1)
3a—4b+c=0 e (111)
From (ii) and (iii), we get

a b c
2—-4 -3-1 —-4-6

- a=Ab=2Aand ¢c = 5\

Substituting for a, b and ¢ in (i), we get
AMx=2)+2A(y+1)+5A(z-5)=0

or X—2+2y+2+52-25=0

or X+2y+52-25=0

which is the required equation of the plane.

e\
L'L § CHECK YOUR PROGRESS 35.2

1. Find the angle between the planes
WM2x—-—y+z=6and x+y+2z=3
(i) 3x —2y+z+17=0and 4x +3y - 62+25=0

2. Prove that the following planes are perpendicular to each other.
1) x+2y+2z=0and 2x +y -2z =0
(i) 3x + 4y — 5z =9 and 2x + 6y + 6z =7

3. Find the equation of the plane passing through the point ( 2,3, —1) and parallel to the
plane 2x + 3y + 62+ 7 =0

4.  Find the equation of the plane through the points (—1,1,1) and (1,-1,1)and
perpendicular to the plane x + 2y + 2z =5

5. Find the equation of the plane which passes through the origin and is perpendicular to
eachofthe planes x + 2y + 2z =0and 2x + y -2z =0

35.9 DISTANCE OF A POINT FROM A PLANE

Let the equation of the plane in normal form be

Xcos o+ ycos B+ zcos y=p wherep>0 ... (1)

CaseI: Let the point P (x ', y',z") lie on the same side of the plane in which the origin lies.
Let us draw a plane through point P parallel to plane (i).Its equation is

Xcos o +ycosPp+zcosy=p' ... (ii)
where p'is the length of the perpendicular drawn from origin upon the plane given by (ii). Hence
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the perpendicular distance of P from plane (i)is p — p '
As the plane (ii) passes through the point (x ',y ',z "),
x'cos u+y'cos P+z' cosy=rp'
.. The distance of P from the given plane is
p—-p'=p—(x'cos a+y'cos B+z'cos y)

Case II: If the point P lies on the other side of the plane in which the origin lies, then the distance
of P from the plane (i) is,

p—p=x'cosa+y'cosp+z'cos y—p
Note: Ifthe equation of the plane be given as ax + by + ¢z + d = 0, we have to first convert
it into the normal form, as discussed before, and then use the above formula.

|B i) GREN R Find the distance of the point (1,2,3) fromthe plane 3x — 2y + 52 +17 =0

31-22+53+17 _ 31
Solution : Required distance = \/32 +(=2)2 + 52 ~ /38 units.

I ) EREREY Find the distance between the planes

X—=2y+32-6=0

and 2x —4y+62+17=0
Solution : The equations of the planes are
X—2y+32-6=0 (1)
2x —4y +6z2+17 =0 ....(10)
1 (-2) 3
Here 5 m %

.. Planes (i) and (ii) are parallel
Any point on plane (i) is (6, 0, 0)
.. Distance between planes (i) and (ii) = Distance of point (6,0,0) from (ii)

2x6—-40+6.0+17
=J(2)2 +(4) + 62

29 29

= \/% units = zm units

Q)
\ & CHECK YOUR PROGRESS 35.3

1. Find the distance of the point
(i (2,—-3,1) fromthe plane 5x — 2y + 3z +11 =0

(i) (3, 4,— 5) fromthe plane 2x — 3y + 3z + 27 = 0
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2.

3x+y—z—-7=0and 6x+2y—-2z+11=0

Find the distance between planes

755
LET US SUM UP

A plane is a surface such that if any two points are taken on it, the line joining these two
points lies wholly in the plane.

- A
r.n=

d is the distance of the plane from origin.
Corresponding cartesian form of the equation is I x +my +n z =d, where /,m,n are the
direction cosines of the normal vector to the plane and d is the distance of the plane from

origin.

4 18 the vector equation of a plane where rAz is a unit vector normal to the plane and

- o) -
( r= aj -1 =0 js another vecter equation of a plane where 2 is position vecter of a given

point on the plane and Z is a vecter normal to the plane.

Corresponding cartesion form of this equation is a(x-x,) + b(y-y ) + ¢c(z-z )=0, where
a,b,c are the direction ratios of normal to the plane and (xl,yl,zl) are coordinates of
given point on plane.

(V— Clj-{(b— ajx(c— aj} = 0 js the equation of a plane possing through three points

with position vecter Z; and Z respectively.

Its corresponding cartesian equation is:

X=X Y=y 7z
X=X Y,=» Z,—%|=0
X3—=X YVi— )V %
Z

X
Equation of a plane in the intercept from is N + % + - =1

where a,b and c are intercepts made by the plane on x,y and z axes respectively.
Angle @ betweentwo planes ajx + bjy + ¢z +d; =0
and a,x + b,y + crz+d, =0 isgivenby
aja, +bby, +¢c
cos B = + 132 + 010y + €16y
\/a12 + b12 + 012 \/a22 + b22 + 022

Two planes are perpendicular to each other if and only if

ajan + b1b2 + CiCy = 0
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a _b _¢

Two planes are parallel if and only if g = b, -

€2
Distance of apoint (x ',y ',z"') froma plane

XCoSO + ycosP +zcosy = pis

|p—(x'cosa+y'cosP+z'cosy)|, where the point (x',y',z") lies on the same

side of the plane in which the origin lies.

e

SUPPORTIVE WEB SITES

http://www.mathopenref.com/plane.html

http://en.wikipedia.org/wiki/Plane_(geometry)

S| TERMINAL EXERCISE

10.

I1.

12.

Find the equation of a plane passing through the point (-2, 5, 4)

Find the equation of a plane which divides the line segment joining the points ( 2, 1,4 ) and
(2, 6,4 ) internally in the ratio of 2 : 3.

Find the equation of the plane through the points (1,1,0), (1,2,1) and (-2,2,-1).
Show that the four points (0,—1,—1),(4,5,1),(3,9,4)and (4,4, 4) are coplanar.
Also find the equation of the palne in which they lie.

The foot of the perpendicular drawn from( 1, -2, -3 )to aplane is ( 3,2,—1) . Find the

equation of the plane.

Find the angle between the planes x + y + 2z =9and 2x —y + z =15

Prove that the planes 3x —5y+8z—-2=0 and 12x — 20y + 32z +9 =0 are
parallel.

Determine the value of k for which the planes 3x — 2y + kz —1=0and

x + ky + 5z + 2 = 0 may be perpendicular to each other.

Find the distance of the point ( 3, 2, —5 ) from the plane 2x — 3y — 5z = 7

Find the vector equation of a plane possing through the point (3,-1,5) and perpendicular
to the line with direction ratios (2,-3,1).

Find the vector equation of a plane perpendicular to the vecter 3 ?.,. 5 }_ 6 ]2 and at a

distance of 7 units from origin.
Find the vector equation of a plane passing through the points A(-2,6,-6), B(-3,10,-9),
and C(-5,0,-6).
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CHECK YOUR PROGRESS 35.1

1 : 4_X+12_y_2—2 o _E ——Z_E
S VI VR W =5Y75775
2. Xx—-3y+z—-11=0 3. x-2y+z—-6=0 4. (a) 5x+2y-3z-17=0
(b 3x—y+2=0 (©) x+2y-2=4 6 S+i+>=1
xX—y+2= C) x+2y—-2= SRR
7. Intercepts on X,y & z axes are 12,8,6 respectively.
1 -4 3 17

9. 1) \/% ) \/% > \/% (1) ﬁunits (iii) perpendicular

10. 2x+3y-4z =1 11. x.(2;c+3;—312j=5 12. x.(;—2;+12j+1:0

CHECK YOUR PROGRESS 35.2

1.

5.

()

3. 2x+3y+6z2=7 4. 2x+2y—-32+3=0

N a

3 (i1)

2x =2y+z2=0

CHECK YOUR PROGRESS 35.3

1.

. 30 iy 6 25
(1) E units (i) E units. 2. 2—\/ﬁ units.

TERMINAL EXERCISESE

1.
2.

3.

11.

12.

a(x+2)+b(y-5)+c(z—-4)=0
a(x—2)+b(y—-3)+c(z-4)=0
2x +3y—-32-5=0 4. 5x—-T7y+11z+4=0 5 x+2y+z=6

T 18 - TN el T AT
— . k=- e i {I’—(—3l+]+5kj}.(2l—3]+k)=0
3 8. k 1 9 38 10

r.3l+5]—6k

J70

{Z.(—z?m}—62)}.{(—?+4}—31@}{—3?—6})}:0

)=7

MATHEMATICS



STRAIGHT LINES

In Fig. 36.1, we see a rectangular box having six faces, which
are parts of six planes. In the figure, ABCD and EFGH are
parallel planes. Similarly, ADGH and BCFE are parallel planes
and so are ABEH and CFGD. Two planes ABCD and CFGD
intersect in the line CD. Similarly, it happens with any two adja-
cent planes. Also two edges, say AB and AH meet in the vertex
A. It also happens with any two adjacent edges. We can see

that the planes meet in lines and the edges meet in vertices.

In this lesson, we will study the equations of a line in space in
symmetric form, reducing the general equation of a line into sym-
metric form, finding the perpendicular distance of a point froma
line and finding the angle between a line and a plane. We will
also establish the condition of coplanarity of two lines.

r

\Z| oBIECTIVES

After studying this lesson, you will be able to :

. find the equations of a line in space in symmetric form;

° convert the general equations of a line into symmetric form;

. find the perpendicular distance of a point from a line;
° find the angle between a line and a plane; and

find the condition of coplanarity of two lines.

EXPECTED BACKGROUND KNOWLEDGE

Basic knowledge of three dimensional geometry.

° General equation of a plane.
. Equations of a plane in different forms.
° Angle between two planes.

36.1 VECTOR EQUATION OF A LINE

A line is uniquely defermined if, it passes through a given point and it has a given direction

or it passes through two given points.

311en36

MODULE - IX

Vectors and three
dimensional Geometry

Notes

Condition of parallelism and perpendicularity of two lines.

Direction cosines/ratios of a line and projection of a line segment on another line.

Fig. 36.1
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36.1.1 Equation of a line through a given point and parallel to a given vector: Let
[ be the line which passes through the pomt A and which is parallel to the vector b.Let a
be position vector of the point A and » be the position vector of an arbitrary point P on the
line.

AY ?;
/
A P
[
9) >
Fig. 36.2
Z
In AOAP, A+ AP = OP
ie. AP = OP-OA=r—a
But APIb . AP=)\b
r—a = Ab (D)

= r=a+\b is the required equation of the line in vector from

36.1.2 Conversion of Vector form into Cartesian form

Let (x,, y,, z,) be the coordinates of the given point A and b,, b,, b, be the direction ratios
of vector . Consider (x, y, z) as the coordinates of point P.
Then r =xi+ y}'+ zl;, a= xl;+ y]}'+ zll;

and b = bl§+b2}'+b3lg.
Substituting these values in equation (1) we get

(X—x1);+ (y— )’1)}"‘(2— Z1)£ = k(b1;+b2}'+b3l€)

x_xl:)\l y_y1=7u Z_lex

b - b. b is the corresponding Cartesian form of equation of the
I ) 3

line. This is also known as symmetric form of equation of line.
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Straight Lines

36.1.3 Equation of the Line Passing Through two given Points

Let [ be the line which passes through two points A and B. Let a and b be the position

vectors of points A and B respectively. Let r be the position vector of an arbitary point P
on the line.
From the figure,

AY

AP = r-a B
and AB = b-a !
But Ap and Ap are collinear vectors

AP = \AB
Le. F—a = Mb-a) (2 0 >

L Fig. 36.3

= r = a+Aib-a)

Z
which is the required equation in vector form.

36.1.4 Conversion of Vector Form into Cartesian Form

Let (x, y,, z;) and (x,, y,, Z,) be the coordinates of point A and B respectively. Consider
(x, y, 2) as the coordinates of point P.

- ~

and r = x;+y}'+zl;.

Substituting these values in equation (2) we get

(x=x)i+(y=y)Jj+(z=2)k = My =x)i+ (v, = y) )+ (2, — 2k]

X=X = Yy—n =2 <77 =
Xy — X Yo—=0 T

X=X _ V=N _ 2754

X=X =N 274
is the corresponding Cartesian form of equation of the line. This is known as two point form
of equation of line.

D e i) ERIME Find the vector equation of the line through the point (2, -3, 5) and parallel

to the vector j+ 2}' —3k.

Solution : Here a = 2i-3j+5k
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Straight Lines

and b = i+2j-3k

;o= (2i=3j+5k)+Mi+2]—3k)
which is the required equation of the line.
| e 1) GRIWA Find the vector equation of a line passing through the points (-1, 5, 2) and
4,3, -5).

Solution : Vector equation of line in two point form is

r= a+Ab-a)

Here a = —2+5}'+2I€
and b = 4§+3}'—512
b—a = 5i-2j-Tk

(—i+5)+2k)+M(5i—2]—Tk)

S
Il

Hence, the required equation is

+3 y—-2 z-5

| D)) BRI Write the following equation of a line in vector form al 3 7

X=X Y=y _2I—4

Solution : Comparing the given equation with b = b = b
1 2 3
We get Xp==3, 9 =2,z =5
b1= 2,b2=—3,b3=7
a = (-3i+2j+5k)
and b= (2i-3j+7k)

= (=3i+2j+5k)+M(2i—3j+7k) is the required

equation in vector form.

Hence,

~N
I

1D el 1) RIFE Find the equations of the line through the point (1,2, —3) with direction

cosines
(L1
V3B

Solution : The equations of the line are

x=1 y-2 z+3

Ao

I
NEIENE] NG
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Straight Lines

x—1 y—-2 z+3
or = =

x—-l=y-2=—(z+3)

1D e BRIMN Find the equations of a line passing through the point (1, -3, 2 ) and having

I 2

directionratios ( 1,-2,3)

Solution : The equations of the line are
x=1 y+3 z-2
1 -2 3

I GV RIXR Find the equations of the line passing through two points (1,-3,2)and
(4,2,-3)

Solution : The equations of the required line are

x=1 y+3 z-2 x—=1_ y+3 z-2
4-1 2+3 —3-2 3 5 -5

1D el RIWA Find the equations of the line passing through the points ( 1, —5,—6 ) and
parallel to the line joining the points (0,2,3) and (-1,3,7).

Solution : Direction ratios of the line joining the points ( 0,2,3) and (—1,3,7) are
-1-0,3-2,7-3

or —1,+1,+4

.-. Direction ratios of a line parallel to this line can be taken as —1,1, 4.

Thus, equations of the line through the point (1, -5, —6) and parallel to the given line are

x=1 y+5 z+6
-1 1 4

ram\
L'L § CHECK YOUR PROGRESS 36.1

1. Find the equations, in symmetric form, of the line passing through the point ( 1, -2, 3 ) with

direction ratios 3, —4, 5.

2. Find the equations of the line, in symmetric form, passing through the points ( 3,-9,4)
and (-9,5,—4).
3. Find the equations of the line, in symmetric form, passing through the points ( -7, 5,3 ) and

(2,6,8)
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Straight Lines

4. Find the equations of the line, in symmetric form, through the point (1,2,3) and parallel to
the line joining the points (—4,7,2 ) and (5,-3,-2)
5. Find the equations of a line passing through the origin and equally inclined to the co-
ordinate axes.
6.  Write the vector equation of the line passing through origin and (5, -2, 3).
x=5 y+4 z-3
37 2
Write the following equation of a line in Cartesian form :
F=(+2)+3k)+ i =3 +2k)
9. Find the vector equation of a line passing through the point (2, —1, 4) and parallel to

7.  Write the following equation of a line in vector form

~

the vector j + 2}‘ —k.

36.2 REDUCTION OF THE EQUATIONS OF A LINE INTO
SYMMETRIC FORM

You may recall that a line can be thought of as the intersection of two non-parallel planes.
Let the equations of the two intersecting planes be
ax +by+cz+d=0 (1)
and a'x+b'y+c'z+d'=0 ...(i)
Let AB be the line of intersection of the two planes. Every point on the line AB lies on both the

planes. Thus, the co-ordinates of any point on the line satisfy the two equations of the planes.
Hence (i) and (ii) together represent the equations of a line.

The equations ax + by + cz =0 and a'x + b'y + ¢ 'z = 0 together represent the equations

of the line through the origin parallel to the above line as the above two planes also pass through
origin. The above form of the equations of a line is referred to as general (or non-symmetric)
form of the equations of a line.

To reduce the general equations of a line given by (i) and (ii) in the symmetric form, we need the
direction cosines of the line as well as the co-ordinates of a point on the line.

Let the direction cosines of the line be /, m and n. The line is perpendicular to the normal to
planes given by (i) and (ii).

al+bm+cn=0 and a'/+b'm+c'n=0
By cross multiplication method, we get

l m n

bc'-b'c ca'-ac' - ab'-a'b
Thus, the direction cosines of the line are proportional to
(bc'=b'c),(ca'—ac')and (ab'—a'b).

The point where the line meets the XY —plane is obtained by putting z = 0 in the equations (i)
and (ii), which give
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ax +by+d=0 ....(1i1)
a'x+b'y+d'=0 (i)
Solving (iii) and (iv), we get
bd'-b'd da'-d'a
X=——,y=——
ab'—a'b ab'—a'b
_ _ _(bd'—b'd da'-d'a )
.. Apoint on the line is ab—a'b ab—a'b’
-. The equations of the line in symmetric form are
bd'-b'd da'-d'a
X—— y——
ab—a'b  _ ab—a'b  _ z
bc'-b'c ca'-c'a ab'—a'b

Note: Instead of taking z = 0, we may take x = 0 or y = 0 or any other suitable value for any
of the x, y, z provided the two equations so obtained have a unique solution.

| B el BRIRY Convert the equations of the line givenbyx — 2y + 3z = 4,2x — 3y +4z =5
into symmetric form and find its direction cosines.

Solution : Let z = 0 be the z—co-ordinate of a point on each of the planes.
.. The equations of the planes reduce to
Xx—2y=4
2x =3y =5
which onsolving give x = =2 and y = -3
. The point common to two planes is (—2,-3,0).

Let /, m, nbe the direction cosines of the line As the line is perpendicular to normal to the planes.
we have

[-2m+3n =0
and 20-3m+4n=0
[ __m _ n
-8+9 6-4 -3+4
.. The equations of the line are
X+2=y+3= z
L1, 2 1

NN 6
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and the direction cosines of the line are + 1 , T 2 , * L (the same sign positive or nega-
Jo© N6 6
tive to be taken throughout)
Notes

ram\
L'L § CHECK YOUR PROGRESS 36.2

1. Find the equations, in symmetric form, of the line given by

) x+5y—-z=7 and 2x =5y +3z=-1
@ x+y+z+1=0 and 4x +y—-2z+2=0
) x—-y+z+5=0 and X—-2y—-z+2=0

36.3 PERPENDICULAR DISTANCE OF A POINT FROM A LINE

Let Pbe the point ( X1, 1, Z; ) and AQ be the given line

. P(xq, y1, 21)
whose equations are
x-o y-B z-v
l m n
where /, m and n are the direction cosines of the line AQ,
Q s the foot of the perpendicular from Pon AQ and A is
the point (o, B, 7). “~ Q >
Fig. 36.4
We have PQ2 = AP2 — AQ2
Now AP2 = (x;—a) +(y; =B)* +(z —7)°

Again AQ, the projection of AP on the line is
(xp—a)l+(y;=B)m+(z —v)n

PQ2 ={(x;—a)* +(y; —-B)” +(z -7)°}

2
—{(xy—a)l+(y; —=B)m+(z —v)n}
which gives the length of perpendicular (PQ) from the point P to the line.

| D) 1) ERIRAE Find the distance of a point (2,3,1) from the line

y+z—-1=0=2x-3y-2z+4
Solution : Let z =0 be the z-coordinate of the point common to two planes.

.. Their equations become y = 1 and 2x — 3y + 4 = O whichgive x = —%
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1
. Apoint common to two planes is ( 5 LO j

Let /, m, n be the direction cosines of the given line
Then, 0/ + m+n=0and 2/ - 3m—-2n =0

m n 1

! 1
22 _ 2 =+~
or 1 2 2 =< 3

If PQ is the length of the perpendicular from (2,3,1) to the given line. Then

) 1)2 e -0p | [xd 2ol
PQ {(2+2 +(3-1)"+(1-0) 2><3+3><2 1x

. PQ=3

Thus, the required distance is 3 units.

CN
L'L J CHECK YOUR PROGRESS 36.3

1. Find the distance of the point from the line, for each of the following :
(i) Point (0.2, 3).line ~+> =Y -1 _2+4
3 2 3
x—13 y+8 z-31
5 -6 1
(iii) Point (4, 1, 1),line x + y+z=4,x -2y —z =4
@iv) Point (3,2,1),line x +y+z=4,x-2y—-z=4

36.4 ANGLE BETWEEN A LINE AND A PLANE

The angle between a line and a plane is the complement of the

(if) Point (-1, 3, 9), line

2}2
3

90° -0

iz
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Z
angle between the line and normal to the plane. Let the equations
of the line be
x—-x'_ y-y' z-2z' .
/ m PR (1)
and that of the plane be 0
ax +by+cz+d=0 ...(1i)

If 9 be the angle between (i) and (ii), then

Fig. 36.5
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al + bm + cn

_\/lz+m2+n2 \/az+b2+c2

. o x=2 y+3 z-1
I el ERIWIE Find the angle between the line 3 = 3 = 1

and the plane 2x —3y +4z -7 =0

sin © = cos (90° —0)

Solution : Here the angle § between the given line and given plane is given by

Gin O = 2x3-3x3+4xl _ 1
V32432412 224 (3)P+42 V19V
1
J551
1
stin_l(—)
o J551

Piﬁﬁ
\ & | CHECK YOUR PROGRESS 36.4

1. Find the angle between the following lines and the planes.
x—4 y+2 z-3

(i) Line : and Plane:3x —4y+5z=5

1 4 -1

. Xx—2 z-3 y+2

(i) Line : > = 3 = 1 and  Plane: -2x + 4y — 5z = 20

iy Line: ~ =Y "2 =Y*2 0 Plane: x — dy + 62 = 11

(iii) me.4 3 5 an ane: x —4y + 6z =

L x+2 y—-3 z+4

(iv) Line : = = and Plane:4x -3y—-z—-7=0
4 5 1

36.5 CONDITION OF COPLANARITY OF TWO LINES
If the two lines given by

X=X _ YN _2-74 .
I m, n (1)

X=X _Y~=¥2_2-2y ..
and I m, n, (i1)

intersect, they lie in the same plane.
Equation of a plane containing line (i) is

A(x—-x;)+B(y-y;)+C(z-2)=0 ... (iii)
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with Al +Bm; +Cn, =0 .. (iv)
If the plane (iii) contains line (ii), the point ( X, y,,Z, ) must lie oniit.
Thus, A(x, —x;)+B(ys—y;)+C(z,—-2)=0 ... (V)
with  Al, + Bm, + Cn, =0 (VD)
Eliminating A,B and C from (iv), (v) and (vi), we have
X2 = X1 Y2 7)1 22— 23

ll ml 1’11 = 0
) m; n,

which is the necessary condition for coplanarity of lines given by (i) and (ii)
Again, eliminating A,B and C from (iii), (iv) and (vi) we get
X=X Y=Y 2174
l] my n =0 .. (Vlll)
l m; Ny
(viii) represents the equation of the plane containing the two intersecting lines.
We shall now show that if the condition (vii) holds, then the lines (i) and (ii) are coplanar.

Consider the plane

X=X Y=—Y1 2—24

ll my ng =0 (1X)
b m, n,
or, (x =xp) (mmny —myng )+ (y —yy)(nyly —nyly)

+(z -2z )(ljmy —hm;) =0

A line will lie in the plane, if the normal to the plane is perpendicular to the line and any point on
the line lies in the plane.

You may see that
h (mny —mpny ) +my (nyly —nply ) +ny (4my —lhmy ) =0
Hence line (i) lies in plane (ix)
By similar argument, we can say that line (ii) lies on plane (ix)
.. The two lines are coplanar.
Thus, the condition (vii) is also sufficient for the two lines to be coplanar.

Corollary: The lines (i) and (i1) will intersect if and only if (vii) holds and lines are not parallel.
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Note:

(i) Two lines in space, which are neither intersecting nor parallel, do not lie in the same
plane. Such lines are called skew lines.

(i) If the equation of one line be in symmetric form and the other in general form, we
proceed as follows:

Notes i i
Let equations of one line be

X=X _Y™"N_2-73 i)

[ m n
and that of the other line be
ax +by+cz+d=0and a'x+b'y+c'z+d'=0 ... (i)

If the two lines are coplanar, then a point on the first line should satisfy equations of the second

line. A general point on line (i) is ( X; + /r, y; + mr,z; + nr).

This point lieson ax + by + cz +d = 0 if
a(xy+Ir)+b(y;+mr)+c(z;+nr)+d=0

ax1+by1+czl+d
al + bm + cn

or r=

Similarly, this point shouldlieona'x + b'y + ¢'z + d"' = 0, resulting in

a'X1 +b'y1 +C'Z1 +d'
a'l+b'm+c'n

r =

Equating the two values of r obtained above, we have the required condition as
ax; + by, +cz;+d _a'x +b'y;+c'z +d’
al + bm + cn a'l+b'm+c'n

Note: In case, both the lines are in general form, convert one of them into symmetric form
and then proceed as above.

x—8 y—-4 z-5

and = = are co-planar.
7 1 3
Solution: For the lines X — S_y-7_z+3 (1)
4 4 -5
q x-8 y—-4 z-5 B
an 7 1 3 ... ()

to be coplanar we must have
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8—54-75+3 338

4 4 -—5|=0 or 44 =5=0

or 3(12+5)+3(12+35)+8(4-28)=0
or 51+141-192 =0
or 0 = 0 whichis true.

.. The two lines given by (1) and (ii) are coplanar.

ID el ERINPA Prove that the lines

x+1 y+3 z+5 x—2 y—-4 z-6

3 5 7 ad =

are coplanar. Find the equation of the plane containing these lines.
Solution: For the lines

x+1 y+3 z+5 x—2 y—-4 z-6

and = =

3 5 7 1 4 7

to be coplanar, we must have

24+14+3 6+5 3 7 11
3 5 7 =0 3 5 17
or
1 4 7 1 4 7
or 3(35-28)-7(21-7)+11(12-5)=0
or 21-98+77=0
or 0 =0. whichis true.

.. The given lines are coplanar.

Equation of the plane containing these lines is

x+1 y+3z+5
3 5 7 =0
1 4 7
or (x+1)(35-28)—(y+3)(21-7)+(z+5)(12-5)
or Tx+7—-14y —42+72+35=0
or Tx =14y +72 =0

or Xx—-2y+z=0

0
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Q
\ & §l CHECK YOUR PROGRESS 36.5

1.

Prove that the following lines are coplanar :

x=3 y-2 z+1

¢ 3 ) | and x +2y+3z2=0=2x+4y+3z+3
i 2Ly Ik -3y +1=0=5x—3242
(i) — 3 5 anddx -3y +1=0=5x-3z+

.o x+1 y-3 z+2
Show that the lines = =

-3 2 1
x y=7 z+7 ] ) o

and T = 3 = > are coplanar. Find the equation of the plane containing them.

2%
el LET US sum uP

A line is the intersection of two non-parallel planes.

Vector equation of a line is r=a+\b, where q is the position vector of the given
point on the line and b is a vector parallel to the line.

Its corresponding Cartesian form is

by b, b,
the line and b, b,, b, are the direction ratios of the vector b.

L where (x,, y» 2;) are the coordinates to the given point on

r=a+ k(l; - :1) is another vector equation of the line where a and b are the position
vectors of two distinct points on the line.
Its corresponding Cartesian form is

X=X _Y~Nh _ 7%

Xo=X M=V 2277

, where (x,, y,, z;) and (x,, y,, z,) are the coordinates

of two distinct given points on the line.

X _ YN _2-7

X
The angle @ between the line / o and the plane
ax + by + cz +d = 0 is given by
. al + bm + cn
sin @ =
VI2 + m2 +n2 Va2 + b2 + 2

The condition of coplanarity of two lines,
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MODULE - IX
X—X| Y-y _z72—-1Z X—Xp Y—Yo Z—12p Vectors and three
;. m, = n and L = m, = n, dimensional Geometry
X2 =X Y271 2272
is ll my ng =0
) my np Notes
and the equation of the plane containing the lines is
X=X ¥y=NM 2-7
ll my ng =0
L my  ny
e \ SUPPORTIVE WEB SITES
http://www.regentsprep.org/regents/math/algebra/ac1/eqlines.htm
http://www.purplemath.com/modules/strtlneq.htm
http://www.mathsteacher.com.au/year10/ch03_linear_graphs/02_gradient/line.htm
[ &
qi] TERMINAL EXERCISE
1. Find the equations of the line passing through the points (1,4,7) and (3, -2, 5)
2. Find the equations of the line passing through the point (-1, —2, —3) and perpendicular to
the plane 3x —4y +5z—-11=0
3. Find the direction cosines of the line which is perpendicular to the lines whose direction
ratiosare 1,—1,2 and 2,1,—1.
4. Show that the line segment joining the points (1,2,3) and (4,5,7) is parallel to the line
segment joining the points (—4,3,—6) and (2,9,2)
5. Find the angle between the lines
x—-1 y—-2 z+5 d x+1 _y+1_z
2 4 5 an 3 4 2
6. Find the equations of the line passing through the point (1,2, —4 ) and perpendicular to
each of the two lines
x-8 y+19 z-10 q x=15 y-29 z-5
3 ~16 7 an 3 8 -5
7. Convert the equations of the line x —y +2z—-5=0, 3x + y+z — 6 = 0 into the
symmetric form.
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10.

I1.

12.
13.

14.

Straight Lines

x—-1 y-3 z x—4 y-1_ z-1

R e S

are coplanar. Find the equation of the plane containing them.

Show that the lines

Find the equation of the plane containing the lines.
x=5 y—-T7 z+3 q x—=8 y—-4 z-5
4 4 -5 . 7 1 3

Find the projection of the line segment joining the points (2,3,1) and (5,8,7) on the line

X_y+4_z+1

2 3 6
Find the vector equation of a line which passes through the point (1, 2, —4) and is

parallel to the vector (2§ + 3;' -5 ]2) .

Cartesian equation of a line is X+5 = y-4 = 7z, what is its vector equation?

-5
Find the vector equation of a line passing through the points (3, -2, —5) and
(3, -2, 6).

Find the vector equation of a line which passes through the point (-2, 4, —-5) and

x—-3 y+4 z-8
5 2

parallel to the line given by
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CHECK YOUR PROGRESS 36.1
x —1 _y+ 2 _z- 3

1.

3 -4 5 ) -6 7 -4
3 x+7 y=-5_ z-3 4 x-1 y—-2 z-3
' 9 1 5 ' 9 -10 -4
5. T =171 6.
7 7=(5?—4}+3?j+ﬂ(3?+7}+21€) 3. xl—lzy—32:z;3

0. ?=(2§—}+4l§)+2(?+2}—1§)

CHECK YOUR PROGRESS 36.2
x—2 y-1 _z

1. @

2 -1 -3

X+ - +=
(i) 3_ Y Ta 2
1 -2 1

(i ===

CHECK YOUR PROGRESS 36.3

1. (i) \/21 units (i) 21 units
e 27, . .
(iii) T units (iv) /6 units

CHECK YOUR PROGRESS 36.4
1 @) sin~! (—é) (ii) sin”! (Lj
: 5 J70

iy sin! | 2 iv) 0°.
(i) 72650 (iv)
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vectors and three | CHECK YOUR PROGRESS 36.5

dimensional Geometry ) X+y+z=0

TERMINAL EXERCISE

Notes

] x=1 y—-4 z-7 5 x+1 y+2 z+3

2 -6 ) ' 3 —4 5
3. - 1 > & 5 90°

1 2 4 x -1 =

6 x—-1_y—-2_ z+ . 1 y 1z

2 3 6 -3 5 4
8. 2x =5y —-162+13=0 9. 17x =47y =24z +172 =0

57 e A A oa A

10—~ units. 1. r=(+2y—4k)+M2i+3j-5k)
12. r=(=Si+4)+A3i—5]+k) 13.  r=@Gi-2j-5k)+A(11k)

14, r=(=2i+47-5k)+A3i+5)+2k)
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MODULE-X:

Linear Programming and Mathematical Reasoning

Lesson-37: Linear Programming

Lesson-38: Mathematical Reasoning

Scope and Approach:

You are very familiar with linear equations and linear ineqauations in one and two variables.
These equations can be solved algebraically or graphically. On the basis of solutions of linear
in equations you will be able to solve problems on linear programming. The main objective of
study of logic is to construct good or sound arguments, and to recognize bad or unsound
arguments. Logic is a science of reasoning. In this module you will learn about study of logic
in Mathematics, which is prominently called Boolian logic.







LINEAR PROGRAMMING

]
311en37

37.1 INTRODUTION TO LINEAR PROGRAMMING PROBLEMS

A toy dealer goes to the wholesale market with Rs. 1500.00 to purchase toys for selling. In the
market there are various types of toys available. From quality point of view, he finds that the toy
of type ‘A’ and type ‘B’ are suitable. The cost price of type ‘A’ toy is Rs. 300 each and that of
type ‘B’is Rs. 250 each. He knows that the type ‘A’ toy can be sold for Rs. 325 each, while
the type ‘B’ toy can be sold for Rs. 265 each. Within the amount available to him he would like
to make maximum profit. His problem is to find out how many type ‘A’ and type ‘B’ toys
should be purchased so to get the maximum profit.

He can prepare the following table taking into account all possible combinations of type ‘A’ and
type ‘B’ toys subject to the limitation on the investment.

‘A’ type ‘B’ type| Investment| Amount after sale Profit on the
(including investment
the unutilised
amount if any)

0 6 1500.00 1590.00 90.00
1 4 1300.00 1585.00 85.00
2 3 1350.00 1595.00 95.00
3 2 1400.00 1605.00 105.00
4 1 1450.00 1615.00 115.00
5 0 1500.00 1625.00 125.00

Now, the decision leading to maximum profit is clear. Five type A toys should be purchased.

The above problem was easy to handle because the choice was limited to two types, and the
number of items to be purchased was small. Here, all possible combinations were thought of
and the corresponding gain calculated. But one must make sure that he has taken all possibilities
into account.

A situation faced by a retailer of radio sets similar to the one given above is described below.

Aretailer of radio sets wishes to buy a number of transistor radio sets from the wholesaler.
There are two types (type A and type B) of radio sets which he can buy. Type A costs Rs.360
each and type B costs Rs. 240 each. The retailer can invest up to Rs. 5760. By selling the radio
sets, he can make a profit of Rs. 50 on each set of type A and of Rs. 40 on each set of type B.
How many of each type should he buy to maximize his total profit?
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Here we have to maximize the profit. Sometimes we come across a problem in which the costs
are to be minimized. Consider the following problem :

Two tailors Aand B earn Rs.150 and Rs.200 per day respectively. A can stitch 6 shirts and 4
pants per day, while B can stitch 4 shirts and 7 pants per day. How many days shall each work
if they want to produce at least 60 shirts and 72 pants at a minimum labour cost?

In this problem we have to minimise the labour cost.
These types of problems of maximisation and minimisation are called optimisation problems.

The technique followed by mathematicians to solve such problems is called ‘Linear
Programming’.

r

\Z| OBIECTIVES

After studying this lesson, you will be able to :

. undertstand the terminology used in linear programming;

° convert different type of problems into a linear programming problem;

. use graphical mehtod to find solution of the linear programming problems
. good idea of converting a mathematical information into a in equality

° to be able to solve system of on equalities using graphical method.

37.2 DEFINITIONS OF VARIOUS TERMS INVOLVED IN
LINEAR PROGRAMMING

A close examination of the examples cited in the introduction points out one basic property that
all these problems have in common, i.e., in each example, we were concerned with maximising
or minimising some quantity.

In first two examples, we wanted to maximise the return on the investment. In third example,
we wanted to minimise the labour cost. In linear programming terminology the maximization or
minimization of a quantity is referred to as the objective of the problem.

37.2.1 Objective Function

Inalinear programming problem. z, the linear function of the variables which is to be optimized
is called objective function.

Here, a linear form means a mathematical expression of the type

ax, +a, x,+....+a,x,,

n

where q,, a, x, are variables.

In linear programming problems, the products, services, projects etc. that are competing with

MATHEMATICS
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each other for sharing the given limited resources are called the variables or decision variables.
37.2.2 Constraints

The limitations on resources (like cash in hand, production capacity, man power, time, machines,
etc.) which are to be allocated among various competing variables are in the form of linear
equations or inequations (inequalities) and are called constraints or restrictions.

37.2.3 Non-negative Restrictions

All decision variables must assume non-negative values, as negative values of physical quantities
is an impossible situation.

37.3 FORMULATION OF A LINEAR PROGRAMMING PROBLEM

The formulation of a linear programming problem as a mathematical model involves the following
key steps.

Step 1: Identify the decision variables to be determined and express them in terms of algebraic

symbols suchas x; x, x; ..........

Step 2: Identify all the limitations in the given problem and then express them as linear equations
or inequalities in terms of above defined decision variables.

Step 3: Identify the objective which is to be optimised (maximised or minimised) and express it
as a linear function of the above defined decision variables.

A retailer wishes to buy a number of transistor radio sets of types A and B.
Type A cost Rs.360 each and type B cost Rs. 240 each. The retailer knows that he cannot sell
more than 20 sets, so he does not want to buy more than 20 sets and he cannot afford to pay
more than Rs.5760. His expectation is that he would get a profit of Rs.50 for each set of type
A and Rs.40 for each set of type B. Form a mathematical model to find how many of each type

should be purchased in order to make his total profit as large as possible?

Solution : Suppose the retailer purchases x, sets of type A and x, sets of type B. Since the

number of sets of each type is non-negative, so we have
x,2 0, -+ (1)
x, 20, -+ (2)

Also the cost of x; sets of type A and x, sets of type B is 360 x, + 240 x, and it should be
equal to or less than Rs.5760), that is,

360 x, +240 x, <5760

or 3x,+2x,<48 -+ (3)

Further, the number of sets of both types should not exceed 20, so

MATHEMATICS

MODULE - X

Linear Programming
and Mathematical
Reasoning

Notes



MODULE - X

Linear Programming
and Mathematical
Reasoning

Notes

524

Linear Programming
x+x,<20 ()

Since the total profit consists of profit derived from selling the x, type A sets and x, type B

sets, therefore, the retailer earns a profit of Rs.50 x; on type A sets and Rs.40 x, on type B
sets. So the total profit is given by :

z=50x, +40x, -+ (5)

Hence, the mathematical formulation of the given linear programming problem is as follows :
Find x, x, which

Maximise z = 50x, +40x, (Objective function) subject to the conditions

3x, +2x,<48
x,+x,<20

x,20,x,20

Constraints

A soft drink company has two bottling plants, one located at P and the other

at Q. Each plant produ ces three different soft drinks A, B, and C. The capacities of the two
plants in terms of number of bottles per day, are as follows :

Plants —5

Products ¢ P Q

A 3000 1000

B 1000 1000

C 2000 6000

A market survey indicates that during the month of May, there will be a demand for 24000
bottles of A, 16000 bottles of B and 48000 bottles of C. The operating cost per day of running
plants P and Q are respectively Rs.6000 and Rs.4000. How many days should the firm run
each plant in the month of May so that the production cost is minimised while still meeting the
market demand.

Solution : Suppose that the firm runs the plant P for x, days and plant Q for x, daysin the
month of May in order to meet the market demand.

The per day operating cost of plant P is Rs.6000. Therefore, for x, days the operating cost
will be Rs.6000 x, .

The per day operating cost of plant Q is Rs.4000. Therefore, for x, days the operating cost
will be Rs.4000 x,.
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Thus the total operating cost of two plants is given by :

z=6000x, +4000x, -+ (1)
Plant P produces 3000 bottles of soft drink A per day. Therefore, in x, days plant P will
produce 3000 x, bottles of soft drink A.

Plant Q produces 1000 bottles of soft drink A per day.

Therefore, in x, days plant Q will produce 1000 x, bottles of soft drink A.

Total production of soft drink A in the supposed period is 3000 x, + 1000 x,

But there will be a demand for 24000 bottles of this soft drink, so the total production of this
soft drink must be greater than or equal to this demand.

3000x, +1000x, =24000

or 3x,+x,224 -+ (2)
Similarly, for the other two soft drinks, we have the constraints

1000x, +1000x, 216000

or x +ux,=16 TN E))
and

2000x, + 6000x, = 48000

or x +3x,=224 - (4)
x, and x, are non-negative being the number of days, so
x20,x,20 -+ (5)

Thus our problem s to find x; and x, which

Minimize z=6000x, + 4000x, (objective function)
subject to the conditions
3x, +x, 224

x +x, 216
x, +3x, 224

(constraints)

and x, 20,x, 20
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A firm manufactures two types of products A and B and sells them at a profit
of Rs.2 on type A and Rs.3 on type B. Each product is processed on two machines G and H.
Type Arequires one minute of processing time on G and 2 minutes on H, type B requires one
minute on G and one minute on H. The machine G is available for not more than 6 hours and 40
minutes while machine H is available for 10 hours during one working day. Formulate the

problem as a linear programming problem so as to maximise profit.

Solution : Let x, be the number of products of type A and x, be the number of products of
type B.

The given information in the problem can systematically be arranged in the form of following
table :

Machine Processing time of the products Available time

(in minute) (in minute)

Type A (x, units) | Type B ( x, units)

G 1 1 400
H 2 1 600
Profit per unit Rs.2 Rs.3

Since the profit on type A is Rs.2 per product, so the profit on selling x, units of type A will be
2x, Similarly, the profit on selling x, units of type B willbe 3x, Therefore, total profit on

selling x, units of type A and x, units of type B is given by

z=2x,+3x, (objective function) - (1)

Since machine G takes 1 minute time on type A and 1 minute time on type B, therefore, the total
number of minutes required on machine G is given by

X + X,
But the machine G is not available for more than 6 hours and 40 minutes (i.e., 400 minutes).
Therefore,
x, + x, <400 - (2)
Similarly, the total number of minutes required on machine H is given by
2x, + x,
Also, the machine H is available for 10 hours (i.e., 600 minutes). Therefore,

2x, + x, < 600 (3)
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Since, it is not possible to produce negative quantities, so

x20,x,20 e (4)

Thus, the problemis to find x, and x, which

Maximize 7 =2x + 3x, (objective function)

subject to the conditions
x, + x, <400
2x, + x, <600
x20,x,20

A furniture manufacturer makes two types of sofas — sofa of type A and sofa
of type B. For simplicity, divide the production process into three distinct operations, say
carpentary, finishing and upholstery. The amount of labour required for each operation varies.
Manufacture of a sofa of type A requires 6 hours of carpentary, 1 hour of finishing and 2 hours
of upholstery. Manufacture of a sofa of type B requires 3 hours of carpentary, 1 hour of finishing
and 6 hours of upholstery. Owing to limited availability of skilled labour as well as of tools and
equipment, the factory has available each day 96 man hours of carpentary, 18 man hours for
finishing and 72 man hours for upholstery. The profit per sofa of type A is Rs.80 and the profit
per sofa of type B is Rs. 70. How many sofas of type A and type B should be produced each

day in order to maximise the profit? Formulate the problems as linear programming problem.
Solution : The different operations and the availability of man hours for each operation can be
put in the following tabular form :

Operations Sofa of type A | Sofa of type B |Available labour
Carpentary 6 hours 3 hours 96 man hours
Finishing 1 hour 1 hour 18 man hours
Upholstery 2 hours 6 hours 72 man hours
Profit Rs. 80 Rs. 70

Let x, be the number of sofas of type A and x, be the number of sofas of type B.

Each row of the chart gives one restriction. The first row says that the amount of carpentary
required is 6 hours for each sofa of type A and 3 hours for each sofa of type B. Further, only 96
man hours of carpentary are available per day. We can compute the total number of man hours

of carpentary required per day to produce x, sofas of type A and x, sofas of type B as follows:
Number of man - hours per day of carpentary

= { (Number of hours carpentary per sofa of type A) x (Number
of sofas of type A) }
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+ { (Number of hours carpentary per sofa of type B) x

(Number of sofas of type B) }
= 6x, + 3x,
The requirement that at most 96 man hours of carpentary per day means
6x, + 3x,<96

or 2x +x,<32 (D

Similarly, second and third row of the chart give the restrictions on finishing and upholstery
respectively as

x +x,<18 - (2)
and
2x, +6x, <72

or x +3x,<36 -+ (3)

Since, the number of the sofas cannot be negative, therefore
x,>0,x,>0 . (4)
Now, the profit comes from two sources, that is, sofas of type A and sofas of type B. Therefore,
Profit = (Profit from sofas of type A) + (Profit from sofas of type B)
= { (Profit per sofa of type A) x (Number of sofas of type A) }
+ { (Profit per sofa of type B) x (Number of sofas of type B) }

z = 80x, + 70x, (objective function) --- (5)

Thus, the problemis to find x, and x, which

Maximize z =80 x, + 70 x, (objective function)

subject to the constraints

2x, +x, <32

x +x, <18

x, +3x, <36 (Constraints)
x20,x,20
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1. A company is producing two products A and B. Each product is processed on two
machines G and H. Type A requires 3 hours of processing time on G and 4 hours on
H; type B requires 4 hours of processing time time on G and 5 hours on H. The available
time is 18 hours and 21 hours for operations on G and H respectively. The products A
and B can be sold at the profit of Rs. 3 and Rs. 8 per unit respectively. Formulate the
problem as a linear programming problem.

N

A furniture dealer deals in only two items, tables and chairs. He has
Rs. 5000 to invest and a space to store at most 60 pieces. A table costs him Rs. 250 and
a chair Rs. 50. He can sell a table at a profit of Rs. 50 and a chair at a profit of Rs. 15.
Assuming, he can sell all the items that he buys, how should he invest his money in order
that may maximize his profit? Formulate a linear programming problem.

b

A dairy has its two plants one located at P and the other at Q. Each plant produces two
types of products A and B in 1 kg packets. The capacity of two plants in number of
packets per day are as follows:

Plants —>»
Products \ P Q
A 2000 1500
B 4000 6000

A market survey indicates that during the month of April, there will be a demand for
20000 packets of A and 16000 packets of B. The operating cost per day of running
plants P and Q are respectively Rs.4000 and Rs.7500. How many days should the firm
run each plant in the month of April so that the production cost is minimized while still
meeting the market demand? Formulate a Linear programming problem.

4. A factory manufactures two articles A and B. To manufacture the article A, a certain
machine has to be worked for 1 hour and 30 minutes and in addition a craftsman has to
work for 2 hours. To manufacture the article B, the machine has to be worked for 2 hours
and 30 minutes and in addition the craftsman has to work for 1 hour and 30 minutes. In a
week the factory can avail of 80 hours of machine time and 70 hours of craftsman’s time.
The profit on each article A is Rs.5 and that on each article B is Rs.4. If all the articles
produced can be sold away, find how many of each kind should be produced to earn the
maximum profit per week. Formulate the problem as a linear programming problem.

37.4 GEOMETRIC APPORACH OF LINEAR PROGRAMMING PROBLEM

Let us consider a simple problem in two variables x and y. Find x and y which satisfy the
following equations

x+y=4
3x+4y=14
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Solving these equations, we get x =2 and y = 2. What happens when the number of equations
and variables are more?

Can we find a unique solution for such system of equations?

However, a unique solution for a set of simultaneous equations in n-variables can be obtained if
there are exactly n-relations. What will happen when the number of relations is greater than or

Notes

lessthenn ?

A unique solution will not exist, but a number of trial solutions can be found. Again, if the number
of relations are greater than or less than the number of variables involved and the relation are in
the form of inequalities.

Can we find a solution for such a system?

Whenever the analysis of a problem leads to minimising or maximising a linear expression in
which the variable must obey a collection of linear inequalities, a solution may be obtained using
linear programming techniques. One way to solve linear programming problems that involve
only two variables is geometric approach called graphical solution of the linear programming
problem.

37.5 SOLUTION OF LINEAR PROGRAMMING PROBLEMS

In the previous section we have seen the problems in which the number of relations are not
equal to the number of variables and many of the relations are in the form of inequation
(i.e., < or >) to maximise (or minimise) a linear function of the variables subject to such
conditions.

Now the question is how one can find a solution for such problems?

To answer this questions, let us consider the system of equations and inequations (or inequalities).

y
A —>
y
v —— x20
X
0]
ML ol [T
X > X
’
A y/
y
Fig. 37.1 Fig. 37.2

We know that x > 0 represents a region lying towards the right of y - axis including the y - axis.

Similarly, the region represented by y > 0, lies above the x - axis including the x-axis.
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The question arises: what region will be represented by x > 0 and y > 0 simultaneously.

x20,y=20

v Fig.37.3

Obviously, the region given by x >0, y > 0 will consist of those points which are common to
both x >0 and y > 0. It is the first quadrant of the plane.

Next, we consider the graph of the equation x + 2y < 8. For this, first we draw the line
x+2y=_38and then find the region satisfying x + 2y < 8.

Usually we choose x = 0 and calculate the corresponding value of y and choose y = 0 and
calculate the corresponding value of x to obtain two sets of values (This method fails, if the line
is parallel to either of the axes or passes through the origin. In that case, we choose any arbitrary
value for x and choose y so as to satisfy the equation).

Plotting the points (0,4) and (8,0) and joining them by a straight line, we obtain the graph of the
line as given in the Fig. 37.4 below.

y

v\“ B(0, 4)

Fig. 37.4

We have already seen that x > O and y > O represents the first quadrant. The graph given by
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X + 2y < 8 lies towards that side of the line

x + 2y = 8 in which the origin is situated because

B
any point in this region will satisfy the inequality. 7‘2}¢ 8
Hence the shaded region in the Fig. 37.5
represents x > 0, y > O and x + 2y < 8

simultaneously. ,

Fig. 37.5

Similarly, if we have to consider the
regions bounded by x > 0, y > 0 N

and x + 2y > 8§, then it will lie in the

first quadrant and on that side of the

line x + 2y = 8 in which the origin is

0, 4)

not located. The graph is shown by

the shaded region, in Fig. 37.6 -

The shaded region in which all the

given constraints are satisfied is o

called the feasible region.

<

37.5.1 Feasible Solution

A set of values of the variables of a linear programming problem which satisfies the set of

constraints and the non-negative restrictions is called a feasible solution of the problem.
37.5.2 Optimal Solution

A feasible solution of a linear programming problem which optimises its objective functions is

called the optimal solution of the problem.

Note: If none of the feasible solutions maximise (or minimise) the objective function,
or if there are no feasible solutions, then the linear programming problem has no
solution.

In order to find a graphical solution of the linear programming problem, following
steps be employed.

Step 1 : Formulate the linear programming problem.

Step 2 : Graph the constraints (inequalities), by the method discussed above.

MATHEMATICS
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Step 3 : Identify the feasible region which satisfies all the constraints simultaneously. For less Linear p .
. . . . Inear Frogrammin
than or equal to’ constraints the region is generally below the lines and ‘“for greater than | ang Mathﬂmaﬁca| ’
or equal to’ constraints, the region is above the lines. Reasoning

Step 4 : Locate the solution points on the feasible region. These points always occur at the
vertex of the feasible region.

Step S : Evaluate the objective function at each of the vertex (corner point) Notes

Step 6 : Identify the optimum value of the objective function.
Minimise the quantity

z=x + 2x,

subject to the constraints

x +x, 21
x20,x,20

Solution : The objective function to be minimised is
Z=x + 2x,
subject to the constraints

x +x,21
x20,x,20

First of all we draw the graphs of these inequalities, which is as follows :

X2

B, 1)

Hat

Fig. 37.7
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As we have discussed earlier that the region satisfied by x, = 0 and x, = O is the first quadrant
and the region satisfied by the line x, + x, = lalong with x, = 0, x, = 0 willbe on that side

of the line x, + x, =1 in which the origin is not located. Hence, the shaded region is our

feasible solution because every point in this region satisfies all the constraints. Now, we have to
find optimal solution. The vertex of the feasible region are A (1,0) and B (0,1).

The valueofzatA=1
The value of zat B=2

Take any other point in the feasible region say (1,1), (2,0), (0,2) etc. We see that the value of
zis minimum at A (1,0).

IBel ) BRI Minimise the quantity

z=x + 2x,
subject to the constraints
x +x, 21

2x, +4x, 23
x20,x,20

Solution : The objective function to be minimised is
z=x + 2x,
subject to the constraints

x +x, 21
2x, +4x, 23
x20,x,20

First of all we draw the graphs of these
inequalities (as discussed earlier) which
is as follows :

E(, 1)

/

The shaded region s the feasible region.
o . . D(0, 0.7
Every point in the region satisfies all the MO0

mathematical inequalities and hence the
feasible solution. AT

Now, we have to find the optimal 0 A1, 0)
solution.

9]
~

~x > X1
B(1.5,0)

/x+
2

N

The value of zat B (1.5,0) is 1.5 Fig. 37.8 ’
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The value of zat C (0.5,0.5) is 1.5

The value of zat E (0,1) is 2

3
If we take any point on the line 2x, + 4x, = 3 between B and C we will get 3 and elsewhere

3
in the feasible region greater than 5 Of course, the reason any feasible point (between B and

C)on 2x, + 4x, = 3 minimizes the objective function (equation) z = x, + 2x, is that the two

1
lines are parallel (both have slope — ) ). Thus this linear programming problem has infinitely

many solutions and two of them occur at the vertices.

ID.eln ) BRME Maximise

z=025x + 0.45x,

subject to the constraints

x, + 2x, <300
3x, +2x, <480
x20,x,20

Solution : The objective function is to maximise
7 =0.25x,+ 0.45x,

subject to the constraints

x, + 2x, <300
3x, + 2x, < 480 2
x20,x,20
. D(0, 240)
First of all we draw the graphs of these
inequalities, which is as follows : ~

The shaded region OABC is the C(0,150)
feasible region. Every point in the region
satisfies all the mathematical
inequations and hence the feasible

solutions. . — \EA(SOO, 0) N
Now, we have to find the optimal ’ X+ 21, = 300
solution. 3x, + 20, 2 480

The value of z at A (160, 0) is 40.00 Fig.37.9
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The value of zat B (90, 105) is 69.75.
The value of zat C (0, 150) is 67.50
The value of zat O (0, 0) is O.
If we take any other value from the feasible region say (60, 120), (80, 80) etc. we see that still
the maximum value is 69.75 obtained at the vertex B (90, 105) of the feasible region.
Note: For any linear programming problem that has a solution, the following

general rule is true.

If a linear programming problem has a solution it is located at a vertex of the feasible
region. If alinear programming problem has multiple solutions, at least one of them is
located at a vertex of the feasible region. In either case, the value of the objective
function is unique.

In a small scale industry a manufacturer produces two types of book cases.
The first type of book case requires 3 hours on machine A and 2 hours on machines B for
completion, whereas the second type of book case requires 3 hours on machine A and 3 hours
on machine B. The machine A can run at the most for 18 hours while the machine B for at the
most 14 hours per day. He earns a profit of Rs. 30 on each book case of the first type and Rs.

40 on each book case of the second type.

How many book cases of each type should he make each day so as to have a maximum porfit?

Solution : Let x, be the number of first type book cases and x, be the number of second type
book cases that the manufacturer will produce each day.

Since x, and x, are the number of book cases so
x20,x,20 -+ (1)

Since the first type of book case requires 3 hours on machine A, therefore, x, book cases of
first type will require 3x, hours on machine A. second type of book case also requires 3 hours
on machine A, therefore, x, book cases of second type will require 3x, hours on machine A.
But the working capacity of machine A is at most 18 hours per day, so we have

3x, +3x, <18

or x +x,<6 - (2)

Similarly, on the machine B, first type of book case takes 2 hours and second type of book
case takes 3 hours for completion and the machine has the working capacity of 14 hours per
day, so we have

MATHEMATICS
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2x, +3x,< 14 - 3)
Profit per day is given by
z =30x, + 40x, e (4)

Now, we have to determine x, and x, such that

Maximize z = 30x, + 40x, (objective function) subject to the conditions

X +x,<6
2x, +3x, <14
x20,x,20

constraints

We use the graphical method to find the solution of the problem. First of all we draw the graphs
of these inequalities, which is as follows :

X2
A

\ 0.6

™

4
C©O, )

3
/ B4,2)
(7, 0)
< \ > X1
0,0 © Al6, O)Vil +3x,=14
\/

Fig. 37.10 X +xn=6

[

The shaded region OABC is the feasible region. Every point in the region satisfies all the
mathematical inequations and hence known as feasible solution.

We know that the optimal solution will be obtained at the vertices O (0, 0), A (6, 0). B (4,2).
Since the co-ordinates of C are not integers so we don’t consider this point. Co-ordinates of B
are calculated as the intersection of the two lines.

Now the profit at O is zero.
Profitat A=30x6+40x0
=180

ProfitatB=30x4+40x2
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Thus the small scale manufacturer gains the maximum profit of Rs.200 if he prepares 4 first
type book cases and 2 second type book cases.

| el SRR M Maximize the quantity

Z=x +2x,
subject to the constraints
x+x,21Lx20x,20
Solutions : First we graph the constraints
x+x,21Lx20x,20

The shaded portion is the set of feasible
solution.

Now, we have to maximize the objective
function.

The value of zat A(1, 0)is 1.
The value of z at B(0, 1)is 2.

E A

Fig. 37.11

b
wl, 0) g

If we take the value of z at any other point from the feasible region, say (1, 1) or (2, 3) or (5,
4) etc, then we notice that every time we can find another point which gives the larger value
than the previous one. Hence, there is no feasible point that will make z largest. Since there is
no feasible point that makes z largest, we conclude that this linear programming problem has

no solution.

1561111 GRYB N Solve the following problem graphically.

Minimize z = 2x, — 10x,
subject to the constraints
x—x,20

x, —5x, <=5
x20,x,20

Solution : First we graph the constraints

x—x,20
X —5x, <=5
x20,x20
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x, —x, <0,
or Sx, —x, =25
x—x,=0
X2
Q
Y
/ﬁm’
RN
55
A K feasible region
4 4 g
NN
X
0, 1) —x; +5x, =5
P X1
(@)
Fig. 37.12

The shaded region is the feasible region.
Here, we see that the feasible region is unbounded from one side.

But it is clear from Fig. 37.26 that the objective function attains its minimum value at the point

A which is the point of intersection of the two lines x, — x, = 0 and — x, + 5x, = 5.

5
Solving these we get X, = X, = 1

5
Hence, z is minimum when X = Z’ X, = Z’ and its minimum value is
2><§ -10 xéz—lO.
4 4

Note: If we want to find max. z with these constraints then it is not possible in this
case because the feasible region is unbounded from one side.

Q)
\ & @ CHECK YOUR PROGRESS 37.2

Solve the following problems graphically

1.  Maximize z = 3x, + 4x, 2. Maximize #=2x, +3x,
subject to the conditions subject to the conditions
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x, +x, <40 x, +x, <400
x, +2x, <60 2x, +x, <600
x20,x,20 x,20,x,20
Minimize z = 60x, + 40x, 4. Maximize z = 20x, + 30x,
subject to the conditions subject to the conditions
3x, +x, 224 x +x, <12,

x +x, 216 Sx, +2x, <50

x, +3x, 224 x, + 3x, <30,
x20,x,20 x20,x,20
Maximize z = 50x, + 15x, 6. Minimize z = 4000x, + 7500x,
subject to the conditions subject to the conditions
Sx, +x, <100 4x, + 3x, =240

x, + x, <60 2x, +3x, 28

x, 20,x, 20 x, 20,x, 20

=

.

)
\Ss7dl 1 ET US SUM UP

Linear programming is a technique followed by mathematicians to solve the optimisation
problems.

A set of values of the variables of a linear programming problem which satisfies the set of
constraints and the non-negative restrictions is called a feasible solution.

A feasible solution of a linear programming problem which optimises its objective function
is called the Optimal solution of the problem.

The optimal solution of a linear programming problem is located at a vertex of the set of
feasible region.

If alinear programming problem has multiple solutions, at least one of them is located at
a vertex of the set of feasible region. But in all the cases the value of the objective
function remains the same.

e\ SUPPORTIVE WEB SITES

http://people.brunel.ac.uk/~mastjjo/jeb/or/morelp.html
http://en.wikipedia.org/wiki/Simplex_algorithm
http://www.youtube.com/watch?v=XbGM4LjM52k
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S| TERMINAL EXERCISE

Adealer has [15,000 only for a purchase of rice and wheat. A bag of rice costs| 1,500
and a bag of wheat costs| [1,200. He has a storage capacity of ten bags only and the
dealer gets a profit of | 100 and| 80 per bag of rice and wheat respectively. Formulate
the problem as a linear programming problem to get the maximum profit.

A business man has u6,00,000 at his disposal and wants to purchase cows and buffaloes
to take up a business. The cost price of a cow is | 20,000 and that of a buffalo is
| 60,000. The man can store fodder for the live stock to the extent of 40 quintals per
week. Acow gives 10 litres of milk and buffalo gives 20 litres of milk per day. Profit per
litre of milk of cow is| |5 and per litre of the milk of a buffalo is| 7. If the consumption
of fodder per cow is 1 quintal and per buffalo is 2 quintals a week, formulate the problem
as a linear programming problem to find the number of live stock of each kind the man

has to purchase so as to get maximum profit (assuming that he can sell all the quantity of
milk, he gets from the livestock)

A factory manufactures two types of soaps each with the help of two machines A and B.
A is operated for two minutes and B for 3 minutes to manufacture the first type, while the
second type is manufactured by operating A for 3 minutes and B for 5 minutes. Each
machine can be used for at most 8 hours on any day. The two types of soaps are sold at
a profit of 25 paise and 50 paise each respectively. How many soaps of each type should
the factory produce in a day so as to maximize the profit (assuming that the manufacturer
can sell all the soaps he can manufacture). Formulate the problem as a linear programming
problem.

Determine two non-negative rational numbers such that their sum is maximum provided
that their difference exceeds four and three times the first number plus the second should
be less than or equal to 9. Formulate the problem as a linear programming problem.

Vitamins A and B are found in two different foods £ and F. One unit of food E contains
2 units of vitamin A and 3 units of vitamin B. One unit of food F contains 4 units of vitamin
A and 2 units of vitamin B. One unit of food E and F costs Rs.5 and Rs.2.50 respectively.
The minimum daily requirements for a person of vitamin A and B is 40 units and 50 units
respectively. Assuming that anything in excess of daily minimum requirement of vitamin A
and B is not harmful, find out the optimal mixture of food E and F at the minimum cost
which meets the daily minimum requirement of vitamin A and B. Formulate this as a linear
programming problem.

A machine producing either product A or B can produce A by using 2 units of chemicals
and 1 unit of acompound and can produce B by using 1 unit of chemicals and 2 units of
the compound. Only 800 units of chemicals and 1000 units of the compound are available.
The profits available per unit of A and B are respectively Rs. 30 and Rs.20. Find the
optimum allocation of units between A and B to maximise the total profit. Find the maximum
profit.
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MODULE - X 7. Solve the following Linear programming problem graphically.

Linear Programming
and Mathematical L.
Reasoning (a) Maximize 7z = 25)61 + 20x2

subject to the constraints

3x, + 6x, <50
x +2x, <10
x20,x,20

Notes

(b) Maximize z = 9x, + 10x,
subject to the constraints
11x, +9x, <9900
7x, +12x, <8400
3x, + 8x, <4800
x20,x,20

(©) Maximise z = 22x, + 18x,
subject to the constraints
x, + x, <20,

3x, +2x, <48
x20,x,20
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CHECK YOUR PROGRESS 37.1

1. Maximize z = 3x, + 8x,

subject to the constraints

3x, +4x, <18
4x, + 5x, <21
x,20,x, 20.
3. Minimize z = 4000x, + 7500x,

subject to the constraints

4x, + 3x, 240
2x, +3x, 28

x20,x,20

CHECK YOUR PROGRESS 37.2

2. Maximize z = 50x, + 15x,
subject to the constraints
S5x, +x, <100
x, + x, <60
x20,x,20.

4. Maximize z = 5x, +4x,

subject to the constraints

1.5x, + 2.5x, <80
2x, +1.5x, <70
x20,x,20

29)
A\, (09 40)
AN
C(0, 30)
B(20, 20)
04',
1. 77%
0 AG0, 0N (60,0~
X +x=40 X+ 2x5 = 60
Fig.37.13
Maximum z = 140 at B(20,20)
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2 \ 0,600)
%
X /Gfo
Notes C(0, 400) %/ 6%0
. B(200, 200)
% (400, 0)
O A(300,0) \ X "
X1 +XxXp = 400
\
2)61 + X = 600
Fig. 37.14

Maximize z = 1200 at C(0,400)

Xz\_>

D(0, 24) [§

AN
(0, 16) \

uoI3a1 9[qISe)

X +x=16

< > X1
0 8.0 16,0 A(24,0
( )\ ( )\\ ( )\;14'3)(2:24

3x1 + Xy = 24
Fig. 37.15

Minimize z =720 at C(4,12), x, =4, x, =12
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|
D(0, 10)

\ (0, 25)

feasible region

4. fE=A
e (300, 0) x|
< =
o \ .X1+.X2=12 X1 +3X2=30
Fig. 37.16
' Sx; + 2x, = 50
Maximum z =330 ar C(3,9), x, =3, x, =9
X2
A
5. feasible region
AN
€0, 60) B(10, 50)
(60, 0)
0 y N i
v le+X2= 100 x| +JC2=60
Fig. 37.17

Maximum z = 1250 at B(10,50), x, =10, x, = 50
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feasible region

AC10,0) >

4 2X1+3.X2=8
4.X1 +3X2 =40

Fig. 37.18

Maximum z = 40,000 at A(10,0), x, =10, x, =0

TERMINAL EXERCISE

1.

Maximize z =100x, + 80x, 2. Maximize z =150x, +980x,

subject to the conditions subject to the conditions

S5x, +4x, <50
x +x, <10
x20,x,20

x, +3x, <30
7x, +14x, <40
x20,x,20

Maximize z = 25x, + 50x, 4. Maximize z = x, + x,

subject to the conditions subject to the conditions

2x, + 3x, <480
3x, + 5x, <480
x20,x,20

X —x, =4

3x, +x, <9
x20,x,20
Minimize z = 5x, + 2.5x,

subject to the conditions
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x +2x, 220
3x, + 2x, 250

x20,x,20 x
A
6. Maximize z = 30x, + 20x,
subject to the constraints \

2x, + x, <800
x, + 2x, <1000
x20,x20

feasible region OABC
B(200, 400)

A(400, 0) (1000, 0)

0 X > X
v 2x, =1
2x; + x, = 800 *1+ 2% = 1000
Maximum z = 14000 at Fig. 37.19
B (200,400). 14000 = z
X2
8. (a) 4
© 25) )
3
~ feasible region
C(0,5)
E- - - - -2 0 (100’ 0)
S 25 ~
v A s 0 X1+ 2X2 =10
4
. 4x1 + 3)C2 =25
Fig. 37.20

Maximum z =160ar B(4,3),x, =4x, =3
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©

Linear Programming

(0, 1100)

AN

‘__
D(0, 600) -

3x) + 8x, = 4800

O N T~
v A£G, 0)\ 7x; + 12x, = 8400

11x; + 9x, = 9900
Fig. 37.21

X1

A (900,0) D(0,600) B (626,335), O(0,0) and C (480, 420)
Maximum z = 8984 at B(626,335) x, = 626, x, = 335

feasible region OABC

o) A(6,0) N 1
1 X1 +x =20
Fig. 37.22

3)(1 + 2)62 =48

Maximum z=392at B(8,12)x, =8x, =12
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MATHEMATICAL REASONING

38.1 INTRODUCTION

In this lesson, we shall learn about some basic ideas of mathematical reasoning and the
process of reasoning especially in context of mathematics. In mathematical language, there
are two kinds of reasoning. (i) Inductive reasoning and (ii) Deductive reasoning. We have
already discussed the inductive reasoning in mathematical induction. Now, we shall discuss
some fundamentals of deductive reasoning.

38.2 STATEMENT (OR PROPOSITION)

The basic unit involved in mathematical reasoning is a mathematical statement :

A sentence is called a mathematically acceptable statement if it is either true or false
but not both at the same time.

If a statement is true, we say that it is a valid statement. A false statement is known
as an invalid statement.

e  Consider the following two sentences :
Three plus four is 6.
Two plus three is 5.

When we read these sentences, we immediately decide that the first sentence is wrong
and second is correct. There is no confusion regarding these. In mathematics such
sentences are called statements.

e  Now consider the following sentence :
Mathematics is fun.

Mathematics is fun is true for those who like mathematics. But, for others, it may not
be true. So, the given sentence is true or false both. Hence, it is not a statement.

e  Consider the following sentences :
(i) Moonrevolves around the Earth.
(i) Every square is a rectangle.
(i) The Sun is a Star.
(iv) Every rectangle is a square.
(v) New Delhi is in Pakistan

When we read these sentences, the first, second and third sentences are true but
fourth and fifth are-false sentences. Hence, each of them is a statement.
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e  Consider the following sentences :
(i) Give me a glass of water
(i) Switch on the light
(i) Where are you going?
(iv) How are you?
(v) How beautiful!
(vi) May you live long!
(vi) Tomorrow is Wednesday

We can not decide the truth value of (1), (i1), (iii), (iv), (v), (vi) and (vii). Hence, they
are not statements.

| 1) BREM B Check whether the following sentences are statements. Give reasons for
your answer.

(1 12 is less than 16.

(i) Every set is a finite set.

G x+5=11.

(iv) There is no rain without clouds.
(v) Allintegers are natural numbers.
(vi) How far is Agra form here?
(vi) Are you going to Kanpur?
(viii) All roses are white.

Solution : (i) This sentences is true, because 12 < 16 (12 is less than 16). Hence, it is a
statement.

(@) This sentence is false, because there are sets which are not finite. Hence, it is a
statement.

(i) The sentence x +5 = 11 is an open sentence. Its truth value cannot be confirmed
unless we are given the value of x. Hence, it is not a statement.

(iv) Itis scientifically established natural phenomenon that cloud is formed before it
rains. Therefore, this sentence is always true. Hence, it is a statement.

(v) This sentence is false, because all integers are not natural numbers. So, it is a
statement.

(vi) This sentence is a question (or interrogative sentence). Hence, it is not statement.
(vii) We can’t have a truth value for it. So it is not a statement.

(viii) This sentence is false, because all roses are not white. Hence, it is a statement.

N
LAA CHECK YOUR PROGRESS 38.1

1. Which of the following sentences are statements? Give reasons for your answer.

(i) Today is a windy day.
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(i) There are 40 days in a month. MODULE - X
@ii) The sum of 6 and 8 is greater than 12. L'::Z rM"ai‘;i[,‘,’;}‘{L‘;Tg

. . Reasonin
(iv) The square of a number is an even number 2

(v) Mathematics is difficult

(vi) All real numbers are complex numbers

(vii) The product of (-2) and (-5) is (-10). Notes
(viii) There are 14 months in a year.
(ix) The real number x is less than 4
(x) Listen to me, Mohan!

(xi) Are all circles round?

(xi)) All triangle have three sides.

38.3 NEGATION OF A STATEMENT

“The denial of a statement is called the negation of the statement.”
Let us consider the statement :
P : New Delhi is a city.
The negation of this statement is
It is not the case that New Delhi is a city.
or
It is false that New Delhi is a city
or

New Delhi is not a city.

If p is statement, then the negation of p is also a statement and is denoted by ~p, and
read as ‘not p’.

Ih'e) i) (GREWA Write the negation of the following statements :

(1 Sum of 2 and 3 is 6.
(i) /7 isrational.

(ii)) Australia is a continent.
(iv) The number is less than 5.
Solution : (i) P : Sum of 2 and 3 is 6.
~P : Sum of 2 and 3 is not 6.
(i) g : +f7 isrational
~q : /7 is not rational

or

It is false that /7 is rational
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@) r : Australiais acontinent
~r : Australia is not a continent
(iv) S : The number 8 is less than 5.
~S : The number 8 is not less than 5.
or

It 1s false that the number 8 is less than 5.

38.4 COMPOUND STATEMENTS

In mathematical reasoning, we generally come across two types of statements.

(1) Simple Statements : A statement which cannot be broken into two or more state-
ments is called a simple statement. For example :

(i) Every set is a finite set
(i) New Delhi is the capital of India

(i) Roses are white
(iv) \/5 is an irrational number

(v) The set of real numbers is an infinite set.

(2) Compound Statement : A statement that can be formed by combining two or more
simple statements is called a compound statement.

For example :

(1) Mohan is very smart or he is very lucky. This statement is actually made up of
two statements connected by “or”.

p : Mohan is very smart.
q : Mohan is very Lucky.
(i) Sunis bigger than earth and earth is bigger than moon.
This statement is made up of two simple statements connected by ‘and’.
p : Sun is bigger than earth.
q : Earth is bigger than moon.

I D1 ERERE Find the component statements of the following compound statements.

(i) The sky is blue and the grass is green.
(i) All rational number are real and all real numbers are complex.
(i) It is raining and it is cold.
(iv) \/5 is a rational number or an irrational number.
Solution : (i) The component statements are
p : The sky is blue

q : The grass is green
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The connecting word is ‘and’.
(i) The component statements are

p : All rational number are real

q : All real numbers are complex.

The connecting word is ‘and’.
(iii) The component statements are

p : It is raining

q : It is cold.

The connecting word is ‘and’

(iv) The component statements are

p : /2 is a rational number

q: +/2 is an irrational number

The connecting word is ‘or’

|61 GRERE Find the component statements of the following compound statements.

(1 0 is positive number or negative number.
(i) All prime numbers are either even or odd.
@ii)) Chandigarh is the capital of Panjab and U.P.
(iv) 12 is multiple of 2, 3 and 4.
Solution : (i) The component statements are
P :0is a positive number
q : 0 is a negative number
The connecting word is ‘or’.
(i) The component statements are
p : All prime numbers are even numbers
q : All prime numbers are odd numbers
The connecting word is ‘or’
(iii) The component statements are
p : Chandigarh is the capital of Panjab.
q : Chandigarh is the capital of U.P.
The connecting word is ‘and’.
(iv) The component statements are
p : 12 is a multiple of 2
q : 12 is a multiple of 3
r : 12 is a multiple of 4

All the three statements are true. Here the connecting word is ‘and’.
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38.5 IMPLICATIONS

In this section, we shall discuss the implication “if then”, “only if”’, and “if and only
if”.
The statements with “if then” are very common in mathematics. For example, consider the
statement.

r : If you are born in some country, then you are a citizen of that country.

We observed that if corresponds to two statements p and g given by

p : you are born in some country

q : you are citizen of that country

p and g are two statements forming the implication “if p then ¢g”, then we denoted this
implication by “p = ¢”.

then, “if p then ¢” is the same as the following :

(1) If both p and g are true, then @@  If p is true and q is false, then
p = ¢ is also true. p = q is false.

(i) If p is false and ¢ is true, then (iv) If p and g both are false, then
p = q is true p = qis true.

Consider the following statements
If a number is a multiple if 9, then it is a multiple of 3.
It is an implication having antecedent(p) and consequent(g) as :
p @ a number is multiple of 9
q : a number is multiple of 3.
the above statement says that
(i) pissufficient condition for g.

this says that knowing that a number is a multiple of 9 is sufficient to conclude that
it is a multiple of 3.

(i) p onlyif g.

This states that a number is a multiple of 9 only if it is a multiple of 3.
(i) g is necessary condition for p.

This says that when a number is a multiple of 9, it is necessarily a multiple of 3.
(iv) ~q implies ~p.

This says that if a number is not a multiple of 3, then it is not a multiple of 9.

38.6 CONTRAPOSITIVE AND CONVERSE

Contrapositive: If p and g are two statements, then the contrapositive of the implication
“if p then ¢ is “if ~q, then ~p”.

Converse: If p and g are two statements, then the converse of the implication “if p-then
q’ is “if g-then p”.

For example,
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If a number is divisible by 9, then it is divisible by 3.
Its implication is as follows:

p : number is divisible by 9.

q : a number is divisible by 3.

The contrapositive of this statement is

If a number is not divisible by 3, it is not divisible by 9.
The converse of the statement is

If a number is divisible by 3, then it is divisible by 9.

38.7 IF AND ONLY IF IMPLICATION

If p and g are two statements, then the compound statement p = ¢ and ¢ = p is called

if and only if implication and it is denoted by p < g.
For example,
A triangle is equilateral if and only if it is equiangular.
This is if and only if implication with the component statements
p : Atriangle is equilateral

q : Atriangle is equiangular
| .1 BRERE Write the following statements in the form “if then”.

(1  You get job implies that your credentials are good.
(i) The banana trees will bloom if it stays warm for a month.
(i) A quadrilateral is a parallelogram if its diagonals bisect each other.
Solution : (i) We know that “if p-then ¢’ is equivalent to “p = ¢”.
Then the given statement can be written as
“If you get a job, then your credentials are good”.
(i) We know that “if p-then ¢ is equivalent to “p = ¢~
The given statement can be written as
“If it stays warm for a month, then the banana trees will bloom”.
(i) The given statement can be written as

“If the diagonals of a quadrilateral bisect each other, then it is a parallelogram”

| .10 BRERY Write the contrapositive of the following statements :

(1 Ifatriangle is equilateral, it is isosceles.

(@) If you are born in India, then you are a citizen of India.
(iii) x is an even number implies that x is divisible by 4.
Solution : The contrapositive of these statements are

(1 If atriangle is not isosceles, then it is not equilateral.
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(i) If you are not a citizen of India, then you are not born in India.

@) If x is not divisible by 4, then x is not an even number.

| el R Write the converse of the following statements :

() If a number n is even, then n? is even.
(i) If x is even number, then x is divisible by 4.
Solution : The converse of these statements are :
() If a number 2 is even, then n is even.

(i) If x is divisible by 4, then x is even.

| el ] GRER Given below are two pairs of statements. Combine these two statements
using “if and only if”.

(i) p:if arectangle is a square, then all its four sides are equal.
q : if all the four sides of a rectangle are equal, then the rectangle is a square.
() p:if the sum of digits of a number is divisible by 3, then the number is divisible by 3.
q : if a number is divisible by 3, then the sum of its digits is divisible by 3.
Solution : (i) A rectangle is a square if and only if all its four sides are equal.

(i) A number is divisible by 3 if and only if the sum of its digits is divisible by 3.

re
# CHECK YOUR PROGRESS 38.2

Rewrite the following statement with “if-then” in five different ways conveying the same
meaning.
If a natural number is odd, then its square is also odd.
2. Write the contrapositive and converse of the following statements.
(1) If you live in Kanpur, then you have winter clothes.
(i) If x is a prime number, then x is odd.
(i) If two lines are parallel, then they do not intersect in the same plane.
(iv) x is an even number implies that x is divisible by 4.
(v) Something is cold implies that it has low temperature.
3. Write each of the following statements in the form of “if-then”.
(i) To get an A" in the class, it is necessary that you do all the exercises of the book.
(i) The game is cancelled only if it is raining.
(i) It never rains when it is cold.
4.  Rewrite each of the following statements in the form “if and only if”.

(i) If you watch television, then your mind is free and if your mind is free, then you
watch television.
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(i) For you to get an A grade, it is necessary and sufficient that you do all the
homework regularly.

38.8 VALIDATING STATEMENTS

In this section, we will discuss validity of statement. Checking the validity of statement means
when it is true and when it is not true. The answer to these questions depend upon which
of the special words and phrases “and”, “or”” and which of the implications “if and only if”

>

“if-then”, and which of the quantifiers “for every”, “there exists”, appear in the given state-
ment.

Here, we shall discuss some techniques or rules to find when a statement is valid or
true.

Rule 1: Statements with “And”

If p and g are mathematical statements, then in order to show that the statement “p and
q’ is true, we follows the following steps :

Step-1 : Show that the statement p is true.
Step-2 : Show that the statement ¢ is true.
Rule 2 : Statements with “or”

If p and g are mathematical statements, then in order to show that the statement “p or
q’ is true, one must consider the following.

Case 1 : Assuming that p is false, show that g must be true.
Case 2 : Assuming that ¢ is false, show that p must be true.
Rule 3 : Validity of statements with “if-then”.

If p and g are two mathematical statements, then to prove the statement “if p then g”,
we need to show that any one of the following case is true.

Case 1 : (Direct method)

By assuming that p is true, prove that g must true.

Case 2 : (Contrapositive method)

By assuming that g is false, prove that p must be false.

Rule 4 : Statements with “if and only if”.

In order to prove the validity of the statement “p if and only if g we need to show :
(i) If pis true then g is true.

@) If g is true the p is true.

ID e EREE [f p and g are two statements given by

p : 35 is multiple of 5
q : 35 is multiple of 6

Write the compound statement connecting these two statements with “and” and check
the validity.

Solution : The compound statement “35 is multiple of 5 and 6. Since 35 is multiple of 5
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but it is not multiple of 6. Therefore p is true but g is not true.

IB el ) BRENIE Given below are two statements :

p : 35 is a multiple of 5

q : 35 is a multiple of 6

Write the compound statement connecting these two statements with “OR” and check
its validity.
Solution : The compound statement is “35 is a multiple of 5 or 6.”

By assuming that the statement ¢ is false, then p is true.

Hence the compound statement is true i.e. valid.

|10 SR B IR Check whether the following statement is true or not.

“If x and y are odd integers, then xy is an odd integer”.
Solution : Let p and g be the statements given by

p : x and y are odd integers

q : xy is an odd integer

Then the given statement is

If p-then gq.

Direct method : Let p be true, then,

p is true

= x and y are odd integers
x=2m+ 1,y =2n + 1 for some integers m, n
xy=0C2m+1) 2n + 1)
xy=20C2mn+m+n)+ 1

xy is an odd integer

b o iUl

q is true
Thus p is true = ¢ is true

Hence “ if p-then ¢” is a true statement.

38.8.1 Contrapositive Method

Let g be not true. Then g is not true
= Xy is an even integer
= either x is even or y is even or both x and y are even
= pisnot true
Thus ¢ is false
= pis false

Hence “If p-then ¢” is a true statement.
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38.8.2 Validity of Statements by Contradiction

Here to check whether a statement p is true, we assume that p is not true i.e. ~p is true.
Then we arrive at some result which contradicts our assumption. Therefore, we conclude that
p is true.

| EN N ERERPA Verify by the method of contradiction p : /7 is irrational.

Solution : Let p be the statement given by p : /7 is irrational.

We assume that /7 is rational

L -

, where a and b are integers having no common factor.

v SR

U

a
7=b—2

a® =7b°
7 divides a?
7 divides a

a = 7c for some integer ¢
a* =49¢*

7b* = 49¢°

b*=7c*

7 divides b?

7 divides b

Thus, 7 is common factor of both a and b. This contradicts that a and b have no

L L L A (Y

common factor. So, our assumption /7 is rational is wrong. Hence the statement “,/7 is
irrational”, is true.

r )
4 CHECK YOUR PROGRESS 38.3

Check the validity of the following statements :
@ p: 80 is a multiple of 4 and 5.
@) g : 115 1is a multiple of 5 and 7.
@) 7 : 60 is a multiple of 2 and 3.
2. Show that the statement

p : “if x is a real number such that

x> +2x =0, then xis 0” is true by (i) direct method (ii) method of contradiction (iii)
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Show that the following statement is true by the method of contrapositive

method of contrapositive.

p : “if x is an integer and x? is odd x is also odd”.
Show that the following statement is true.
“The integer x is even if and only if x? is even.

Which of the following statements are true and which are false? In each case give a
valid reason for saying so :

(i) p : Each radius of a circle is a chord of the circle.
(i) ¢ : The centre of a circle bisect each other chord of the circle.
@) r: Circle is a particular case of an ellipse.

(iv) s :If x and y are integers such that x > y, then —x < —y.

V) t: \/ﬁ is a rational number.

e SUPPORTIVE WEB SITES

http://www.cs.odu.edu/~toida/nerzic/content/set/math_reasoning.html
http://www.freencertsolutions.com/mathematical-reasoning
www.basic-mathematics.com/examples-of-inductive-reasoning.html

S| TERMINAL EXERCISE

—_—

Write four examples of sentences which are not statements.
Are the following pairs of statements negations of each other :
(1) The number x is not a rational number.
The number x is not an irrational number.
(i) The number x is a rational number.
The number x is an irrational number.
Write the contrapositive and converse of the following statements :
(i) Iftwo lines are parallel, then they donnot intersect in the same plane.
(i) If x is a prime number, then x is odd.
By giving a counter example, show that the following statements are not true :
(i) p:if all the angles of a triangle are equal, then the triangle is an obtuse angled
triangle.
(i) ¢ : the equation x> — 1 = 0 does not have a root lying between 0 and 2.
Let, p : 25 is a multiple of 5.
q : 25 is a multiple of 8, be two statements.
Write the compound statements with “And” and “or”. In both the cases check the
validity of the compound statements.
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CHECK YOUR PROGRESS 38.1

1. (1) Statements are, (ii), (iii), (iv), (vi), (vii), (viii), (xii)

CHECK YOUR PROGRESS 38.2

1. (@) p= gie.,nisan odd natural number = x? is an odd natural number.
(i) pis a sufficient condition of g.
(i) p only if g i.e, a natural number is odd only if its square is odd.
(iv) ¢ is necessary condition of p.

(v) ~g = ~ pie., if the square of a natural number is not odd, then the natural
number is not odd.

2. (1) Contrapositive : If you do not have winter clothes, then you do not live in Kanpur.
Converse : If you have winter clothes, then you live in Kanpur.
(i) Contrapositive : If a number x is not odd, then x is not prime.
Converse : If a number x is odd, then x is a prime number.

(i) Contrapositive : If two lines do not intersect in the same plane, then they are not
parallel.

Converse : If two lines do not intersect in the same plane, then they are parallel.
(iv) Contrapositive : If x is not divisible by 4, then x is not an even number.
Converse : If x is divisible by 4, then x is an even number.
(v) Contrapositive : If something does not have low temperature, then it is not cold.
Converse : If it has low temperature then something is cold.
3. () “If you get A* in the class, then you do all the exercise of the book.”
() If it is raining , then the game is cancelled.
@) If it is cold, then it never rains.
4. (1) You watch television if and only if your mind is free.

(i) You get an A grade if and only if you do all the homework regularly.

CHECK YOUR PROGRESS 38.3
1. @) True (i) False (iii) True
5. () False (i) False (iii) True (iv) True (v) False.
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Linear Programming
and Mathematical 1 (1)

. Everyone in this room is bald.
Reasoning

2

(i) “cos?0 is always greater than 3

(i) Mathematics is difficult.

Not . .
otes (iv) Listen to me, Sohan!

1 Yes () Yes
(1) Contrapositive : If two lines intersect in the same plane, then they are not parallel.

Converse : If two lines do not intersect in the same plane, then they are
parallel.

(i) Contrapositive: If a number x is not odd, then x is not a prime number.
Converse : If a number x is odd, then it is a prime number.

5. The compound statement with “And” : 25 is a multiple of 5 and 8, which is a false
statement.

The compound statement with “or” : 25 is a multiple of 5 or 8. This is a true
statements.
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